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Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the equation gx’+bx+c=0,

. —b+.p*—4ac

a 2a

Binomial Theorem

(a+b)" =q" +[T]an_lb + [;}an_zbz C P +(

Ja"—rbr + %

where 7 is a positive integer and (
-

2. TRIGONOMETRY

Identities
sin” A+ cos”4=1
sec’ A=1+tan’ 4
cosec?d =1+ cot*4

Formulae for A ABC
a b c

sind sinB snC
@ =b"+c*—2bccos A

A=labsinC
2
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1 The value of the shares in a stock market is given by the function y =2x> —8x+15,

where y is the value of the shares in thousand dollars and x is the time in years after it was

first listed.

i) Express the function in the form y = a(x —k)* +k. [2]

(ii) Hence or otherwise, show that the value of the shares is always positive. [1]
Presbyterian High School 4049/3 EXP EOY/2021 [Turn Over

PartnerinLearning
264
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4
2 Find the range of values of the constant p for which the line y = p(x—1) intersects the
curve y = x* +6x+ p at two distinct points. [4]
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3 The diagram shows a triangular corner, STU, of rectangle PORS being cut off.
OR is 3 cm, PT is \/E cm, SUis d cm, and the area of triangle STU is x/ﬁ cm?.

0

3cm

Express d in the form of a + b6 , where a and b are integers. [4]
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BP =267

4 Food from a particular restaurant is served at a temperature of 75°C. Subsequently the food

cools down in such a way that ¢ minutes after being served, its temperature, 7°C, is given

by T =25+ Ae™"  where 4 and w are constants.

(i) Show that the value of 4 is 50. [1]

(ii) After 15 minutes, the temperature of the food is 40°C.
Find the value of w. [2]

(iii) State, with explanations, the value that T approaches when ¢ becomes very large. [2]
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7
5 (a)  Evaluate 108, 181085 [3]
log, a
(b) Solve the equation 3log, x—log, x =15. [3]
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8

6 (a) Solve 4/ x—=5=x-3. [3]

(b)  Using the substitution u = 3%, solve 3***! -10(3*) +3=0 3]
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9
_ 3
7 (i) Prove that w =2tan’ 6. [2]
cos” &
2
(i) Hence solve the equation w =10—tan @ for 0° <8 <360°. [5]
cos” @
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10

8 It is given that f(x) = 4x> +6x> —9x + 2k, where k is a constant.

(i) £(x) has a remainder of ~125 when divided by x + 2. Find the value of £. [2]

(i)  Show thatx — 3 is a factor of f(x). [2]
(iii)  Explain why f(x)=0 has only one real root. Show all workings clearly. [3]
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11
9 (a) Factorise x° —27 y3 completely. [2]
2
(b)  Express kol - in partial fraction. [5]
(2x+3)(x-1)
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BP-273
12

10 (a)(i) Write down and simplify the first four terms in the expansion of (2 —3x)5

in ascending powers of x. (2]

(a)(ii) Hence obtain the coefficient of x> in the expansion of (5x+ 2x? )(2 w3x)5 . [2]
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13
3 6
10 (b) Find the term independent of x in the expansion of (xz + —) . [3]
X
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11 The variables x and y are known to be related by the equation of the form y = 7
ax+
In an experiment, the values of y are found for certain values of x. A student recorded
these values in the following table.
1 2 3 4 5
1.25| 2.10 | 1.11 | 0.89 | 0.80
(i) Complete the table below. 1]
1 2 3 - 5
(i)  Using a scale of 2 cm to 1 unit, draw a straight line graph of d against x. [2]
y
(iii)  Use your graph to estimate the value of a and of b. [3]
(iv)  Another student claims that by plotting 1 against l, a straight line graph is
y x
obtained. Is he correct? Explain your answer. [2]
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16

12 Solutions to this question by accurate drawing will not be accepted.

The diagram shows a quadrilateral 4BCD, where 4 is (0, 10) and D is (4, 2). Line BE is the
perpendicular bisector of the line 4D. B lies on the x-axis and C lies on the y-axis.

The lines AB and CD are parallel.

=

3
A(0, 10)

D(#4,2)
> X
/5’ 0 /
G
(a) Show that the coordinates of B is (—10, 0). (3]
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17
(b) Find angle EBO. [1]
(c) Find the equation of CD. 2]
(d)  Find the area of ABCD. [2]
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13 (a) If cos@ = li and 180° < 8 < 360°, evaluate without using a calculator,

(i) sin 6, (1]
(i) tan(-6), [1]
(iii)  secd. (2]
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19
13 (b)(i) State the amplitude and the period of y =3cos2x—1. (2]
(ii) Sketch the graph of y=3cos2x-1 for 0 < x <2m. (3]
¥y
A
> X
0
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14  The equation of a circle is x> —12x+y> +6y—5=0.

