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r (a)

2

The diagram shows part ofthe graph of y = ft v, egith n rectangles ofequal width, where n is a

positive integer.

v ./=ln.r

i

-T

o

(D Show that the total area ofthe z rectangles,,4, is

t t+1
n

p?
n

'l
l+:

n
l+'-l 2

n

| [ln1r + r)]- ln r .,l=l
n

12)

12)

t4l

(iD Evaluate lim .{, giving your answer correct to 4 decimal places.

(b)

2 A curve has equation y = f(v), vshgre f(v) =

It is given that f(x)={+bx+c, where a, b and c are constants. The curve with equation
x

and
,1 ,nj,r(4d'=;y = f (r) has a minimum point with coordinates (1,2)

Find the equation ofthe curve.

I

2

I

(x+s) for .r < -3,

for -3 3.x 3 -1,

for x>-1.t2

(D Sketch the curve for 4 3 x 52. I3l

(iD On a separate diagam, sketch the curve with equation y = f (2;-l), for -2 <x<- t2)
2
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3

Refened to the origin O, the points I and I have position vectors a and b respectively. The point p

with position vector p lies onl.B such that a.p = [.p.

(D Show that,4B is perpendicular to OP. l?l
(iD It is now given that a is perpendicular to b. Show tlat

l"l'
l"l'? +ltl2

P=a+ (b-"). t4l

4 Functions fand g are defrred by

f : xr-s 2+--:--;, .xelR,r<-1,
l-x'

g: xt+ -x2 + 6x+a, r e)R,,.r) 0,

where a is a positive integer.

(r) Show that fhas an inverse.

(iD Find f-l(.r) and state tle domain of f-r .

(iiD State whether the composite function fg exists, justifring your answer.

trl

t3l

t3l

5 It is given that O is the origin and I is the point on the curve J., = rer wherc .r = 3 . The region bounded

by the curve .y = re' and the line Ol is rotated through 3600 about the :-axis. Find the exact volume

ofthe solid formed. t?l

Do not use a calculator in answering this question.

(i) One ofthe roots ofthe equarton 223 -922 +302+b=0 is 1+ai, where a and D are non-zero

real numbers. Find the values ofa and D and the roots ofthis equation. [5]

(ii) Hence solve the e quation bz3 +3022 -92+2=0. l2t

6
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4

7(D Sketch the curve with 
"q*,ion 

y = lil$1. 
*",ins the equations of the asymptotes. On the

same diagram, sketch the line with equation y = -2v -2.

(ii) Solveexacrlyrheinequality lt-o:lr-r--r.' lx+5 |

l3l

l4l

12)
l0-4x(iiD Hence, or otherwise, solve exactly the inequality > -x-2,+10

8 It is given that f =sin(ln(l+et)).
.)

(i) Show that (t+ex)2 d'{ 
+ e(t - ex1!Z = -"2, . Pl\ t dxz . ,dr

(iD By further differentiation ofthe result in (i), find the Maclaurin series fory, up to and including

the term in x3. t41

(iiD By using appropriate standard series expansions from the List of Formulae (MF26), verify the

correctness of the Maclaurin series for y = sin ( ln(l + ex)) found in part (ii). 121

A curve C' has equation 6x2 - 4y2 = 3*y2 .9

(i) Show that 
dY 

-12x-3Y2 . L2ld.x 8y + 6ry

The points ,4 and B on C each has x-coordinate 2. The tangents to C at A and B meet at the poinl M.

(iD Find the exact coordinates ofM. I5l

@YIJC 9758/0 | /Preliminaiv Examinalion/2 I



5

10 A curve C has parametric equations

x = acos 2e,

y = acos2 0 stn 0,

fo -L<e<L and a>0.22
(D Sketch C and state tle Cartesian equation ofthe line of symmetry. l2l
(ii) Find the values of d at the poins where C meets the r-axis. [l]
(iii) Show that the area enclosed by the;r-axis, and the part of C above the x-axis, is given by

[] zo2 
"or3 

e rinz 0 d0 where 01 and g2should be stated. t3lJOI

(iv) Hence, by expressing 
"os3d ", "osA(t-.in2a) , find in terms of a, the exact total area

enclosed by C.

It is given that the point P

1l

(o"os2 p, o"o"2 p"in p)

t3l

is on C. The point F- is the midpoint of(v)

OP, where O is the origin. Find a Cartesian equation ofthe curve haced by Fasp varies. [3]

A team of scientists is researching on the gmwth rate of a certain seaweed in an ocean. The length

r metres, ofthe seaweed, at time , days (during a period of its gro*th) is proportional to the arnount

of water it contains. The seaweed absorbs water at a rate proportional to the length ofthe seaweed and

loses water at a rale proportional to the square of the length of the seaweed. It is observed that the

growth rates ofthe length of the seaweed are 0.49 metres per day and 0.96 metres per day when the

lenglhs ofthe seaweed are I metre and 2 metres respectively.

(D Show that.r and I are related by the differential e4uation # = lx(SO- x) . l3I

(ii) Given that the initial length ofthe seaweed is 0.5 metres, find an expression forx in terms oft.
Hence find the time taken for the seaweed to reach a length of.45 metres. t7)

(iiD Sketch the graph of.x against t. l2l
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t2 In order to train for the Open Water Swimming event in the University Sports Meet, Carol swims away

from a shore towards the ocean. In her first minute of swimming, she covered a distance of 80 metres.

Due to fatigue, the distance covered for each subsequent minute is l%o less than that in the previous

minute.

