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Mathematical Formulae

I. ALGEBRA

Quadratic Equation

For the equation ax2 +bx+c=0,

Binomial expansion

Identities

Formulae for LABC

-bt - 4ac

2q

2. TRIGONOMETRY

sin2l+cos2l=l

s""2 A:l+1o.r2 A

cosec2 A=l+ colz a

sin(l t B) = sin ,4 cos B t cos lsin B

cos(l t 8) = cos lcosBT sin lsin B

lanAtt6nBt {Atat=-
l+tanltanB

sinZA = Zsrn Acos A

cos2A = cos2 A-sirr2 A=2cos2 A-1:1-2sin2 A

(a + b)n = ai* l, 1.],"-,a. l 1), *' t' * ... *( ")o'-' b' +... + b' .\1,/ l2) \../

where z is a positive integer and 
[l) 

= ;, =,,, -,, _" -, -,,

tarrzA = 2t?fi !
| - lart' A

abc
sinl srnB sin C

a2 =b2 + c2 -2bccosA

a = lr".io,n
2
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I The line y = fy115 intersects the c:uu",te y=y2 qgls+3 atpointsl andB

Find the value ofp for which the distance lB can be expressed as p.6. tsl

2 A curve is such that 
d'! 

= 12"" * 
"-'. 

The curve intersects the/-axis at P(0,5) and
dx'

the tangent to the curve atPis parallel to y=4va3. Find the equation ofthe curve. 16]
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3

4

A function is define dby f (x) = x2 +2b+2k +3 for all real values of x, where t is a constant.

(a) Find the discriminant of f(x) in terms of fr. l2l

O) Show that the discriminant of f(x) in part (a) can be expressed in the form

+(* - a)'1 -b, where a andD are integers. t2)

G) Find the range of values of/c for which f(.r)=a has no real roots. t3l
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5

4 It is given that f(x)=2163 -5*z -4**rr.

(a) Show that 2x+3 is a factor of f(x).

(b) Factorise f(x) completely.

t2l

l2l

t3l(c) Hence find the roots of the equation 2 -5 22Y -4 2v +12=023Y
)
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6

s (a) Using long division, show tlrat 
x3 -2x2 +sx-l} 

- ,-u.
x2 +5

t2)

tsl

O) Hence, by first expressing the denominator as a product oftwo factors,

2x2 +l
express _:____=;- in partial fiactions.' x) -2x'+Sx-l0
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7

6 (a) Find the first 3 terms, in ascending powers ofx, ofthe binomial expansion of

where a is a non-zero constant. Give each term in its simplest form.

8

1dx
4

(b) Given that the coefficient of x2 is -320 in the expansion of (: - x)2
ax

4
2

)',
+

12)

t4lfind the possible value(s) ofa,
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8

P7

,So

D T

The diagram shows a quadrilateral PQRS whose vertices lie on the circumference of a circle.

The diagonals PR and QS intersect at U. The tangent at R meets PS produced at ?"

If QR = .RS, prove that

(a) QS tt RT, t3l

(b) triangle PQR is similar to triangle QUIR. t3l
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9

8 (a) The equation of a cuwe is y = ln -3xxe

The normal to the cuwe at the point P has a gradient of 1 . Find the coordinates of P. [4]

(b) The normal to the curve at P meets the x-axis at p-

Find the area of triargle OQP, where O is the origin. t3l
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9

r0

Atrnospheric pressure is a measure of the force exerted by the mass ofair on an object

Altitude is the vertical height above sea level.

The atrnospheric pressure, P milliban, exerted at the altitude I kilometres is related by the

equation P'- Aebh , where,4 and D are constants.

The following table shows the mean atmospheric pressure at various altitudes

ft (kilometres) 2 4 6 8 10

P (millibars) 810 595 446 340 262

(a) Plot lnP against i and draw a staight line graph to illustate the information- t2l

tnP

9

8

7

6

5

4

3

2
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O) Express the equation P = Aebh in a form that will yield the straight line graph in part (a).

