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2
-2ax+4 . .
(i) Thecurve y= D TP hasan oblique asymptote y = x and a vertical asymptote
x —

x =2 . State the value of 5 and find the value of a. 2]

(i) By using an algebraic method, show that y cannot take values between -2 and 6.[4]
Using the information found in part (i) and part (ii).
'—2ax+4 L
(iii) sketch the graph of y = ﬂ% , stating clearly any axial intercept(s),
x —_—
asymptotes and the coordinates of the turning point(s). 3]

(a) A curve has equation y = f(x), where

1-3x -1<x<1,
f(x)=4-2-(x-1) 1<x<2,
2 otherwise.

Sketch the graph of y=f(x) for —1<x <4, stating clearly the coordinates of any
axial intercepts. State the range of f. [4]

(b) A curve undergoes the transformations 4, B and C in succession. The transformations
A, B and C are given as follows:
A: Translate 1 unit in the positive x-direction;
B: Scale parallel to x-axis by a scale factor of 5;
C: Reflect in the y-axis.
The equation of the resulting curve is y=e"> —x. Determine the equation of the

original curve. [3]

n
(a) A sequence of numbers #,, u,, u;, ... has a sum S, where S, :Zu, . It is given
r=1
that S, = 4(2") + Bn* + C, where 4, B and C are non-zero constants.
(i) Find an expression for u, in terms of 4, B and n. 2]

(ii) Itis also given that , =7and S, =25.Find 4, Band C. 4]
(b) Show that r(r+1)(r +2)—(r—2)(r - 1)r = k#* , where k is a constant to be determined.

n(n+1)(2n+1)

n
Use this result to deduce that Zr2 = -

r=l

15]
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a-2

Sketch the graphs of y =1+ , and y= —lx +-% on a single diagram, where a is a
X=a a a

positive constant and 1<a<2, showing all asymptotes and axial intercepts clearly.

i T} 1]
X—a a a

(i) Using the graphs, solve, in terms of @, 1+
ax—2x 1 2
—_—t—.

1-ax ax a

(ii) Hence, solve 1+

(@) The sum of the first » terms of a sequence is denoted by S, . Given thatS, =e" —1,

prove that the sequence is a geometric progression. [3]

(b) The area of island S is 2880 km® at the end of 2019. Due to the rise in sea level, the
area of the island decreases gradually every year. At the end of 2020, the area

decreases by 64 km’. Two companies, A and B, are engaged to study the trend in the

decrease in the area of Island S.

(i) According to Company A, the decrease in area in each subsequent year is 3 km?
less than that of the previous year. The decrease in area continues annually up

to and including the year when the decrease is first less than 5 km? occurs. Find
the area of Island S when the decrease is first less than 5 km?. [4]

(ii) According to Company B, the decrease in area in each subsequent year is %

that of the previous year. Determine the theoretical area of Island S in the long
run. 12]
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i
A curve C, has equation -42% =2 ,where y 2 0.
x +y 2
2
@ Showthat ¥ o X2 3]
dx y+2xy
(i) The point P on C, has x-coordinate 2. The tangent to C, at P cut the x-axis at point
Q. Find the exact coordinates of Q. [4]

A

The diagram above shows a second curve C, with parametric equations

x=k’sinf, y=kcosé,
where 0 < 8 < % and k is a positive constant.

(iii) The area bounded by the curve C,, the x-axis and the y-axis is equal to the area of
triangle OPQ, where O is the origin. Find the value of & correct to 2 decimal
places. [3]

(a) Itis given thatz = 1++/3i is a root of the equation 32> + az*> + bz =8 =0, where
a and b are real numbers. Find the exact values of g and b and hence solve the
equation completely, giving all the roots in exact form. [5]

(b) (i) Using Euler’s formula that '’ =cos@+isiné, show that
(cos@+isin@)* =cos46 +isin46 . [1]

(i)  Using result shown in (i), by comparing the real parts, show that
cos48 =cos* @ —6¢cos” @sin’ @+sin* 6.
Obtain an expression for sin 46 in terms of cos @ and siné .

3
Hence show that tan 468 = il 92 o 46 A 4]
1-6tan” @ +tan" @

(iii) Hence, find the possible values of tan @ given that tan46 =4, leaving your
answers correct to 3 significant figures. [31
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The points 4 and B have position vectors a and b, respectively, relative to the origin O.
The points O , 4 and B are not collinear. The point P lies on 4B between 4 and B such
that AP: PB= (1-1): A, where 0<Ai<]1, 1eR.

(i)  Write down the position vector of P in terms of a, band A. (1]
It is given that OP bisects ZA4OB.

(i) Show thati=—2—, where a= |a] and b = [bl. 3]
a+b

The point Q also lies on 4B between 4 and B, and is such that 4P = BQ.
(iii) Find an expression for (OQ2 - OPI) in terms of @ and b. [4]

A scientist is investigating two models for the motion of a falling object of mass 1 kg. At

time ¢ seconds, the object has fallen a distance of x metres with velocity v m s™'. The

object in both models falls vertically from a building with an initial velocity of 0 m s,

(i)  In the first model, the motion of the object is modelled by the differential equation
d? dxY’

d—x =98~ 0.2(—(¥J . By using the substitution v = %, show that the differential

t2

d
equation can be written asd—v =9.8-0.2v*. Hence, show thatv =

(ii) In the second model, the scientist considers that for any falling object, it experiences
a downward gravitational acceleration of 9.8 m s and an upward acceleration R
due to air resistance, where R <9.8. The upward acceleration is directly
proportional to v, with a constant of proportionality £ >0 .