However, there were ocean waves that pushed Carol back towards the shore. In her first minute of

swimming, the waves pushed her back by a distance of4 metres. As she swam further away from the

shore, the waves got weaker and for each subsequent minute, she was pushed back by 0.05 metres less

than that in the previous minute.

(i) Find the distance between Carol and the shore after the first 5 minutes. t3]

It is now given that the ocean waves became weaker away from the shore until they pushed Carol back

towards the shore at 2 metres per minute from zth minute onwards.

(iD Showthatie-4l. tll
(iir) Hence find the time taken for the distance between Carol and the shore to be at least

5 kilometres, giving your answer correct to the nearest minute. t5]

(iv) Find the greatest distance between Carol and the shore, and the time it took for her to reach this

distance. Describe what happened to the distance Carol swam per minute after she had reached

this greatest distance. t3]
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Solutions 2021 JC2 Preliminary Examination Paper I
I Solution

(a)
(D

{[h(z + t1-h n]+[h(n+ 2) - ln x]+...+ [tn1zz1-rn z]]

=11m1,*11*t t n+ 2) +...+to(2n) l-f (r t r)

*1r(, *1)z ( n)

.:^(+)

Total area ofz rectangles,l

.*).*'(,.i).
l. /z+l) l- (n+2\

=_tnt- t+_tnt_ t+n \" ) n \, )

l[ln(r+r)]-hr(shown)

=lr(,z\

I

n

I

n

(ii)
dx

)
A--llnx

J
I

lmI

1 Solution
(b) At (1,2),

a+b+c=2 -0)

l,
I,"t'l *=

)a -x_-+b-+cx+d
x2

r'Q)=ff+t
1a+b=0------(2)

l- 
t * o 

Z 
* r" * o)-l-,. $. ". o]= I

?o*46*2" =4-----{3)

From CC

a =1,[ =),s = -\
y=)+x-t

x

= 0.3863 (4 d.p.)



2 Solution
(D

t-

v

lg

(2,4)
4

I
t\_l
2)

4

4,

(iD

1r)
2')(-2.0

l

v

o

I

Solution
(D a.p = b.p

b.p-a.P=Q
(u - a).p = o

4A.OP = O

Hence, lB is perpendicular to OP.

(ii) o

A
P

B

Method I
LeI AP: PB = ):l- A
By ratio theorem, p = 2b + (l- )")a

t-7

I

3



a'P = b'P

a.(rb + 0 - r)a) = b.(Zb + 0 - r)a)
La.b + (1 - ).)a.a = Lb.b + (l - 1)b.t

lal2 -tl\2 =t"lal2

tt2, lal
1--------J----L

lal'? + ltl'?

','a.a = lal2, t.t=lul2, a.r = o)

Hence, p =
lal

HIbF
b+[,ffiJ"

a +
t 12

lal

l,l'z+lul'?
(b-")

Method 2

The projection ve ctor of 7d onto 7D is

AP _(-t

i

AO.AB AB_-Et-

lrBl @t
-a.(r -a)

lr-"1
)(r-")
il-;l

(-l

_(-t

-a.b + a.a

o-:;):(b9-
(t-')

-a.t + lal2

Itl2 - z'.t +1.12
(t -r) (... "." =;"1', r.r =lul'?)

lrl2=ffitt-'; (.'a.t = o)

Hence, p =qtra trP

=a+
tt2
lal

l'12 +lul2
(u-")

Method 3
Note that OAB and PAO te similar triangles,

.bt
AP

AP=

='ld1l;P
ht

lalffi
nrl !!l

U"lJ
AP



l,l2 ( , -^D_a=__+l -----' 
Jl,l, * lul, [r/1,1, * |t 1,

P=a+
r12
lal

Ht$lz
(t-")

4 Solution
(i)

Any horizontal line y=11,where frelR, cuts the graph of f@gg, therefore f is one-one

and f has an inverse.

(iD 1
lrety=2+-:-

l-x'
J^

l-x'
.13

y-2
"1x'=l---:-y-2

x=t 1
l____1

',-?
1

| - --:_-_) Or .x=- l- 3

y-2
(rej. since x < -l)

..f-r1x1=- 1-fi,"2
(iiD g(x) = -x2 +6x+a

gG1=-(x-t)2 +a+9

D1 =(-co,-l), & =(--<o,a+91

Since a+9>-l for a>0, \EDr
Therefore, fg does not exist.



5 Solution

(q _ 1t fr x2 e2x dr = r, ", 
_,{li*.,, 

J. 
_ 

iJ *.*1

Volume generated

2

=nrr, -o[' .u -l'
12 L2

=so"6 -t(tt"6 -t)

=f,{zz.u *t)

=i,(

=9re6 - r

=9re6 - zt

3e'

J,.f;""*1.2'

9"u-3"u*
22

r)

l+1,
6

+--
4

6
3e

6 Solution
(D Since the coefficients ofthe equation are real, I *ai is also a root ofthe equation.

Quadratic factor

= (z - 1t + ai))(z - (l - ai))

= (z -t-ai)(z -t + ai)

=(z -r)2 -(ai)2

= z2 -22 +1+ a2

By comparison,

223 - gr2 + lOz + b = (22 - Zz + t + az)(cz + d)

Comparing coeIfi cient of z3 =c=2
Comparing coefli cient of z2 = -9 = d -2(2) = d = -5
Comparing coefficient of z = 39 = -21-s1 *( | + az)Q)