Hence explain how the graph maybeusedto determine the value of A andof b. t3]

(c) Use your graph to estimate the atmospheric pressure, to the nearest millibar,
when an object is at sea level. tll

(d) The atrnospheric pressure at the summit of Mount Everest is 300 millibars.

Use your graph to estimate the altitude of Mount Everest. tll
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t2

10 A patient's blood pressure, P(t) in mmHg, can be modelled by the function

P(r) = 22"ot12 t z,t)l +116,

where r is the time in seconds.

The systolic pressure (highest pressure) occurs when the heart beats, and the diastolic pressure

(lowest pressure) occurs when the heart is at rest between beats.

(a) State the amplitude and period of P(r) = 22 cos (2.5ttt) +116. t2)

O) Sketch the graph of .y=P(r) for 0<t<2. t2)

v

o
t
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(c) The pulse rate is the number of times a heart beats per minute.

A normal resting pulse rate should be between 60 to 100 beats per minute.

Show that the patient's pulse rate is normal. l2l

(d) According to health guidelines, someone with systolic pressure above 140 mmHg or

diastolic pressure above 90 mmHg has high blood pressure and should see a doctor.

Determine whether the patient needs to see a doctor. Justifr your aruwer. tll
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t4

11 A particle moves in a staight line so that , seconds after passing through a fixed point O, its

velocityv m/s is given by r= s.o.[f) rina
\2)

(a) the initial velocity ofthe particle, tll

(b) the value of t, in terms of a, when the particle first comes to instantaneous rest, t3]

(c) the distance travelled by the particle in the first 5 seconds, after passing through O. t4l
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t5

x12 A curve has the ecpation y = I 1 . The point (p, q) is the stationary point on the curve.
4

I
2

(a) Determine the coordinates of the stationary point (p, 4), t4)

O) (i) Justifu whether y is increasing or decreasing for values of"r less than p. l2l

(ii) Hence infer whethery is increasing or decreasing for values ofx greater than p. []

(c) What do the results of part (b) imply about the stationary point? ill
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t6

13 Solutions to this question by accurate drawing will not be accepted.

v

A (6,7)

x
c(1,-r)

B(12,-s)

The diagram above shows a triangle l,BC with vertices at l(6, 7), 8(12,-5) and C(-2, - l) .

M and N are the mid-points of lB and 8C respectively, The line iVlr' cuts the -r-axis at P.

(a) Find the coordinates ofP. t4l

(b) Find the ratio lC : i1.4N. t1l
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t7

(c) Find the area of the qtadilateral ACNM.

(d) Explain why quadrilateral ACNM is a trapezium.

lzl

tzl

END OF PAPER
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Marhematical Formube

I. ALGEBRA

Quadratic Equation

For the equation ax! + bx + c = 0,

-b+ b2 - 4ac

2a

Binomial expansion

where n is a positive integer and =,!:

,,. r, = r . 
[1) "' 

b *(:)"-' b' * .. *(",)o*' t' * ... * t, .

(:) (n - r)lrl
n(n-l)...(n-r +l)

rl

Identities

Formulae for L,4BC

2, TRIGONOMETRY

sin2l+cos2l:l

"u2 
A=l+t^2 A

cosec? A =1+ colz A

sin(,{ t ,) = sin I cosB + cos lsin B

cos(l t B) = cos lcosB+ sin lsinB

tarl(Al.B\=tuAttuB
l+lTt Alar B

sin 2A = 2sin Acos A

cns2A = ens2 A-sir2 A =2cns2 A-1=l-2sirl2 A

t^zrq= 2tu!
| -tan' A

abc
sin,{ sinB sinC

a2 =b2 + c2 -zbcqsA

a = lbcsinl
2
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3

An object is heated in an oven until it reaches a temperature of ,Y oC. It is then

allowed to cool. Its temperature, doC, when it has cooled for time , minutes,
t

is givenby d = 30 + 100(0.8) 6.