The rate of change of v for the falling object is modelled as the difference between
the gravitational acceleration and the upward acceleration due to air resistance.
Form a differential equation relating v to ¢ and £, and solve this differential equation
to obtain v as a function of 7 and k. [3]

The terminal velocity of an object is the value of v after a long time.

(iii) Given that the objects in both models achieve the same terminal velocity, find the

value of £. [2]
(iv) Using the value of k in (iii), justify which model predicts that the object reaches
80% of its terminal velocity earlier. 13]
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Figure 1

' at a fixed angle of

From a point O, a projectile is launched with a fixed velocity v ms~
. . ) .. T
elevation & from the horizontal, where v is a positive real constant and 0< 6 <-2—. The

horizontal displacement, x metres, and the vertical displacement, y metres, of the
projectile at time ¢ seconds may be modelled by the parametric equations

. 1
x =(vcos )1, y=(vsin B)I—Egtz,
where g is a constant known as the acceleration due to gravity.

(i)  Show that the time taken by the projectile to hit x, is given by it i : 2]
g

(i) A is the area enclosed by the path of the projectile as shown in Figure 1 and the x-

4 .
2v* sin® Bcos @

axis. Without expressing y in terms of x, show that 4= T B [4]
g
(iii) Hence find the exact maximum value of 4 as @ varies in terms of vand g. [6]

End of Paper
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1)

ax’ —2ax+4

x—b
Equation of vertical asymptote: x-b=0=x=b
Thus b=2

y=

ax’ —2ax+4 4

—_—=ax+
x-2 x=-2

Equation of horizontal asymptote: y = ax

Thus a=1

1(i)

x’-2x+4
x—2
y(x-2)=x*-2x+4
x +(-2-y)x+(4+2y)=0——=(*)

y:

For y not able to take any values, the equation (*) will have no real roots,

therefore discriminant < 0

b’ —4ac <0

(-2-y)' -4(1)(4+2y) <0
4+4y+y* -16-8y <0

Y -4y-12<0
(y-6)(y+2)<0
-2<y<6

1(iii)

Therefore y cannot take values between -2 and 6.
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2(a)

Range of f=[-3, 4]

(b)

C: Reflect about the y-axis
. 1
B’: Scale parallel to x-axis by scale factor of =

A’: Translate | unit in the negative x-direction

y=e=x
4 C':Replace x by —x

y= ety x

—-x=2

y=x+e
4 B':Replace x by 5x

y=5x+e>"

\ A':Replace x by x +1

~5(x+1)-2

y=5(x+1)+e

y=5x+5+e"

3(a)(i)

W, ==,
= A(2")+ Bn’ +(:—[,4(2"")+B(n—l)2 +C]
=A(2"-2"")+B(n’ - (n-1))
=A4(2"")@2-1+B(2n-1)

=4(2"")+B(2n-1)
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(a) (ii) | Method 1 (Form 3 equations to solve)
=4(2"")+B(20)-1)=7

= A4(2")+B(2(2)-1)=18
S, =A(2")+B(2)' +C=25 (orS,=4(2")+B(1) +C=7)
ByGC,4=3,B=4,C=-3
Method 2 (Use 2 equations to find 4 and B first)
=A(2"")+B(2)-1)=7
=4(2"")+B(2(2)-1)=18
By GC,4=3,B=4

s, 2+ B(2r -1 S, =3(2%)+4(2)* +C =25
Z[( Jroter- )] (or 8, =A4(2')+B(1)* +C=7)

= AZZ"‘ + ZBZr BZ]

r=1 r=1

_A1(2 -1) +2Bn(n+1)
2-1 2

=4(2")- A+ Bn®

LC=-4

Therefore, C =-3 Therefore, C = -3

—Bn

(b) rir+1)(r+2)-(r=2)r-Dr
=r[(r+D(r+2)-(r-2)r-1)]
=rf[r +3r+2-(r*-3r+2)]
=r[6r]

=677

S k=6
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isﬂ = i[r(r +1)(r +2)=(r=2)r-1yr]

r=1 r=1

irz :%i[r(r +1)(r +2)=(r=2)r-1yr]
r=|

r=l1

BRIPVONE —(=1)(0)D)
4

. )

H <(0)(1X2)
H( 3) —{1}

4

+(n _%4)@ -3)

+n-2 n =(n= -3} n-2)
+Hu=1)(n)n+1) - =2)Xn-1)
Hn)n+1)(n+2) —(n- )(m)]

= %[—(—1)(0)(1) — (O)1)(2) +(n=1)(n)(n+1) +(n)(n +1)(n+2)]
_ (n=D(n)(n+1) +Hm)(n+1)(n+2)

6
_n(n+D[(n=D)+(n+2)]
N 6
=n(n+])6(2n+l) (Show)
4 (i)
a~2 -—lxﬁ-E
y=1+ , X¥*a ¥= a a
x—a )
Asymptotes: x=a,y =1 Whenx=0,y= —
2 a
Whenx=0, y=—. Wheny=0,x=2

a

Wheny=0,x=2
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o e - e L

)] From the graph,

a—2 1 2
>——x+=,
x—a a a

Ans: O<x<a or x>2

1+

® ek, 17
l1—ax ax a
B _l(l}fi
(- —a) a\x) a
X
a-2 1[1J 2
1+1 >——| —|+=
L. a\x/) a
x
Let y=l 5
%
a-2 1 2
1+ >——y+—.
y—a a a
From (i),