Comparing constant

+a2 =9
=a=3 or a=-3
+b=-5(1+9)=-50

.'. 223 -gz2 +3oz-so=(zz -zz+10)(22-5)=0

:
2

The roots are l+3i,1-3i and

dt



Alternotive Method (Not recommended)

(1+ ai)3

= I +3(ai)+3(ai)2 +(ai)3

=l +3ai -3a2 - a3i

= (r -:o2)*r(1"-"3 )

Since l+ai isaroot ofthe equation,

z(t + ai)3 -e (t + ai)2 + 30(l + ai) +D = 0

z[(r - rl) + i(:, -,' )] - 
e(r * z,i - a2 

) 
+ ro(t + ai) + b = 0

(zt *u *2"2)+i(tsa -za3)= o

Comparing the real part: 23+b+3a2 =0 --(l)
Comparing the imaginary part: l8a-2a3 = 0 -- (2)

From (2): a:0 (rej '.'a+0 ) or a=3 or q=-3

From(l): 23+ b +3(-3)2 =0 = 6=-50

Since the coefficients ofthe equation are real, I -3i and I +3i are roots ofthe equation.

Quadratic factor

= (z -(l + 3i)(z-(l - 3i))

=(z-l-3ixz-l+3i)
=(z -t)2 -(3i)2

= z2 -22 +lo

By comparison,

2) -92 + 3oz - 5o = (r2 - z, + rc)kz + a)

Comparing coeffi cient of z3 > c =2
Comparing constant +lod=-50 =d=-5

... 223 -gz2 +3or-so=(r2 -2r+l0X2z-5) =0

(ii) bz3 +3022 -92 +2=0
Divide throughout by 23,

-30 9 2b+---T+-a=t)
.zz

,(jl -,(;)'.m(1).a = o

The roots are t +:i . t -3i and I .'2



Replace z with 1,
z

l5
z2

1

5

or 1=r+3i o, l=t-:i
I I t-3i r 3.or z =_=_ x_ =___il+3i 1+3i l-3i 10 l0

or
I l+3i I 3.

z =-x- =-+-r1- 3i 1+3i 10 l0

7 Solution
(D v

_IsU
,=l-l

j-=4
I

T
(-1,0) I (;i

o ,r

v

(0, -2)

- _1- _1

(iD From the graph, the point of intersection occurs when x < -5.
.r<-5+5-4x>0,,r+5<0

5-4x ^ .ls-erl 5-4x
-.- _ < t) and l_l= __

r+5 lx+5 1 .x+5

-Sat =qr-2r+5
-5a ay=(ax-2)(x+s\

-5+4x=2xz -lzx -10
2x2 +l6x+5=0

-16 + 162 -4(2)(s)
2(2)

-16r.,1r16
4

-i6 t 6J6
4

=-411
2

JG

Since.x < -5, hence: = -4 -lG.
2

.3r:-4--ib <x<-) or.r>-)

I

I

I

I

I

I

-tx=-)l



Alternative Method (strongly discouraged):

(s - r,)2 = (-zx -z)2 (* + s\?

(s - +,)z = [(-z:r - z)(, + s)]'?

(s - +,12 -11-a, - z) (x + s)]2 = o

since a2 _62 =(a_t\(a+b),

l(s - +x)-(-ax -z)(r+s)][(s -+:) +(-zx- z)(x+ s)]

[(s 
- +,1 -(-2,' - r 2' - r0)][(5 -44 +(-2,' - r z, - r o)

[2,2 
+u+rs][-z'2 - re,-s] = o

2x2 +8x+15=o or -2x2 -l6x-5--o

0

0

For2,r2+8x+15=0=0

-8+ s'z -4(2)(15)
2(2)

-stGx
1

There are no real roots.

For -2x2 -l6x-5=o
l6r rc2 -4(2)(-s)

2(-2)

rct"Ete
4

t6!6J6
4

'1 -=4+- J6
2

Since x < -5, hence x = -4-1G.
2

4-=.16 <:r<-5 or x>-5
2

(iiD Ito- a'll-l > -x _2
lx+10 |

z(s -zx
2(o.sx+s)

>-x-2



>-2

-8-3,6<r<-10 or r>-10

x

2

5-4 L

I +5

2

2

Hence replace x with 1,

-4-1J6<a.-5 or I>-s
222

8 Solution
(D y = sin (ln(l +er))

d/= e 
cos(ln(l +er))d-r l+ex

(r * 
"r)S = 

""o. 
(ln6 + ex))

1r * *;4*"S = e(-sin (ln(r + err))ffi,

(r*"r)'zQ+"(r +"r)9 =-"2, 1s1ro*r,

(ii)
(t + ex)2

d2v +e(t+er19Z=-"2,
dx2

(t + ex)2
d3u---?+
dxr

z"1r * oy 12f *. 1t * q! * 
"' ! = -"' +' ' dx'z' ' ' dxz dx d-r

1r + 
",;'? 