(a) Find the value ofX

O) Find the value of d when I = 8.

(c) Find the value of t when d=95.

(d) A sketch ofthe gaph of 0 against I is given below.

e"c

/ mms

State the value ofp.

tll

tll

t3l

t1l
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)

A calculator must not be used in this question.

(a) In the diagram, kiangle ,43C has an area of

A

't-li --t

B

(aJZ*+) cm2, angle BAC = A rudian

and AB = (ZJi *Z) cm. Find the length of lC, leaving your answer in the form

(rJi * ,1cm, where p and q are integers. tsl

C

E

4
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5

J; _Ji(b) Frnd cos 75" , giving your answer in the form

integers

, where a and b are
4

t3l



BP - 540

6

3 (a) Prove that cosec2x-cot2x: tan x t3l



BP - 541

7

(b) Hence solve cosec2x-cot2x=2sec2 x-3 for 0"<x<360" t5l
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8

4 (a) Solve 9'+5=2(3'*1) tsl
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9

(b) Solve 2logoflog,*(x'z+9)-log,*x]= t5l
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5

10

The diagram shows a quadrilateral ABCDE wherc friangle ABC is similar to triangle
DEC. AB = 15 cm, DE = 9 cm, angle ACD = 90 o and angle ABC is a variable angle fl
where0o<e<90o.

15 cm t

C D

(a) Show that the perimeter, P cm, ofthe quadrilateral is given by
P=24+24srn0+6cos0.

A

cm

B

t4l
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l1

(b) Express P in the form Rsm(d+a)+/r

(c) Find the value of d when the perimeter is 38 cm

t4l

t2)
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6

t2

A piece of wire 60 cm long is bent to form the shape shown in the figure. This shape

consists ofa semi-circular arc, radius, r cm, and an equilateral triangle on the opposite
ends of a rectangle of length 4.r cm-

4x

(a) Express r in term ofr.

(b) Hence show that the area enclosed , A cmz , ts grven by

t=eor+r2(Ji-4-1)'2',

t2l

t3l
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(c)

l3

Calculate the value of r for which I has a stationary value. Find this value

ofl and determine whether it is a maximum or a minimum. tsl
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7 The equation ofthe curve is y:(2x+D(Jx_r)

(a) Show that I canbe witterin the form
6x-11
2^lx-3

(b) A particle moves along the cuwe in such a way that the x-coordinate is
increasing at a constant rate of 3 units per second. Find the rate of change

ofy when.r : 7.

t4l

t2l
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(c) Use the result from (a) to evaluate J
z 3(6.x-ll)

r----vx-J

l5

4
dx 14)
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l6

t (a) Factorise ,3 -27k3 as a product of a linear and a quadratic factor-

O) Factorise x2 - 11k -11, -3k .

tzl

tl l
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(c) The equation x3 -27 k3 = *' - (3k -l)* -3t has only 1 real root. Find the set of
values of the constant t. t6l
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18

The equation ofthe circle, C,is x2 +y2 -6x+lOy-66=0.

(a) Find the coordinates of the centre of C and the radius of C

O) Write down an equation of a vertical rangent to the circle

t4l

t1l
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The point l(5, 1) lies on the circle.

(c) Find the equation ofthe tangent to the circle at point I

(d) ,4.B is the diameter of the circle and P is the point (0, 6). Explain why the

angle IPB is an acute angle.

t3l

t2)
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20

The diagram shows part ofthe cuw. y = -10 intersecting the y-axis at l(0, l0).' 4x +l

The tangent to the curve at the point P(l, 2) intersects the y-axis at B-

,10)

10
Y- 4r*l

P (1,2)

x

(a) Show that the coordinates ofB is (0, 3.6). t4l

)
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O) Find the exact area of the shaded region- t5l

END OF PAPER
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1 The line l=2x+15 intersects the r;rtrve y=x2+6x+3 atpointsl andB.