O<y<aor y>2

0<l<a or —1—>2
x x

1 1
Lx>—or0<x<—
a 2
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5 (a) un = Sn - Sn—l
=("-)—-(e""-1)
e en _en—l
un B en _ en-l
uﬂ_] en-! _ err-?_
_e"'(e=1)
e (e-1)
=e
that is a constant independent of ».
Hence the sequence is a geometric progression.
(b)(1) | Let T, be the decrease in area that has happened for the nth year.
T =64+ (n-1)-3)
=67-3n
The decrease in area of island S forms an AP with common difference — 3.
Since the decrease in area stops when the decrease is less than 5 km?,
67-3n<5
n> 202
3
Least n=21.
Hence the total decrease in area from the first year to the 21 year is
21
Sy = ?[2(64) +(21-1)(-3)]
=714
Hence the area of Island S when the decrease is less than 5 km”is
2880—714 = 2166km’
(b) | According to Company B, the decrease in area now follows a Geometric

. . o D
Progression with first term 64 and common ratio g

Hence the long run/theoretical decrease in area of Island B is

gut
==
6
=384
Hence the theoretical area in Island B in the long run is

Area = 2880-384
= 2496km’
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6 (i) 4-x*y? 1

*+y? 2

8-2x"y" =x* +)?
Differentiating with respect to x,

dy dy
2| 20 + x| 2y= | |=2x + 2y =
(xy x(yde Y ax

dy dy
=2 2_2x2 — = x4+ =
Xy J’] pd

dx
—(y+2x2y)il—‘}x}=.7c+2xy2

2
Y EPY i)
dx y+2x“y
(ii) When x = 2,
4-(2)' Y 1
(2)° +»* 2
8-8y’ =4+

4
2—_
Y79
2

=g (y20)
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L - 5:-’25,x=k1
23 =k’ cos@
dg
Bounded area = Area of triangle OPQ
k2
0 2017 )3
J‘Ek coseﬁdg _1 2](3)
0 dé 2017 )\3
T
Izk3C0529 dg =22
0 51
Poeeesit. _yooms
51 J' 2cos’@ dO
0
k=1.09
7(a) | Letz= 1++/3i is a root of the equation 3z + az* + hz—8=0.
‘ Since a and b are real numbers, the coefficients of all the terms of the
equation are real, hence complex roots exist in conjugate pairs. This implies
that since z = 1++/3i is a root then its conjugate 7' = | —+3iis also a root of
the equation.
We can form a quadratic factor
(z=(A+3i)(z=(1-Bi)= 22 =2z+4 .
32 +at +bz-8=(32-2)(z" -2z+4)
Comparing the coefficient of z* :a=-6-2
= a= -8
Comparing the coefficient of z:6 =12 +4
= b=16
The remaining root is z =% .
7(b) Since e =cos@+isiné,
() L.H.S.

= (cos@+isin§)*

()
= ell485

= cos46 +isin 48 (Shown)
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(i)

sin 46

tan 48 =
cos4é

(cos@+isin@)' = cos46 +isin46
cos @ +4cos’ B(isin §) + 6cos® B(isin ) +
4cosé(isin )’ +(isin @)* = cos 46 +i(sin 46)

Comparing real parts,
cos 46 = cos* 6 - 6.cos? f(sin’ @) + (sin* 8)

Comparing imaginary parts,
sin 46 = 4 cos’ O(sin @) — 4 cos A(sin’ 6)

4cos’ A(sin B) — 4 cos A(sin’ 6)
cos’ @ —6c¢os’ G(sin’ B) +(sin* 0)
cos’ @(4tanf —4tan’ 0)
cos* #(1—6tan’ 6 +tan* 6)
4tanf—4tan’ @

= Sh
—6mn By )

c.tan48 =

(iii)

tan48 =4
4tanf—4tan’ @ _
1-6tan’ @ +tan* @
= tanfd—tan’ @ =1-6tan’ f+tan*
= tan‘ @ +tan’ #-6tan’ @ —tan O +1=0——~(*)

Using GC
The possible values of tané are
-2.91, 2.05, —0.488 and 0.344

8 (i)

Since the point P lines on 4B between 4 and B such that AP: PB= (1-1): 4, by
ratio theorem,
OP=104+(1-2)0B , 0< A<l AeR
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(i)
A
B
(0]
Let the Z40OP = ZBOP =6 .
a7 -b
cosf = g = £ -——=(®
ap b
[Aa+(-2)b]ea [Aa+(1-A)b]eb
= =
a b
_ Ad + (= A) (@) _ Aah+ (1= A’
a - b
1-4
=5 (g-l_y)[-(——-)-—i] =(1-A)b-Ada-—-- (#)
a b
Method 1a

= (g-lg)[b(] —A)—Aa]=ab[(1- A)b - Ad]
= (a+b)[A(a+b)—b] = ab[A(a+b)-b]
= [Ala+b) --b](g-lg - ab) =0

Since O, A and B are not collinear,
ash#ab - (@)

S Ala+b)-b=0

=BAd= g (Shown)
a+b
Method 1b
1-4
= (abcos 29){—(-——-)— - —';—“J =(1-A)b-4a

a

Since (#) is true for all 8, we compare terms independent of &
=(1-4)b-Aa=0

= A= (Shown)

a+b

(i) | Since AP = B

10




St Andrew’s Junior College
2021 H2 Math Prelim Exam Paper 1 Solutions

Qn Suggested Solutions
= AQ:0B=4:(1-4)
=00=(1-2)a+4b
00’ =((1-A)g+ Ab((1- A)a+ Ab)

=(1-A)a* + A*p* +24(1 —A)(g-lg)
OP* = (Ag+(1-A)b)(Aa+(1-2)b)
=A'a* +(1-A)'b* +2A(1- A)(a-b)
- 0Q* -0P? =(2,1.—l)(b2 -a’)
N Y S T P
(2(“5) l](b oL
=
- (b—a)b+a)
a+b
=(b-a)’