Q+ r"(r *.,;Q+2"2 9 = o

wlen x = o. y = o .9 = ".t+ = -.- dr dxt
z d3y -

,l
e-

' dr3

f(r) = f(0)+f'(0)r+ f'(o).2 f'(o) :
2t 3!

e2.e3.
V =e)C--x'+-r? +'26

(iii)
o_ ("r)' * ("r)' *23-y=sln

:t "212 "3r3ex--+-+...23

"2r2 "3r3eJ- 

-+-+...
23

+
6



"2r2 
a3r3 a3r3=er--+-236

"2*2 ,3r3
=er --+-+...26

Solution
(D 6x2 - 4y2 =3r2

tzr-8v9=3v2 +6nL
d-x dJ

fr$r*awl=tz,-tv2
d1, l2x-3yz
dr 8y+6ry

(iD When x = 2,

6x2 - 4y2 -3ry2 =o

24 -4y2 -6y2 =0

loy2 =24
F;

'-1/s

^(,'E)
24-3 t2

dy

dr
5 21 5

,.('B) 25 t2

M
,-{;

2t 5 (r-2)---0)
25 t2

At t' ,F)
24-3 t2

dy 5 2t 5

,,(-,8)dY 25 t2

,.8=-*F"(x-2)---(2)

(l)+ (2): r, = 0

I

9



E=-*Eu',
.-,=E(-;E)

20^ 6x=--+ 2= --77

Coordinates are (-q.o)
\7')

10 Solution
(D

(a,o)

Line of symmetry: y = 0

v

(ii)

or sind=0

0=0

GC:
When y = Q,

o"os2esine =o

"os 
2a=o

.'.d=oor Lor-L22

_tfrf0=-or--22

(iiD

Arca

=lo ud,
JO'

- fi (o 
"o"2 

e 
"io 

e)(ta cos e sn e) ae

= tizo2 cos3 esin2ada lshownl

x = acos 2e

& 
= -2acosl sinl

de

wnen x=o,e=1.

When;=a,d=0

(iv) Total area enclosed by C

=2lo u d,Jo.

I



= 4o2 ll .or3 o tir2 e de
JO

1t

= 4a2li cosot-sin2 dxsin2 a) dd
JO

,f

= 4a211. cosokinz e - rina 0\ d0
JO

,f

= 4o2 t? "os 
o 

"in2 
o - coso sina o do

n

, [.inr B .in5 p'lJ
=4a'l---llsslLJO

=4,r1!_!j=4,r( 
2\

L3 sl \rs,
8z
l5

(v) ,cos2 p acos2 psin p
Midpoint of OP =

2 2

21,co\ D

2'
d cos2 srn p

2

v
1-

a cos- Dstn D
= -------------i---a- = r Sln

-v..SlnP=:-
.r

o"o"2, a(l-sin2 r) a

222
v

2

I
2J

+('5)
.x

2
v

ll Solution
(D dr

d1
bx2

9=0.+s. x=l
dt
0.49=a-b----(r)
q=o.so. x=2
dt
0.96 =2a - 4b ----(2)
Solving,
a=0.5, D = 0.01

9=0.5r-0.01x2
d,

I

I



d:l
(50 - r)d, 100

(ii)
I

I ar=
x(50 - x) i0.01 dt

If I *la-x=fo.otar
50r 50-x x J

I
I *1dr=50-x .r i 0.5 d,

ml ' l=0.s,*c
ls0-,rl

--!- = a"o5t+C - tr"O.st
50- x
When t=0,.r=0.5

.t= |

99

x1
50-x 99

0.5r

5o -' 
= 99"-o s'

r
!9 = 1 199"-o.sr
x

50" 
I+99e-05'

._ 504,\=-'- 
1 * 99.-0.5t

From QC, it takes 13.6 days to reach 45 m.
(iiD

x=50

50

1+ 99e{'5r

0.5

o t

rl



t2 Solution
(D

1-0.99

=392.08
Total distance pushed back by the waves in 5 minutes

\
= ;[2(4) 

+ (s - l)(-0.05)l

=19.5
Distance between Carol and the shore after the first 5 minutes

= 392.08 - 19.5

--372.58=373 m (3 s.f.)

Total distance swam by Carol in 5 minutes

(iD rl _.1

4 +(n-l)(-0.0s) =2

-0.0s(r- l) = -/
n -1= 40

n=41
(ii0 Distance between Carol and the shore in the fint 40 minutes

= 
80(l_3,ii-" 

- f [rr*r*roo-,lr-n.orr]

Remaining distance from 5 n^ 

=t)|lr"rt 

, ,

Let t be the number of minutes after the 40th minute.

I - 0.99
From GC, 66.387 St <1479.5
,'. t >67
Therefore, minimum time (in nearest minute) is

ao(o.rao)(r -o.ee')
-2r> 2472.8

40+67=
(i")

l Distance, d
327 7024.9187
328 7024.9196 (larsest).
329 7024.9004

328+40=368
Createst distance is 7020 (3s.f.) metres, occurs at 368 minutes.

ro(o.eeao)(r -o.r/)
-2t +2527.2

r - 0.99

minute.The distance Carol swam minute below 2 metres

Consider d =

GC:

_ 800-0.995)
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I (i) Prove by the method ofdifferences that 
Z*= :e *,r=t r

6l
Explain why t -"-:- is a convergent series. and state the value ofthe sum to infinity.

r=3r -zr

Section A: Pure Mathematics [40 marksl

t4l

t2l

12)

(iD

(iiD Hence show that )
r=4

15
(, - r)' t2

2 [t is given that a sphere ofradius r has surface area 4rr2 and,rolrr" {or3.13'
A capsule is to be constructed using the curved surface of a cylinder and the curved surface of a
hemisphere at each end. The lengh ofthe cylinder is 2r metes and the diameter ofeach hemisphere

is y metres. The cross-sectional view ofthe capsule is shown in the diagram below.

2x

It is given that the construction cost per square metre for the cylinder is $3t and that for the
hemispheres is $5t, where k is a constant.