The line y =x—9 intersects the circle at P and Q.

(a) Find the radius of the circle and the coordinates of its centre. [3]
(b)  Find the coordinates of P and Q. (4]
(c) Determine whether PQ is the diameter of the circle. Justify your answer. [2]
END OF PAPER
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1 The value of the shares in a stock market is given by the function y = 2x> —8x+15, where

y is the value of the shares in thousand dollars and x is the time in years after it was first

listed.
(i) Express the function in the form y =a(x —h)2 +k. [2]
y=2x?—8x+15
y=2(x"-4x+75)
y= 2|:(JC —2)2 i 7.5} M1 (attempt to complete the square)
y=2(x-2)"+7 Al
(i)  Hence or otherwise, show that the value of the shares is always positive. 1]
{ !
- 2 2 :
| Since (x—-2)" 20, 2(x-2)"+727 for all real values of x, B1

i hence the value of the shares is always positive. |

.........

Since @ =2 > 0 and discriminant= (—8)2 -4(2)(15)=-56 <0, B1

thus the value of the shares is always positive.
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2 Find the range of values of the constant p for which the line y = p(x—1) intersects the

curve y = x> +6x+ p at two distinct points. [4]

Letx” +6x+p=p(x-1)

x*+6x+p=px—p

x*+(6-p)x+2p=0 .
/4 p M1 (equate and attempt to form quadratic)

Let b* —4ac >0

(6 —-p)2 -4(1)(2p)>0 M1 (attempt to apply discriminant > 0)

p’—12p+36-8p>0

p>—20p+36>0

(p-2)(p—-18)>0 M1 (factorisation)
7
p
2 18
p<2or p>18 Al
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3 The diagram shows a triangular corner, STU, of rectangle PORS being cut off.
ORis 3 cm, PTis Jg cm, SU is d cm, and the area of triangle STU 1is V24 cm?.

3cm

S dch R

Express d in the form of a + b~[6 , where a and b are integers. [4]

1

~d(3-+6)=24 M1 (seen 4 = Vibh)

d= N2 X 346 M1 (seen conjugate surds)
3-4J6 3+46

d= 624 +2144
(o)

M1 (either numerator or denominator correct)

71246 +24
3
d=8+46 Al
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4 Food from a particular restaurant is served at a temperature of 75°C. Subsequently the food

cools down in such a way that 7 minutes after being served, its temperature, 7°C, is given

by T =25+ Ae™™ , where A and w are constants.
(i) Show that the value of 4 is 50. [1]

Let 75 =25+ Ae "
75=25+4 AG1

A="75-25=50(shown)

(ii) After 15 minutes, the temperature of the food is 40°C.
Find the value of w. [2]

Let 40 = 25+ 50¢~ ">
5w _ 0-25 ..,
50

Ine ¥ =1n0.3 M1 (attempt to take In on both sides)

~15w=In0.3
w= @3 =0.08026
-15

w=0.0803 (3sf) Al

(iii)  State, with explanations, the value that 7" approaches when ¢ becomes very large.

(2]
As t becomes very large, e approaches zero. M1
So the value of T approaches 25°C. Al
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18-1
5 (a)  Evaluate log; 0832 [3]

log,a

log;18 —log, 2

log, a
3
log, >
= — M1, M1 (simplify numerator & denominator)
=log, 3°
=2 Al
(b)  Solve the equation 3log, x—log, x=15. (3]