9(i) 2 2
E—
dr dt

dx dv d%
V=— —_——=—
dt dr dr

2 2
Hence, d—f = 9.8—0.2(-2} = e 9.8-0.2v* (shown)
dr dr dr

To solve o 9.8-0.2v*:
dr

L =9.8-0.2v7

dt

1
Im dV=Jl dt

1 1
027 49—+

1 1
—| —|In
0.2(2(7))
5. (7+v

—In
-y

14

dv=t+C , where C is an arbitrary constant

7+v
T—v

=t+C

=t+C

T+v| 14

In =—I+D,whereD=EC
5 5

T—v

11
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14

;+v=Are,5 ,where 4 = +e”

-v
Whent=0,v=0
;%=Ae":n4=l

94y B gy
=E" = =e

T=v T+v

(i)

E=9.8-kv, k>0
dt

J.9sl-kv dv=.[1 dr

-k . :
—]—I dv=1+C , where C is an arbitrary constant
k®9.8—kv

-lln(9.8-kv|=r+c
k

ln|9.8—kv| =—kt + D, where D =-Ck
9.8—kv = Ae™™,where 4 = te”
Whent=0,v=0
9.8-k(0)=Ade" = A4=9.8
. 9.8—kv=9.8¢"
L9280 -e™)

k

12
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(iii) 1,
7| 1-¢ 3
V=T
l+e 3
ity
Ast—> o, e 5 50
A,
l-¢ 3
ol
I+e 3
=L
7(1—e 8 ]
-
I+e 3
.. Terminal velocity for object in Model 1 is 7
=kt
L Ca i
t—w k
Ast—>o, e >0
.'.ﬁ=7=>k=1.4
k
(iv) For model 1:

When v=7x0.8=5.6

A4,
7[]—6 ¥ J
56=——--—2

14,
l+e 3
Using GC, t=0.785 (3 s.f.)
For model 2:

When v=7%x0.8=5.6

_ {14y
562 9.8(1-e ]
1.4

Using GC, r=1.15s

Object in Model 1 reaches 80% of its terminal velocity earlier.

13
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11(i) | When the projectile to hits x,, y=0
(vsin l9)t—-12—g:‘2 =0
t(vsiné’—-l IJ-O
2g
t =0 (rejected as 1 > 0) or vsiné’—%gr:[)
s 2vsm6(shown)
(i) ="
A_jlo yix
2vsinf
== [(dx
=], * y(;)d’
2vsimy) 1
=jo £ ((vsinQ)I——Egtz)(vcosﬂ)dt
2vsingd ) 1 X
=(v<:os¢9)I0 g ((vsm@)t—igt }1[
_ 2vsind
o\l (vsi 9)12 1 (£ )Y.*
=(vcos )- vsin€)——- g| 5 0
(vsin@)( 2vsin@ 1 (2vsingY
=(vcos@) -—g
- g 6 g
. 3
=(vcos#) Z(VSIPB) - ]2(8)(vsin9)3]
- 6g
. 3
=(vcos@) —2————(1)51“29) J
\3 8
_ 2v*sin® fcos @
3g’
(iii) A_2v4 sin’ @ cos @
3g’
4
% = ;2;2 (sin3 6 (—sin #)+cos#(3sin’ 6 cos 9))

4
=§—V2-(3sin2 6 cos’ 8 —sin* 9)
g

For stationary values,

14
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“_,
de
4
32-‘-)-;(3 sin’ @cos* § —sin* B) =0
g

sin29(300520—sin29)=0

sin#=0 or 3cos’@-sin’f=0

sind=0 or tan’§=3

=0 or tanf=+3

(rejected 6>0) tanf=+/3 or tand = —/3

=% (rejected as @ is acute, so tan6>0)
3
2v* sin® [EJCOS(EJ 27 [[%J ](%)
_T 3 3
Hence when =—, 4= - = -
3 3g 3g
4
% =-§v—2(3 sin’ @ cos’ @ —sin* 9)
g
4
=2—2 i(4sin2 @ cos’ ) —sin* 9)
3g°\ 4
4
=&2—[é(sin 26)’ —sin* 8)
3g°\ 4
2 4
g—é;i = 2—1}2(%(4 sin 26 cos 26) - 4sin” @ cos 9]
4
- 2v2 [%(sin 46)—4sin’ @ cos 9)
When 6=2

it

=% 2

8 g

15
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5 4 7
39‘3 = jv’ %(sin 49)—4sin3 30059]
e

2 [3( B)_(BY1
T3g2l2l 2) |22

2v* _3J§_3J§J

3g° 4 4
__ w33
3g7| 2
V3
= — g2
J3v*

Hence maximum A4 =

2

g

16
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Section A: Pure Mathematics [40 marks]

A function f is said to self-inverse if f(x)=f"" (x) for all x in the domain of f.
The functions f and g are defined by
ax+7a’

fix—

,xeRx#a, 0<ax<l]
x—a

g:ixb (x=2)x+1), xeR,x>3.

(i)  Explain why ™ exists and show that f is self-inverse. 14]

(ii) Hence, evaluate f**! (l] in terms of a, showing your working clearly. [2]
a

(ili) Show that fg exists. Find the exact range of fg in terms of a. [3]

. o 1 . .
(a) By using the substitutionx = Esm u , find the exact area of the region enclosed by

the curve y =+/1-4x" and the x-axis. [4]

(b) The region A is bounded by the curve C with equation y =" sinx, the x-axis and

the lines x = -7 and ng.

(i) Find the exact area of 4. [5]
(ii) A is now rotated about the x-axis through 27 radians. Find the volume of solid
formed. [2]
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The line L has equationr =—i+2j-4k + A(6i +3j—2k), where 1eR .
(i) Find the acute angle between L and the x-axis. [2]

The point P has position vector 6i+3j—5k .