Given that the volume of the capsule is ,^3,ft d,using differentiation, the exact values ofxandy
that give a minimum cosl for its construction. 19]

3 Do not use a calculator in answering this question.

(a) The complex number z is given by , = -i.! 
--f 

, where a < 0.
.12(a + i)'

(D Giventhatlrl=1,r6o*,nu, *Cr=-I t5l

(ii) Hence find the smallest positive integer n for which z' has equal real and imaginary
Parts 

^-io - 
l2l

(b) The complex number q is given by fr--. where 0 < 0 <L . Show that

ne(a)=1(r+zsina). Hl

OYIJC 97 58/ 02/h eliminary Examinatiorl/2 I
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I The line i has equation +=#=+. Theplanephasequation.x+y-z-lt=0.

(i) If I and p do not intersect, what can be said about the values ofa and 6?

Find P(l^r^C').
It is also given that events ,4 and C are independent. Find P (l u C').
Given instead that events I and C ar€ not independent, find the greatest and least possible

values of P(A' 
^ 

B' 
^C').

t3l

5

Section B: Probability and Statistics [60 marks]

12 students consisting of 4 from Class l, 5 liom class B and 3 from class c participate in a team
bonding activity where they are divided into 3 groups of4.

(r) Find the number ofways such that each group has at most two students fiom Class l. t3]

During lunchtime, all the students from Class I and Class .B are seated at a round table with l0 chairs.

(il) How many different seating arrangements can be formed ifno two students from Class I are
seated next to each other? l}l

Events l, -B and C are such that P(l)=0.5, P(B)=0.6 and P(C)=0.65

It is giventhat P(AIB)=0.4s, P(B^C)=O.a and P(l^A^C)=0.1.

For the rest of the question, use a =:2 nd b =l .

(ii) Find the coordinates of the point B, the foot of perpendicular from the point A(-1, a, a) to p.

t2l
Hence, or otherwise, find a vector equation ofthe line of reflection of / in p. l2l
Find the possible position vectors ofthe point Con/which is a distance of J 6,1 from B. [3]
Find the angle BCl. tLj

(iiD

(iv)
(v)

(D

(iD

(iiD

t4l

A game is played with a set of9 cards. Two of the cards are numbered l, three of the cards are

numbered 2 and four of the cards are numbered 3. A player randomly draws three cards without
replacement. The random variable Xdenotes the sum ofthE numbers on the three cards drawn.

I4l

The player wins $p if the sum ofthe numbers on the three cards drawn is an odd number, and loses

$u otherwise. The random variable Idenotes the player's profit in dollars.

(iD Given that E(f = -6.3, find Var(I') .

(iii) Find the probability that the player wins $2w at the end of l0 rounds.
t4l
t2)

6

t2)

tzl

@YIJC 975 8/02lPreliminary Examination/2 I [Turn Ov€r
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8 In order to get a vaccination, people will go to either polyclinics or community clubs. The waiting time
for vaccination in polyclinics follows a normal distribution with mean 25 minutes and standard
deviation 6 minutes. The waiting time for vaccination in community clubs follows a nornal
distribution with mean 20 minutes and standard deviation 3 minutes.

(D Two people waiting for their vaccinations in polyclinics are chosen aI random. Find the
probability that the waiting time for one of them is more than 30 minutes and the waiting time
for the other is less than 30 minutes. t3]

(ii) Jim is waiting for his vaccination in a polyclinic and Tina is waiting for her vaccination in a

community club. Find the probability that the difference between their waiting times is at least

3 minutes. I4l

A random sample of5 people waiting for their vaccinations in polyclinics and l5 people waiting for
their vaccinations in community clubs is taken.

(iii) Find the probability that their average waiting time is less than 2l minutes. State an assumption
needed for your calculations to be valid- I5l

A chocolate manufaclurer claims that the mean number of calories in a packet of chocolate is 300. A
random sample of 50 packets of chocolate is selected and the number of calories. x, in cach packct is

measured. The results are summarised by:

9

I(x-3oo)=36, )(x-3oo)2 =612.

(D Find unbiased estimates ofthe population mean and variance. l2l

A nutritionist believes that the chocolate manufacturer has understated the mean number ofcalories in
a packet of chocolate.

(iD Test, at the 5oZ significance level, whether tlre nutritionist's belief is correct. t4](iiD Explain why there is no need for the nutritionist to know anyhing about the population
distribution ofthe number ofcalories in the packets ofchocolate. tll

(iv) Explain, in the context ofthe question, the meaning of "at the 5% significance level". t I I

After receiving feedback from customers, the chocolate manufacturer improves the quality of the
ingredients used. A random sample of40 packets ofthe improved chocolate is taken. The mean number
ofcalories ofthe 40 packels ofchocolate is *and the variance is 10.

(v) Find the range ofvalues of* such fiat there is sufficient evidence to conclude that the mean
number ofcalories in a packet ofthe improved chocolate is not 300 at the 3oZ significance level.

t4l

OYIJC 975 8/02/Prel iminary Exami narion/2 I
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5

A factory produces a large number ofbottles. Based on past records, 4% ofthe bottles are defective.

A departnental store manager wishes to purchase bottles from the factory. To decide whether to accept
or reject a batch of bottles, the manager designs a sampling process. He takes a random sample of
30 bottles. The batch is accepted iftlere are no defective bottles and is rejected ifthere are more tlan
2 defective bottles. otherwise, a second random sample of 30 bottles is taken. The batch is then
accepted ifthere are fewer defective bottles in the second sample and is rejected otherwise.