Find the value ofp for which the distance lB can be expressed as p"6. tsl

x2 +6x+3 =2x+15
x2 +4x-12=O
(x-z)(.r+6) = 0

x=2 or x=4
y=19 or y=3

Ml (equate curve to line)

Ml (factorise)

Ml (findy)

AB= (2-(-6))'?+(19-3)'z Ml (applydistanceformula)

AB=$N
AB =}Ji

p=8 A1

2 A curve is such that 1'I" = rrr" *"-'. The curve intersects the y-axis at P(0,5) and
dx'

the tangent to the curve at P is parallel to y = {113. Find the equation of the curve. t6]

* -- ! (rr"" + e-' 
F.r = 6e2' - e-' + cr

At (o,s), *=4
6e2(o) _e-(o) +q =4

=cl =-l

t=l(6e2' -e' -lF=3"" *t'-r*"
At (0,5), 3.2(o) 1"-(o) -61a, = J

+c=l
.'.y=3e2'+e-'-x+l

Ml (any 2 correct terms)

M I (seen gradient al P = 4)

Ml (sub. gradient at r = 0, atlempt to find cr)

Ml (any 2 correct terms)

Ml (sub. r = 0 &y = 5, attempt to find c)

AI
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3 A function is defined by f (x) = vz ..,21o *2k +1 for all real values of .x, where fr is a

constant

(a) Find the discriminant of f (.r) in terms of t

b2 - +ac -- 12k12 - aQ)Qk + 1)

=4k2 -Bk-12

Ml (apply discriminant)

A1

O) Show that the discriminant of f(r) in part (a) can be expressed in the form

a(k - a)2 -0, where a andb are integers.

t2)

t2)

t3l

4k2 -8k-12=4 tk2 -2k +12 -12l -12

= +[{t-r)'-r]- rz Ml (completing the square)

A14(k 1 )
2
-16

(c) Find the range ofvalues oft for which f(x) = Q has no real roots.

b2 - 4ac <0

4(r-l)'? -16 < o

(* -t)2 -22 <o
(k -r+z)(k -r-2) <0
(i + l)(& -3) < 0

-l<k<3

Ml (apply discriminanf < Q)

M 1 (factorise)

A1

1 J k

I
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4 It is given that f(x) = 2v3 -5x2 -4x+12

(a) Show that 2x+3 is a factor of f(.r)

f 3

)=r(-r'-'(-;l-.(-;)-,, Mr (apprvractortheorem)
2

27 45
+6+1244

=0
By the Factor Theorem, (2r+3) is a factor of f(.r). (shown) AGI

O) Factorise f(r) completely.

f (x) =2ta3 -5*z -Or*r,
=(2x$)(x2 -4x+a)

--(2x+3)(x-2)2

Ml (long division or comparing coefficients)

A1

(c) Hence find the roots of the equation z(tr)-s(z2t)-t(l)+tz=0.

t2l

121

t3l

z(zt)3 -s(z'

Let x=2Y,

2

(-4 2j +12 =0

( )

3

-s(r)'z -+(zt)+rz=o2 2v

[r(").,]l(2v -r)' =0

2 2v )+3=0 or (2v
) -2=0

Ml (attempt to lel x =2Y and solve)

2Y =-1 or 2Y =2
2

(rejected)
:.Y =l

Ml (seen either one)

A1

I

)
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s (a) Using long division, show that 
x3 -2x2 +5'-lO - r-r.

x2 +5
I2l

O) Hence, by first expressing the denominator as a product oftwo factors,

2x2 +l
exDress ---:-i- in partial fractions.' x'-2xz + Sx-lo

tsl

x-2

r- +5 ,3 -zx2 +5x-10

-(r' +5x)
Ml (attempt to use long division)

-2x2 -lo
-(-2xz -lo)

0

L+#-=x-2 (shown) A1

Zxz +1 2x2 +l
x3 -zxz +sr-lo (x -z)(x2 +5)