(ii) Find the points on L which are at a distance of V59 units from P.
Hence or otherwise find the point on L which is closest to P. [5]

(iii) Find a cartesian equation of the plane that includes the line L and the point P. [3]

0 o 8 y
A D £

ABC is a sector of a circle with radius 4B and AC and £BAC =6 . D is a point on AC
such that AD =x m,CD =y mand AADB=§.

(i) Show that BD = \/ ¥+ 2xp. [1]

1
(i) Hence show that sinf ~ (2a)5 [1 —%a} , where a = . , and y is small compared
x

to x. [4]

You are now given that 8 =10° and x =100.

(iii) Use part (ii) to find estimates for a and y correct to 2 decimal places. 131

(iv) Find the actual value of y. [1]

(v) Comparing the values of y obtained in parts (iii) and (iv). comment on the accuracy
of your approximations and explain your answer. [1]
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Section B: Statistics [60 marks]

The events X, ¥ and Z are such that P(X)=x, P(Y)=y,and P(Z)=%,wherexandy

are non-zero. It is given that the events X and Y are independent, events ¥ and Z are
independent, and that events X and Z are independent.

(i) Find an expression for P(X N Z'). (2]
(i) Find an expression for P(¥'| X"). [2]

It is now given that P((XU Yu Z)')=§ ,P(XNYNZ)=0,and y=5x

(iii) By drawing a suitable Venn Diagram, find the value of x. [3]

Shane plays a game by tossing three biased coins. If a coin shows a head, Shane scores 1
point; if a coin shows a tail, he scores —1 point.

The random variable X is the total score obtained when three such coins are tossed.

It is given that the probability of obtaining a head when a biased coin is tossed is p, where
O<p<l.

(i)  Tabulate the probability distribution of .X. [3]
(ii) Find E(X) in terms of p.

Hence show that (X +3] is an unbiased estimator of p. (4]

A class committee consists of 6 boys and 3 girls. They are to sit at random around a table
for a meeting.
(i) Find the number of possible arrangements if not all 3 girls are seated together. [3]

(ii)) Find the number of possible arrangements with all 3 girls separated. 2]
(iii) Find the probability that there are exactly two boys seated between any two girls.
3]
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A company that sells potato chips in packets claims that the mean amount of sodium
content per packet is 798 mg.

(a) Itis given that the standard deviation of sodium content in the packets of potato chips
is 6.5 mg. Upon receiving complaints that the potato chips were too salty, the local
food agency chooses a large random sample of n packets of potato chips and found
that the mean sodium content is 799.5 mg.

Given that the local food agency concludes at the 5% level of significance that the
company has understated the amount of sodium content, find the set of values of ».
4]

(b) The company decided to try out a new healthier recipe that reduces the amount of
sodium content per packet. The company collected data from a random sample of 50
packets and found that the mean is 796.3 mg and standard deviation is 6.2 mg.

(i)  Testat 5% level of significance whether the mean amount of sodium in a packet
of potato chips has been reduced from the original claim, after the introduction

of the new healthier recipe. [4]
(ii) Explain, in the context of the question, the meaning of “at 5% level of
significance” for the test in (b)(i). [1]

(i)  Sketch a scatter diagram that might be expected when x and y are related
approximately as given in each of the cases (A), (B) and (C) below. In each of the
case, your diagram should include 6 points, approximately equally spaced with
respect to x, and with all x- and y-values positive. The letters @, b, ¢, d, e and f
represent constants.

(A) y =a+bx’, where a is positive and b is negative.
(B) y=c+dInx, where c is positive and d is negative.

12]

A motoring website gives the following information about the distance travelled, y km, by
a certain type of car at different speeds, x km h™, on a fixed amount of fuel.

Speed, x 88 96 104 112 120 128
Distance, y 144 147 144 138 126 107
(i) Draw a scatter diagram for these values, labelling the axes. [1]

(iii) Explain which of the three cases in part (i) is the most appropriate for modelling
these values, and calculate the product moment correlation coefficient for this case.

2]
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10

During a pandemic, an unknown infectious disease spread through a population.
Researchers wanted to study the probability, p, that a person is infected. They collected
some data from a random sample of 25 people.

(i) State, in the context of this question, two assumptions needed for the number of
infected people to be well modelled by a binomial distribution. [2]

Assume now that these assumptions do in fact hold.

(ii) It is given that the probability that at most 2 people are infected is 0.0982. Write an
equation in p and solve for p. 2]

A total of 30 random samples of 25 people were chosen from this population.

(iii) Find the probability that the total number of samples with at most 2 infected people
is at least 5. 3]

It is now given that p=0.10.

A diagnostic test for the presence of the disease was carried out on the population. It was
found that the percentage of infected people who were tested positive is 85%, while the
percentage of non-infected people who were tested negative is 96%.

(iv) Find the probability that a person who tested positive carries the disease. [3]

(v) Hence or otherwise, find the probability that a person who tested positive does not
carry the disease. 1]

(vi) Discuss briefly if the diagnostic test is worthwhile. [1]

11(a) Anne, a Bubble Tea (BBT) seller, intends to increase the sales of BBT using a drink

vending machine which delivers BBT into a cup when cash payment is made into the
machine. The volume of BBT dispensed is normally distributed with mean 210 ml and
standard deviation 5 ml. The capacity of a cup is 220 ml and the nominal amount of BBT
in a cup is stated as 212 ml.

(i) Find the probability that a cup overflows when BBT is dispensed into the cup.