(i) Find the probability of accepting a batch ofbottles. t2l(iD Ifa batch is accepted, find the probability that there are at most 2 defective bottles found in the
sampling process. t3l

Another departrnental store manager purchases n randomly chosen boxes of 30 bottles each.

(iiD Find the probability that a box has exactly 20 fewer defective bottles than non-defective bottles.

tzl(i") Find the greatest value of z if the probability that tlere are at least 2 boxes with exactly
20 fewer defective bottles than non-defective bottles is at most 0.05. t3](v) Given that z = 50, find the probability that the mean number of defective bonles in a box is
less than l. t3l

O}'IJC 97 58/ 02lPrcli,l'I.inaty Dxaminatiod2 I [Turn Over
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o

IAB

-=_+-

,2 -2, r'r-2
l=A(r-2)+Br

I1A=l- A=-:
1

I
A+ B=0+ B' '

2
lll

'-:-_J",2_2, Zr'Z(r_Z)

I 1-;-r' -2r
I
2 tr=3

I

ll
r -2 r

3

I+-
2

I
+

3

I l/
-AI

2

+

+

1i* --;-n!4 2

I
+

J n-l
II

+
n 2n

t(=r[311
2 n-l n

(shown)

(iD
As z--+o, *-o and 1-+0.

1
Thus ! is a convergent series.2^r -Lr

13
T
r=3 ,2 -2, 4

1
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(iiD (r -t)2 = ,z -2r +1> 12 -2r
ll(j.-, ^,

forr>2

T--l--:. t-=l-
7=t(r-t)' ,="=4rz'2r

-\--L
1 I

2 -2, z2 -2121

=1_143
5

= -: (shown)
12'

Surface area ofcylindrical piece ="y(2r)
= Zfirry

Surface area of2 hemispherical pieces =,{7

2

v
2I

C =27txy(3k)+ t y2 (5k)

= zky(6x +5y)

Since I/ = z,

(+)
2

4(z*) v
2t

6 =3y2x + y3

6- v3" 
3y2

, =rr(

=r,r(

,[#).,,)

\-,,*,,)v)
l2trk ^

v
kv2
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dC 12ttk

- 
= _-+61tkv =Ody yz

l2ttk

I 
=6,thy !

y3 =2 -y-{,
When y={[. r= 6-2" =,:=-=ry

'(1t')' '(va) 
3

d2C 24ttk 24rk

-= 
a +61tk =:--:::-:-+67tk =18trk > 0dy' y' 2

Hence, C is minimum when y={i 
^na 

r=T
3

3(a)
(D

+la+tl2 =t
>la+;l=2

=.[o' *l =z

=r=4(sincea<0)
:arg(r -i) -fargJt+ zarg(-.6+ i)]

29r" ^argz=--+2fi"12
5n

= -_ (shown')
l2

=,(j)-,(+)= +

(1- i)3z=----.--
"12(a 

+t)z

(a)
(iD it - Srm (t

nars.z=-+hlt---=,ft| -- 4 t2 [4
f+l2k

5

Ior z' to have equal real and imaginary parts,

, where k eZ+k

For smallest integer n, let k = 4
.. smallestintegerr=9

OYIJC 97 58 I 02 lPrelirr]' Exarnl2l

-.,-,- ll-il'-rt- qr*.tf
, _.1t Nzl-

2 Jlla+il'z



I

(b) Method I :

,=(
e-,t

)t
e 'rl

etd -l
-ie

e +l

+te -

2+ i(ete -e-to)
cos 2d + sin d

Re(a) =-
z - Zsrrta

1-2sin2 0 +sin0
2 -2sin0

(r + z sin e)(t - sin a)

I
1

z(t - sin d)

(t + zsin d) (shown)

Method 2:

e
q

e'' -i
cosd - isin d

cosd-i(l-sind)

cos d - isin d
= 

--..:...........
cosd - i(l - sin d)

fcosd+ i(t-sind)\

l;r-i(r-,i,,41

Re(q) =
cos' I + sin d(l - sin d)

cos'd+(l - rin d)'

cos'd+sin0-sin2 d

cos' e +1-zsin0 + sin' o

| -2sin2 0 + sin|
2(l-sina)

_ (t +zsina)(t -sin a)

2(t-sin0)

= ](t+zrine) trto*n)

I
(i)

lf / and p do not intersect, 2 conditions have to be satisfied.

Condition 1: / is parallel top
Direction vector of / is perpendicular to normal vector ofp
/z\/r\
[.s] [:,]='

OYIJC 97 58 / 02lP r elim Exanl2 |
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Condition 2: point on / is not on p
Point on / does not satisry plane equation

I

)[j,).,,
a
4

-l+o-4+11
a+16

(iD Since I lies on p,

t,$

p:

,, =(-l
(t

'[],

-1\ /r\
-2 l+rl l l.r€R
4 ) [-r.]

=11

To find point B,

it
-l
-2
4 )",I Itl [j,)=,,

4+s=ll-l+s-2+s-
3s=18

.t =6

ou
/-r\ /l\ /5\

=h'l*l:,1=[-',J

Coordinates of I are (5,4,1) .

(iiD Let l' be the reflected point of,4 inp.