3log, x—log, x=15

3log, x - logox _ IS M1 (change of base law)
log, 4
1
3log, x— %82 _15
2
—log, x=15
log, x=6 M1 (make log the subject)
x=2=64 Al
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7
6 (a) Solve 4/3x-5=x-3. [3]
N3x—5=x-3
3x-5=(x —3)2 M1 (take square on both sides)
3x—5=x"-6x+9
x*-9x+14=0
(x-2)(x-7)=0
x=2 (rejected) or x=7 Al (seen rejected), Al
(b)  Using the substitution u =3", solve gaxH 10(3" ) +3=0 [3]
2x
3(3%)-10(3")+3=
3u* —10u+3=0 M1 (attempt to substitute u =3")
(3u-1)(u-3)=0
u =% or u=3 M1 (attempt to solve quadratic equation)
3= L] or 3°=3
3
x=-=1.or x=1 A1 (correct pair of answers)
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8
2-2cos’ 6 2
(i) Prove that —————=2tan" 0. [2]
cos” @
LHS = 2—2cos’ 6
cos® 0
=2sec’ -2 M1
=2 (sec2 - 1)
=2tan® @ AG1
= RHS
OR
LHS = 2-2cos’ 8
cos® @
2(1 —cos? (9)
o 3p M1
cos” @
_ 2sin’ 6
cos® @
=2tan’ @ AG1 ,
= RHS 4
2
(ii) Hence solve the equation % =10—-tan@ for 0° <8 <360°. [5]
cos
_ 2
222005 6 _1o—tan
cos“ @
2tan’ @ =10—tan & M1 (substitute 2tan” & from (1))
2tan” @ +tan§-10=0
(2tan@+5)(tan#—-2) =0
tand = —% or tanf@=2 M1 (attempt to solve quadratic equation)
o =tan™! (%) =68.19° or a=tan"'(2)=63.43° M1 (find reference angle)
6=180°-68.19°,360°-68.19° or 6=63.43°180°+63.43°
6 =63.43°,111.81°, 243.43°, 291.81°
6=63.4°111.8° 243.4° 291.8° Al, A1 (each correct pair of angles)
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9
8 It is given that f(x)= 4x> +6x> —9x + 2k, where k is a constant.

(i) £(x) has a remainder of —125 when divided by x + 2. Find the value of &. (2]
Let f(-2)=-125
4(-2)* +6(~2)> -9(-2)+2k=-125 Ml (apply remainder theorem)
10+2k=-125
§=125-10 s Al

>

(ii)  Show that x — 3 is a factor of f(x). (2]
£3)=4(3)° +6(3)° -9(3)+2(~67.5)=0 M1 (apply factor theorem)
By factor theorem, x — 3 is a factor of f(x). Al (seen conclusion)

(iii)  Explain why f(x)=0 has only one real root. Show all workings clearly. (3]
f(x)=4x> +6x* —9x-135=0
(Jc—-3)(4x2 +18x+ 45) =0 M1 (attempt to obtain quadratic factor)

~18:+,/18% —4(4)(45)
¥=
x=3 or 2(4) M1 (seen no real roots)
-18++/-396
¥=——— [no real roots]
Therefore f(x)=0 has only one real root x = 3. Al (seen conclusion)
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10
9 (a)  Factorise x> —27y° completely. (2]
3 3 3 3
x*=27y° =(x)" = (3y)
= (x—-3y)[(x)2 +(x)(3y)+(3y)2] M1 (difference of 2 cubes)
= (x-3y)[ ¥ +30+9y"] Al or B2
3
(b)  Express s k] > in partial fraction. [5]
(26+3)(x-1)
Lo X*¥2x+7 _ 4 B 4
5 (2x+3)(x—1)2 T D’ * i T (x—l)z M1 (correct partial fractions)
X2 +2x+7=A(x-1)" + B(2x+3)(x—1)+ C(2x+3)
Letx=1, 10=5C =C=2 M1 (at least 1 correct method)
3
Letx= 7 625=6.254 = 4=1 A2 (2 correct) or Al (1 correct)
Letx=0, 7=1-3B+6 = B=10
FH2x+7 1 2
(2x+3)(x-1)"  2x+3  (x-1) Al
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11

10 (a)(i) Write down and simplify the first four terms in the expansion of (2 —3x)5

in ascending powers of x. [2]

(2-3x)° =2° +m24 (—3x)+@23 (-3x)’ +@22 (3x) +.. M1

(2-3x)" =32-240x+720x% ~1080x’ +... Al

(a)(ii) Hence obtain the coefficient of x* in the expansion of (5x+ 2x* )(2 ~ 3x)5 . [2]

5x+2x7)(2-3x) =(5x+2x?)| 32-240x + 720x* ~1080x" +...
)

Coefficient of x* = (5)(720)+(2)(—-240) M1 (attempt to compare coefficients)

=3120 Al

Presbyterian High School 4049/3 EXP EOY/2021 [Turn Over

2013



BP-294
12

6
(b) Find the term independent of x in the expansion of (xz + i] ' [3]
x

6 2 6-r( 3 %
General term = (x ) — M1 (find general term)
r x

(%Jor

Let 12-3r=0 = r=4 M1 (equate power of x to zero and find 7)
; . (6),.4 ¢
Term independent of x is g (3)" x" =1215 Al
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13

11 The variables x and y are known to be related by the equation of the form y = >
ax=

In an experiment, the values of y are found for certain values of x. A student recorded

these values in the following table.