2x2 +l A Bx+C Ml (seen both partial foactions)
(x-2)(x2 +5) x-2' x2 +5

2x2 +l= A(xz +5)+(Bx+Q@-2)
Sub. x=2,
9 =94
A=l

Ml (seen substitution or comparing coefficients)

Comparing constant term,

t--54-2C
t--5-2C

c--2

Comparing I term,

2=A+B
2=l+ B

B=l
A2 (any 2 conect)

2x2 +1, I x+2
" 

*1 _2r2 +5x_10 x_2 x2 +5
A1

I

I

I
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8

6 (a) Find the fint 3 terms, in ascending powers of r, of the binomial expansion of

where a is a non-zero constant- Give each term in its simplest form-

^4Xz+-
4

(b) Given that the coefficient of x2 is -320 in the expansion of (3-x)'? 2
ax

4

find the possible value(s) ofa.

8

+

t2)

t4l

)' 
=,, .[i)r,r (;).[l),,r (

8

2
ox

4
2+9

4

.ax
4

Ml (apply Binomial theorem)

AI

+

=256+256ax +112a2 x2 +

(: -,)
2 2+

tlx

)' 
= {, - u, * ; 

) lzse + zseax + t t2a2 x2 +...) Ml (expansion)
4

(e)(1r2a'? 
)+ 

(-6)(2s6a)+(r)(2s6) = -320

1OO8a2 _1536d +576 = O

2la2 -32a +12 = 0

(to-2)(7a-6)=0

Ml (comparing)

26A=- Or d=-37 AI,A1
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7

7 P

,sO

T

The diagram shows a quadrilateral PQ,R S whose vertices lie on the circumference ofa circle.

The diagonals PR and 0,S intersect at U. The tangent at R meets P.l produced at 7.

If QR = iRJ, prove that

(a) QS tl Rr, t3l

ZRQS = ZRSQ (base Zs of isos. A)
ZRQS = ITRS (alt. segrnent theorem)

Snce I-RSQ = ZTRS , .'. QRI/RT (alt. Zs are equal)

BI
BI
AGI

O) nrangle PQR is similar to triangle QUR. t3l

ZRPQ = ZRSO (Zs in the same segment)

a4>9 -- ZISQ = ZRPS (from part (a))

ZPRQ= ZQRU (common Z)
Triangle PQR is s1-1- 1s 6iangle QUR. (AA similarity)

BI

BI
AGI
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8

S (a) The equation ofa curve is y=h(xe-3'). The normal to the curve at the point P has a

sradient of f . find ,t 
" 

coordinates ofP.-2

.Y=ln

dy_

(xe-lr =lnx-3x

I
3 MI

drx
Gradient at ooint P = -t *! = -z,2 MI

-z=L-t
x

1=l
x

x=1

I
Mr( eqrarc fi = -2 & attempt to solve for x)

v=n(r')= -3

Coordinates ofP = (1, 3) AI

(b) The normal to the curve at P meets the x-axis at Q.
Find the area of tri angle OQP,where O is the origin.

t4l

/-(-3)=
1

,
(x r)

v
t'7
22 Ml (find equation of normal)

xo L,-!=o-'2 2

x=7 Ml (find x-intercept)

Area of triangle OpP

= l r 71 3 = lo.5 uoits,) AI

t3l



BP - 565

9

9 Atrnospheric pressure is a measure ofthe force exerted by the mass of air on an object.

The atmospheric pressure, P millibars, exerted at the altitude i kilometres is related by the

equation P -- Aebh , where ,4 and 6 are constants.

The following table shows the mean atmospheric pressure at various altitudes.