*_oI +o,q

2

o7 2

[l,] [;r] [

lt
t0

-8
Line of reflection of I in p:

L

ll
t0
-8)-[

2
I
3

,2elR

(iv) Since C is on /,

OC
/-r) (2\

=hr]"[ljrorsome2e]R

[;;)-[i) [ii [Tj"[i)
BC

@YIJC 97 58l02lPrehm Examl2|
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lErl Jt64

$64(4+D")x +(4+ ),)2 +(6+31)'z =

36-2U.+41.2 +36-12),+ 27 +36+3il.+9)"'? =164

141'1-56=o
),=-2 or ).=2

_(-t
-l
4 tilt

5

OC
/-r\ (

[;].'I
2
I
,

3
0
0

OC 4 or
I

( ) Ir4ethod I

t, t?)
/d\

IUAB=

lTrl=!6Gr=Jros

,inact=@Jru

{BCA=s4.2" {1 d.p.)

Method 2
B and the 2 points ofC form an isosceles triangle.

. . IBCA = acute angle between EZ and 1

/-o\ (2\ (
^=,_rt=l_fl"[l]=[

-2
-4
t2

cos IBCA =
rlti

Jt64 2
z +l 2.-2+J

28

^fi64,114
I.BCA = sa.z" (t d.p.)

Method 3

Consider vectors nC * rc .

/-o\
A=2=Ee =l al

Io]"[i) [J) ti) te t:)
AC=

-4
t2

4

2

6
cos IBCA =

.!tA 4' +2? +61

56

JtuJsa
OYIJC 9758/02lPrelim Exam/21
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/-BCA=54.2' (1 d.p.)I
5
(D

Method I (Direct Method)
Case l: Students from Class I are grouped as 2,2,0

Case 2: Students from Class I are grouped as 2,1,1

Method 2 (Usins comolement)
Case I : Students from Class I are grouped as 3,I,0
Number of ways = oCr"C., r'C, = 1126

Case 2: Students from Class,{ are grouped in 4,0,0
4^ 8^

Numberofwavs = ttt to 
=35'2t

2l

Number of ways = - (ttzo + ts) = qazo
3!

,,CN
'C nnc o

ocr'c,,,C,Number ofways =

Total number of ways: 4620

=1260

Number of ways = 'c2'c2 * 2ctuc' 
- 3360'21

(iD No of ways : (6 -l)l x 6q x 4!

= 43200

6
(D r(,ela) _P(A^B)

P(B)

o.4s =P(A^ 
B)

0.6
P(A^ B) =0.27
P(l 

^ 
B.\ C') = 0 .27 -0.1= O.t7

(iD Since I and C are independent, A nd C are independent,
P(A^c')=p(A)x P(c') = 0.5x0-0.65) = 0.175

P(l uc) = P(r)+P(c')-P(1,1c')

= 0.5+(l -0.65)-0.175

=0.675

OYIJC 97 5 I I O2,E r eli m F.xam I 2 I
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0.17 0.030.23 - x

0.25 - x

A

Let P(,{-8'^C) be r.

P(A'^B'^C')

= l -(0.23 -r)-o.l7-0.1-0.3 - 0.03 -r-(0.25-r)
=x-0.08
Consider:
x-0.0820
x > 0.08

and

and

0.23 - x 2 0 and

x < 0.23 and

.r20 and

x20 and

0.25-x20
x < 0.25

Therefore, 0.08 < x S 0.23.

When :r = 0.08 , P(A' 
^B' 

.\C') = 0.08 -0.08 = 0 (least)

When r = 0.23, P(A'^B'.\C')=0.23-0.08=0.15 (greatest)

Alternative
Least P(,4'nB'nC') occurs whenx is minimised:

Suppose .r = 0, then f (,n u B u C) = 0.6 + 0.23 + 0.25 = 1.08 which is impossible as

P(ruBuC)<1.
Greatest P (,4 u B u C) = 1 ana Ieast P (,a' n B' n C') = o

Greatest P(,4'n B'nC') occurs when x is maximised:

0.23 -: = 0
x = 0.23

P (A' 
^ 

B' .\C') = I - 0.23 - 0.02 -0.6 = 0.15

Greatest P (l' . B'^ C') = 0.1 5

7

(i)
p(.y =9) = p(3.3.3) =1'l'Z= I'9 87 2t

p(x =8t =p13-3.2'1 = 
411, 3 r3= 3

98? t4

'1,1*',r)P(x=7FP(3.3,1)+e(:,2,2)=[. r, )
L1")
-x-x-x J987

2
+

7

OYIJC 97 58 I 021 P relim Examl2l
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P(x = 6):P(3,2,1)+P(2,2,2) =
L1)
-x:x:x3l987

) /: z r) zsl+l-x-x- l=-
) \e 8 7) 84

P(x = s)=P(3,1,1) +P(2,2,r) =
421^
-x-x-xJ987 ).(;.;';,.r=;

P(X =4tsPe.t.l)=3,2r l 13= I

987 28
OR

,r, =n =o.C' = 
I

"c, 2l

P(x=8)= 
nc?''q 

= 
3

"c, 14

P(x =7\=4c2.^2 
c' *oc'" c, -2"C, "C, 7

P(x=6)= LrX Crx2 C,
tc, 

25, ncr- g4,C,

t<x =sl='c'ui-,c' * 'crx' c, - 5
nC, 42

I,6 =o)=''i:.c,
28

x 4 5 6 7 8 9

P(x = r)
I

28

5

42

25

84
?
7

3

t4
I

21

(iD

8.4 -(-0.8f

= 69.92

( )

p(x isodd)=f *?* s 
=192l 74242

ern = (r -f;)r -4*fr@)

var(Y) = E(Y'?)-[E(n]'?