2.10 | 1.11 | 0.89 | 0.80

(1]

2 3 4 5
0.95 2.70 4.49 6.25
B1 (all 5 values correct)
(ii) Using a scale of 2 cm to 1 unit, draw a straight line graph of 2 against x. [2]
¥y

P1 (any 3 correct points), C1 (straight line)

[Deduct 1 mark if axes are not labelled. ]

(iii)  Use your graph to estimate the value of @ and of b. [3]
gradient = o208 1.7625 M1 (finding gradient of line)
a = gradient =1.76 (3sf) Al
X
b = —-intercept =-2.6 B1
¥y

(iv)  Another student claims that by plotting L against L) , a straight line graph is
¥ X

obtained. Is he correct? Explain your answer. [2]

= —= — M1

(3
So— = —|+a =
y x

Yes, he is correct. Al
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12 Solutions to this question by accurate drawing will not be accepted.

The diagram shows a quadrilateral ABCD, where 4 is (0, 10) and D is (4, 2). Line BE is the
perpendicular bisector of the line AD. B lies on the x-axis and C lies on the y-axis.

The lines AB and CD are parallel.

y
F 3
A(0, 10)

D(4,2)
—> X
/B 0 /
L
(a) Show that the coordinates of B is (—10, 0). [3]
E= [%i, 10; ZJ =(2,6) M1 (midpoint formula)
10-2
= —= —-2
e
Mg = :‘;21— = % M1 (gradient of perpendicular lines)
‘ y—6=l(x—2) ]
2
= y= %x +5 | AGI (finding B using equation of line BE)
Lety=0,x=-10
:.B=(~10,0) (shown)

- B=(-10,0) (shown)

OR
{" LetB=(b,0), \
il
L b2 2
I = b=-10 AGI (finding B using gradient) ‘5
.5

P

#
I

Presbyterian High School 4049/3 EXP EOY/2021 [Turn Over

2Q7



16

(b) Find angle EBO.

angle EBO = tan™' (%J =26.56°~26.6° (1dp) Bl

(c) Find the equation of CD.

10 =
W = 6:9(——12(.)_)- = M1 (gradient of CD)
y——2:1(x—4)
y:_x—z Al

(d)  Find the area of ABCD.

From (c), C= (0, -2)

0 -10 0 4
arf:aofABCDzi 0

210 0 -2 2 10

[1]

[2]

[2]

= % [0)(0) +(=10)(=2) +(0)(2) +(4)(10) ~ (10)(~10) — (0)(0) — (-2)(4) — (2)(0)| M1

=l|168|
2

= 84 ynits? Al
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17

13 (a) If cos@ =% and 180° < 6 < 360°, evaluate without using a calculator,

A
5 B
-12
13
(i) sin @, (1]
siné = .o B1
13
(i)  tan(-0), (1]

tan(—9):—tan9=—[—l—2—)=}—2- B1

(iif), ~~sec?d, [2]
1 1 .
secld = =— M1 (seen either one)
cosf 3
secld = % Al or B2
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18
13 (b)(i) State the amplitude and the period of y =3cos2x—1. (2]
Amplitude = 3 B1
Period = 180° or 7 B1
(ii) Sketch the graph of y =3cos2x—1 for 0< x < 2xm. 3]

C1 (correct shape)
P1 (correct period in radians)
P1 (correct maximum & minimum values)
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14 The equation of a circle is x* —12x+y* +6y—5=0. The line y =x—9 intersects the

circle at P and Q.

()

Find the radius of the circle and the coordinates of its centre. (3]

x*—12x+y* +6y-5=0
(x—6)" 62 +(y+3)° =32 -5=0

(x— 6)2 +(y +3)2 =50 M1 (completing the square, 0.¢)

radius =+/50 = 54/2 units Al
centre = (6,-3) Al
(b)  Find the coordinates of P and Q. [4]
¥ —12x+(x—9)> +6(x~9)-5=0. M1 (substitution)
x* —12x+x* —18x+81+6x-54-5=0
2x* —24x+22=0
x?-12x+11=0
(x-1)(x-11)=0
x=1 or x=11 M1 (solving for x)
y=—8 or y=12
The coordinates are (1,-8) and (11,2) Al, Al
(c) Determine whether PQ is the diameter of the circle. Justify your answer. [2]
L PQ= \f(11-1 ) +(2-(-8))" =200 =10¥2 units M1 (find length of PQ)
Since PQ =2r, PQ is the diameter of the circle. Al
OR
O T ~ o
| Midpoint of PQ = (1 +2 ! 82+ 2) =(6,-3) M1 (find midpoint of PQ)
E Since midpoint = centre, PQ is the diameter of the circle. Al
Presbyterian High School 4049/3 EXP EOY/2021

201

BP~301

oy

., -