(1]
(i) A customer bought five cups of BBT from the vending machine.
Find the probability that at most one cup of BBT will overflow. 2]

(iiif) Anne received complaints from some customers that there is a high proportion of
cups with less than the nominal amount of BBT. It is assumed that the standard
deviation of the volume of BBT dispensed is fixed while the mean volume of BBT
dispensed could be adjusted. Find the range of the mean volume of BBT dispensed
such that not more than 10% of the cups will contain less than the nominal amount of
BBT. [3]

(iv) Another customer bought » cups of BBT. Find the approximate probability that the
total volume of BBT dispensed exceeds 211» ml as m becomes very large. [2]

(v) Anne wishes to gather feedback about her BBT. She decided to interview 50

customers who bought BBT from the vending machine during lunch time.
Give a reason as to whether Anne would obtain a random sample of customers. [1]
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(b)  On another occasion, Anne deployed a staff to operate a BBT counter at a wedding
reception. The average volume of BBT per serving is 200 ml and the standard
deviation of the volume of BBT is given to be 10 ml. Find the probability that the
mean volume of 60 servings of BBT prepared by the staff is less than 198 ml.

B3]

End of Paper
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Since every/all horizontal line y = k, k € R \ {a}, intersects the graph of y = f(x)
exactly once, the function f is one-one. Hence ™ exists.
ax+7a’
x-a
y(x—a)=ax+74d*

Let y=

x(y-a)=ay+7d*
2
y=otla
y-a
ax+7d*
x—-a
D_ =R =(—t:o,a)u(r:a,:m):Dr

s f™ =f and fis self-inverse (shown)

Since f™'(x) = ,xeR,x#a,

(i)
Note that f(x)=f"(x)..

fau (lJ " fff...f(l] _ f[fff...f[l]] _ f[ff'ff“...ff“ [lj] = f[—l-]
a b———t | ——\ a ———— | a
241times 240 times

120times of ff~'

1 2
—|+7
[1] a(a) “ a+7a’
f —_ = 1 — 1 5
a - -a
a




Alternatively:
fx)=f"(x)=>f(x)=x
£ (x) = ff* (x) = f(x)
)= (x)=ff(x)=x

f"(x) =1 (x) when #» is an odd integer

f"(x) = x when » is an even integer
we ()=o)
a a

a l +74d°
_ \a _c;r-i-'?aJ

1 T 1-4°
—=a
a

(iii)
y |

y=g(x)

(3.4)

v

Since R, =(4,0) and Ds = (—0,0)\{a} , where 0 <a<l.
RE = D?‘ B

- fg exists.

2
Dg=(3,co)—>(4,oo)—>[a,4a+7a J

4-a
4a+74°
R.=|a,
g ( 4_a J




2(a)

x-intercepts at x = T‘Iz_ and x = L

2
1
X=——,
2
1. | T
S=SiN=——=y=——
2 2 2
1
x=—,
2
1. 1 T
SLo=SiNU=—>>u=—
2 2
=—sinu
dx 1
— =——cosu
du :
Area

1
=J'i\jl—4x2dx
2
z 1 2 (1
=J'2 l—4(—sinu) x(—cosu) du
= 2 2

2

1 x
=—Iz cosuxcosu du
2°x

2




2
:lj-§1+c052u p
27 & 2
2
1 u sin21.c}E
=—|—+
212 4 |z
1|7z 4 -
=—|——| =— | |=— units
21 4 4 4
(bi) gy -
3 y=e’sinx
-6 -4 2 4 5
-4
-2
-3
x=trx ol
Area

=I%e‘ sin x dx+J'o (—e’ sinx) dx
0 -7

Note:
Ie" sinx dx=¢"sinx -—Ie‘ (cosx) dx

=¢* sinx——[e’ cosx—Je"(——sin x) dx}
2.[13’r sinxdr=e*sinx—e"cosx

. 1 .
Ie* sin x dx:E(e“ sinx—¢e” c05x)+c

where c is an arbitrary constant.

Workings for integration by parts

: dv,
Let u, =sinx — =¢
dx

du =

—L=cosx v =¢
dx




Thus area of region

_ B(er sinx—e’ cosx):lo
=é—[(e§ sin %J-(—e" cos O)J

{5 et os0) (e ens(-m)]
_ %[ﬁ +1} —%(—1 —e)

=) 2y b o | amiaes?
2 2

[SIE]

1 0
+ [-E(e‘ sin x—e”* cos ;:c)]‘,r

(bii) Volume
= xJ‘E (e" sin :c)2 dx
=8.6775x
~ 27.3 units’
3() Let the acute angle between L and the x-axis be & .
6\(1
31]0
cosf = =
Va9t
J
=6 = cos™ (é)
7
=31.0%
(i) -1 6
Equation of theline Lisr=| 2 |[+4] 3 |,AeR.
—4 -2

Let B be a point on the line L.




Thenﬁ— 2 [+A4 3]f0rsomeﬂeR
6
3

-1 =7 -7+64
Eé=2+,13- =—1+13=—l+3/1
-4 2] \=5 1 -2 1-24
|FE| = (=7 +62) +(=14+34)* +(1-24)}
=+4947 =944 +51....... (D
Given |EB.|=
V4922 —944+51 =+/59
Square both sides and solve for 4
494 =944 +51-59=0
494" -941-8=0
(494 +4)(1-2)=0
/=——4— or 2
49
-1 6 -73 -1 6
?:2—i3=i 86 or OB,=|2 |+2| 3
49 49
—4 =2 —188 —4 =2
The points are (11, 8, —8) or —E,&,—ﬂ :
49°49° 49

Let the point on L closest to P be N.

Since PB;/= PB; = PB;B:; is an isosceles triangle
Hence the perpendicular PN will bisect the base B;B:
.. N is the midpoint of B) and B>,

P

B, N

B;




; 11 1 ~75 : 466 233
0—=5 8 b 86 >y 478 =El_§ 239
-8 -188 -580 -290

Hence, the point closest to P is [233 2 = 290).