=l(,-#)n,r,.(#)

4.8=-2**19 *42 42
w =8.4

(iii)

Let R be the number ofrounds that the player wins, out of l0 rounds

'42
19l0

Player wins $2w = wins 6 out of l0 rounds

n-B

OYIJC 97 5 8l02lPrelim Exanl2 I
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l0

P(n=Q=6.162 13 t.11

Alternative

Required probability =(#)i'-f)
0.162 (3 s.f.)

o 
lo!
6l4l

8
(i)

Let Xdenote the waiting time for vaccination in Polyclinics.

x-N(zs,o'?)

P(X>30)=0.20233

P(X < 30) = I - 0.20233 = 0.797 67

Required probability

= P(X > 30) x P(X <30)x2l

= 0.323 (3 s.f.)

(ii) Let I denote the waiting time for vaccination in Community Clubs.

r-N(zo,r'?)

x -v -N(zs-20,62 +r2)

.'.x-r-N(5,45)

P(x - rl> 3)

=P(X-I>3)+P(x-Ys-3)
=0.61720+0.11652

= 0.734 (3 s.f.)

(ii0
Let A= Xt+...+ X5 +4 + '.. + )i5

E(A)=E

20

Xt +...+ Xs +\ +...+\5
20

=*rV,+...+ xs+Ij +.. +Ij5)

= fi{stzst 
* r stzol)

= 21.25

OYIJC 9758/02/Prelim Exam/2 I
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l1

Var(,{) = Var
+ .+x + + .,+

20

(r
- l. 20

(*
I

(

2

Var (.{i +... +,Y5 + \ +..,+\5)

2

fvar(x,) +...+var(xr)+ var(4)+...+ var(ri5)]

s(0'z).rs(:'?))
202

= 0.787 5

A -N(21.2s,0.787s)

P(l < 2l) = 0.389 (3 s.f)

Reouired ption:
The waiting times for vaccinations of the people in Polyclinics and community clubs are all
mutually independent with one another.

9
(D

An unbiased estimate of p is:

t={*no=1,0o:z
50

Ar unbiased estimate of o2 is:

7 I 612-1t
50

s
49

= I 1.961

= 12.0 (3 s.f.)

(iD Ho : p=366
Hr : p>300

Under tlo, since n = 50 is large, by Central Limit Theorem, 7 - N [:oo. ' ' 
96' ']oooroximatelv.

\. s0 /"
The test statistic is Z =

x -300 - N(0, l) approximately.
l1.961

Jso

From GC, p-value = 0.0705 (3 s.f.)

Since the pvalue = 0.0705 > 0.05, we do not reject IIo and conclude that there is insufiicient
evidence at the 5oZ level that the mean number of calories is more than 300 (or the nutritionist's
belief is correct or the mean number of calories has been understated).

(iiD Since sample size is large, by Central Limit Theorem, the sample mean number of calories for a

packet of chocolate will be approximately normal

(ir) There is a probability of 0.05 that the test will show that
when it is in fact 300.ofchocolate is more than 300

the mean number of calories for a packet

@YIJC 9'7 5 I I 02 lP rclirI. Exam I 2 1



t2

( )
s2

40
(to)= 16.256

39
Ho: p=300
Hr : p+300

Under Ho, since n = 40 is large, by Central Limit Theorem, 7- N (r*,#)*rroximatery.

The test statistic is Z =
7-:oo

- N(0, l) approximately.
t0.256

J4o

Critical Region: z < -2.1701 or z >2.1701

Given that Ho is rejected,

&-300 t-300
>2.t701< -2..1701 or

0.256 10.256
J40 J40

k -100 < -:2.1701 $L2s6
Jlo

or k-300>2.1701 Je.256-.m-
k < 2e9 (3 s.f.) or k > 301 (3 s.f.)

l0
(D

Let,Y be dre number ofdefective bottles. out of 30 bottles
Then, X- B (30, 0.04)
P(accepting a batch of bottles)

= p(x, = 0)+ p(x, = l)P(x, = 0)+P(x, = z)p(x, < r)

= 0.54853

=0.549 (3 s.f.)

(i i) Required probability
= P(at most 2 defective bottles batch is accepted)

_ 0.548s3-P(x, =2)P(X, =1)
0 54853

016701

0.54853

= 0.851 (3 s.f.)

(iiD Exactly 20 fewer defective bottles than non-defective bottles
means X: 5

P(x=5)=000s25e1

= 0.00s26 (3 s.f.)

(iv) exactly 20 fewer defective bottles than non-defective
bottles.
r- B(n, P(X= 5))
ie. I- B(2, 0.0052591)

Let / be the number ofboxes, out ofn, with

OYIJC 97 5 I / 02/P relim Exar.r./ 2 I
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P(r >2) <0.0s
l-P(r<l)<0.05

From

Greatest possible v alue of n = 67

n r-P(r<l)
67 0.0488
68 0.0501

(v) x- B (30, 0.04)

E(x)=30(0.04)=r.2
var(x) = 30 (0.04)(0.e6) = 1.1s2

Since sample size = 50 is large, by Central Limit Theorem,

x -n(n,t 11^21"ppro*i*"t ry\ 50/ "
t - N0.2,0.02304)

Required probability = P(t < l) = 0.0938 (3 s.f.)

@YIJC 97 sIl02lPrclirn Ex i\I2|