49°49° 49

Alternative Method 1(Hence)
,ﬁfér =4927—947+51

Minimum distance means

984-94=0
47

A
49

i), ) =290
233 239 290
497497 49 )

Hence, the point closest to P is (

Alternative Method 2 (Hence)

]Eér = 4927 —942+51= 49(4—21y2 ;290

49 49

Hence minimum distance is obtained when A = %

-1 6 233
o= 2 |+&] 3 |=L | 230
49 49
-4 -2 =290
Hence, the point closest to P is = ; s ,— 290J .
49 " 49 49

Alternative Method 3 (Otherwise)
Let N be the foot of perpendicular from the point P to the line L.




-1 6
Then ON=| 2 |+A4| 3 |forsome AieR

-4 -2

-3 6 6 (-7 6) (-7+64

PN = 2]+,1 3 |=| 3 |=|-1]+4| 3 |=] -1+34
-4 -2) (-5 1 = =04

Since PN is perpendicular to line L,

6
PNe 3}:0
-2
-7+64 6
=1+34 |¢| 3 =0
1-24 =2
47
)
-1 6 233
ON=| 2 +% 3 =4l9 239
—4 -2 -290
Hence, the point closest to P is (E,E,-@-) A
49 49 49
(iii) 6) (-1 (7
AP=0P-04=| 3 |-| 2 |=| 1
-5) \+4 ~1
7 6 1
A normal to the new plane is givenby | 1 |x| 3 |=| 8
-1) \-2 15
1 -1} 1
r|8(=| 2| 8 [=-45
15 -4 )\ 15
Cartesian equation: x+8y+15z =-45
4(i) Since AB and AC are radii of the circle, AB = AC

LAB=x+y




By Pythagoras's Theorem,
BD =V AB? - AD*

BD = (x+y2)—x2

=4/y’ +2xy (Shown)

(i)

sinB:B—

(iii)

using GC, Draw y =sin10° and y =

- y=1.54 (2dp)

. ¥
Since a=— = a = 0.02 (2d
o (2dp)

Method 2

(i

(1




Let \/E =
= sinl10° =J§u[l —%uzj

:%uz’ —2u+5sin10° =0

Using GC, u = —1.2117907(rej),1.0875651(rej),0.12422559
= a =0.015432 = 0.02 (2dp)
= y =1.54 (2dp)

*Note to students: The solution closer to the y-axis is chosen because o is small.

(iv)

The actual value of y using trigonometric methods:

100
cos]0°
100

y= -100=1.54 (2d.p.)
cos10°

(\))

The estimate of y is accurate up to 2 decimal places.

The estimate using equation (1) is accurate because equation (1) holds only when
a very close to zero (or when y is small compared to x. This is true as we found
that & =0.0154 in part (iii)

5(i)

P(XNZ")=P(X)-P(XNZ)
1

=x—-—x

Alternatively,
Since X and Z are independent, then X and Z’ are independent.
P(XNZ')=P(X)P(Z’)

fd

==X

(i)

Since Y and X are independent, then }” and X" are independent (*)

10




P(Y'nx’)
P(Xx")
_P(Y)P(x)
- P(x)
_(-»)0-%)
1-x

=l—y

Alternatively, due to (*),

P(Y'X")=PX¥)=1-y

P(Y'| X7)=

(iii)

Sum of probabilities = 1

5x-+-x+—1——5x2 ——S—x—lx+z=l
4 4 4 5

ETX L
2 2
x=0.086 orx=0.814
However, since P(Z) = 0.25 and P((XU YU ZY) :%,

Then x < 0.65 (reason for rejecting x= 0.814)

. x=0.086.
6(i) Possible outcomes:
Cases | Outcomes | Total Probability
Score
HHH 3 r
2 i » -3 (1-p)

11




HTT -1 |3pa-py

- HHT 1 3p’(1-p)

X -3 = 1 3

PX=x)| (1-p)’ | 3p(l-p)] 3p°(0-p] P’

(i)

EX)= Y xP(X =x)

=(=3)(1-p)’ +(=1)(3pA-p)’)+(1)(3p°(1- p))+(3) P’
=-3(1-p)[ (1= p)* + p1-p)- p’ |+3p’
=-30-p)[1-2p+p*+p-p’ - p' |+3p’
=-31-p)[1-p-p* ]+3p’
==3[1-p-p-p+p’+p’]+3p’

=-3(1-2p)

=6p-3

X+3
6

1

] 1 1 1
E( )_EE(X+3)_EE(X)+—6E(3)—EE(X)+5

1 1
= Gp=3Y4=
z(6p=8)+5

=p

2 is an unbiased estimator of p. (Shown)

(i)

Number of ways
= Total number of ways without restriction - number of ways all 3 girls together

= (9-1)! —[ (7-1)! xg}

9 people around acircle | 6 boys and | block of 3 pirls

=36000
Alternative method

Number of ways

12




= number of ways 2 girls together, 1 separated
+ number of ways all 3 girls separated
[ (5-1)! «x ’C,
IO ——

6 boys around a circle 3 8irls choose 2 to be in a group
X ‘P, X 2!

6 slots permute 2 groups of girls permute within the group of 2 girls
+ (5 - 1)! X B
| 6 boys around 6 slots pe:mvl;:e 3 girls

= 36000
(ii) Number of ways
= ( 6 —l) ! X "’C3 I~ i’
6 remaining people around a circle 65‘0;:;00“3 The 3 girls
= 14400
(iii) | Note: The arrangement must look like this
G
B B
8 B
G G
B | B

Number of ways without restrictions
=(9-1)!

=40320

Number of ways for exactly 2 boys between any 2 girls
= (B-1 6!
Amngjngs?'ﬂs?mmd s Shev e Wikl (omives

=1440

Required prob.
_ 1440

~ 40320
1

28

Alternative Method:

Number of ways without restrictions

13




=(9-1)!
=40320
Number of ways for exactly 2 boys between any 2 girls

= (3—1)! X

e —
Arranging 3 girls around a circle
4 2 3
°C, x C, x'C,x (2
[ S—— e
6boys choose 2 to slot into first slot 4 boys choose 2 to slot into second slot each group of boys
permute within themselves
=1440
Required prob.
1440
40320
1
28

8(a)

Let X be the random variable denoting the amount of sodium in a randomly chosen
packet of potato chips in mg and x be the population mean amount of sodium in a

packet of potato chips in mg.
Test H,: =798 against H,:x>798 at 5% level of significance

= 6.5°
Under H, , since # is large, by Central Limit Theorem, & ~ N[793, —)

n
approximately.
X -798
6.5°

n

Test statistic Z = ~ N(0,1) approximately.

Carry out 1-tailed z-test at the 5% level of significance.

Since the company has understated the sodium content, we will reject H,; .

0.05

1.6449

For H, to be rejected ,

14




z. 21.6449

calc

799.5-798 >1.6449

’ 6.5
n
2
} 6.5" < 1.5
n  1.6449

6.5

0.83158
=>n=250.8

nz

Thus, set of m is {neZ*:nkSl}.

(b)(i) | Let Y be the random variable denoting the amount of sodium in a randomly chosen
packet of potato chips of the healthier recipe in mg and ,, be the population mean
amount of sodium in a packet of potato chips of the healthier recipe in mg.

Test Hy: 44, =798 against H,:z4 <798 at 5% level of significance
Unbiased estimate of the population variance s’
n i
=——xsample variance
n-1
ity 6.2
49
=39.224
Under H, , since n=150 is large, by Central Limit Theorem,
= 39.224
Y~ N(798, J approximately.
Test statistic Z = 1198 _ N(0,1) approximately.
39.224
50
Using a 1-tailed z-test, reject H, if p-value <0.05
Using GC, the test statistic value x = 796.3 and Zy. =—1.9194 gives p-value =
0.0275 < 0.05
We reject H, and conclude that there is sufficient evidence at the 5% level of
significance that the mean amount of sodium in each packet of potato chips is less
than 798 mg.

(b)(ii) | The statement means that there is a probability of 0.05 of wrongly concluding that
the mean amount of sodium in each packet of potato chips is less than 798 mg when
in fact the mean amount of sodium in each packets is 798 mg.

9 COMMON LAST TOPIC

10(i) | 1) The probability that a person is infected is constant at p for each person.

15




2) The event of a person being infected is independent of any other people.

(i) | Let X be the random variable “ number of people who are infected, out of 25
people™
X~B(25.p)
P(X=r="C p (1-p)*, r=0,.2..25
Since P(X <2)=0.0982

25 25 25)
[ ; )p"(l—p)” +[ 1 Jp‘(l-p)24 +( ) }p‘(l-p)” =0.0982
By GC,

p =~ 0.200.

(iii) | Let D be the random variable denoting the no. of samples with at most 2 infected
people out of 30 samples.
D ~ B(30,0.0982)

P(D=5)

=1-P(D<4)

=0.16639

=(.166

(iv)
0:85 Positive
0.10 I
0.15 Negative
0.04 Positive
I
0.90

0.96 Negative

Legend: [ denote Infected

P(tested positive) = 0.10x 0.85+0.90x0.04

=0.121
P(infected | tested positive)

_ P(tested positive and infected)
- P(tested positive)
_0.10x0.85

-~ 021

=0.702

16




V)

P(not infected | tested positive)
=1-P(infected | tested positive)
=1-0.70248

=(0.298

(vi)

Amongst those who were tested positive, the proportion of population who are
actually infected is 70.2%, hence it is worthwhile.

[Early diagnosis allow for timely treatment/Patients identified early can prevent
the spread of the virus)

Alternativel
From part (v), the probability of a person not infected but test positive is close to

30%, which is not considered a low proportion. Hence the diagnostic test might
not be worthwhile.

[These group of people would undergo unnecessary treatment which is a waste of
resources/These group of people would unnecessarily be quarantined with the
infected and might eventually be infected)

11
(a)()

Let X be the random variable “ volume of BBT dispensed in ml”
X ~N(210, 5

P(X >220) =0.02275 =0.0228 (3 s.f.) using GC

(ii)

Let Y be the random variable “ no. of BBT cups out of 5 with overflow cups”
Y ~B(5, 0.02275)
P(¥=<1)=0.9953sf)
OR
Required probability
5
= P(X <220)° +[J(P(X <220)*)(P(X >220))

= 0.995

(iii)

Let the mean volume of BBT dispensed by z ml.
X ~N(u,5")
P(X <212)<0.10

P(Z < 2]25"“

)<0.10

212- 4

= <-1.2816

= p>2184

Range of mean volume is
218< <220 (to3s.f)

(Accept 219< 4 <220)

17




(iv)

X, +X,+.+X,~N(210n,25n)
P(X,+X,+..+ X, >211n)
211n-210n

5
= PZ>n)===(*)

=P(Z>

Since n becomes very large , P(Z > %\/;) — 0.

)

The BBT seller would not obtain a random sample as she only interviewed
customers who bought her BBT during lunch time. She would not be able to get
feedback from customers who made the purchase during other hours, hence the
not all the customers have an equal chance of being selected. The sample is not
randomly selected as result.

(b)

Let T be the random variable denoting the volume of bubble tea served in ml.

2

T~N (200, Igg ) approximately by Central Limit Theorem since the sample size

60 > 30.
Using GC,
P(T <198) =0.0607 (3s.)

18