(a) Plot lnP againstll and draw a shaight line graph to illustrate the information. 12)

lnP

9

6
5.7

8

7

5

4

J

2

1

h

12345678 88
9

ft (kitomefres) 2 4 6 8 l0

P (millibars) 810 595 446 340 262

h 2 4 6 8 l0
lnP 6.70 6.39 6.10 s.83 5.57

I

I

I
I

I

IIIIIII

IIIIIIIIn=trIfItrI]ItrI

IIIIIIIII

rII
T
.IIII
E

rIIIII

rIIIIIIII
..=-IIIIIIIIIITIIIIIT

IIIIIII IIII

II

II

IIrIE
III

10

81 (best fit line)B 1 (plot at least 3 conect points)

o

I
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l0

P=
lnP
lnP
lnP

Aebh

=ln Aebh

=lnl+lne'i
=bh+lnA BI

The value ofl can be determined by finding the vertical interceot ofthe graph. Bl

The value ofD can be determined by finding the eradient ofthe graph. Bl

(c) Use your graph to estimate the afinospheric pressure, to the nearest millibar,
when an object is at sea level. t1l

At sea level, } = 0,
ln P --7
P = e7 = 1096 .633 

^s 
1 097 millibars (nearest whole) B 1

(d) The atmospheric pressure at the summit of Mount Everest is 300 millibars
Use your graph to estimate the altitude of Mount Everest. tll

WhenP= 300,
lnP= In300= 5.70

From the graph,
ft=8.8km B1

(b) Express the equation P = Aebh in a form that will yield the straight line graph in part (a).

Hence explain how the graph may be used to determine the value ofl and ofb. 13]

I
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ll

10 A patient's blood pressure, P(l) in mmHg, can be modelled by the function

P (t) = 22 cos (2 5 rt) + 1 I 6,

where t is the time in seconds.

The systolic pressure (highest pressure) occurs when the heart beats, and the diastolic pressure

(lowest pressure) occurs when the heart is at rest between beats,

(a) State the amplitude and period of P(l) = 12 cos(2.Strt)+l16 I2l

Amplitude = 22 BI

Period = 2o 
=o3

2.5x
BI

O) Sketch the graph of 7 = P(t) for 0 < r < 2 t2l

v

138 T

94

0.4 1.2 1.6 2

t
o

Bl (conect shape)

0,8

81 (correct amplitude & period)
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l2

(c) The pulse rate is the number of times a heart beats per minute.

A normal resting pulse rate should be between 60 to 100 beats per minute.

Show that the patient's pulse rate is normal. t2)

Since the duration of I heart beat is 0.8 sec,

Patient's pulse rate = $ = ZS U"uo p"r minute^ 0.8
Hence the patient's pulse rate is normal.

M1

AG1

(d) According to health guidelines, someone with systolic pressure above 140 mmHg or

diastolic pressure above 90 rrnHg has high blood presswe and should see a doctor.

Determine whether the patient needs to see a doctor. JustiS your answer. [1]

Since the llgglqtigry (9a mmHg) is above 90 mmHq,
the natient has hish blood oressure and should see the doctor. BI

)
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13

11 A particle moves in a straight line so that t seconds after passing tkough a frxed point O, its

velocity v m/s is given by , = s*r(f) rna

(a) the initial velocity ofthe particle, t1l

rnitial velocity = r*'[:) =5mis BI

O) the value of t, in terms of z, when the particle first comes to instantaneous rest, t3]

At instantaneous t.rt, t*r(;) =0 MI

M1

AI

t-r
-=COS rc\--L

22
t=rrs

(c) the distance travelled by the particle in the first 5 seconds, after passing through O. l4l

(a)

wher t=n,,=ro'-(!)=ro

when r=5, 
" 

= ro,n(f) = s.x+

Distance = 10 + (l 0 - 5,984)

= 14.016

^, 
14.0 m

t
2

=0, =c=0

5 sin

1
2'=l'*'(iI=

,=,0,*[f).,
Whenl:0,s

MI

M1

Ml(seen either one)

AI

I

)
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t4

x12 A curve has the equation y = 3 + The point (p,4) is the stationary point on the curve.
z

(a) Determine the coordinates of the stationary point (p, q) t4l

O) (i) Justrfu whether y is increasing or decreasing for values ofx less than p. t2)

(ii) Hence infer whether y is increasing or decreasing for values ofx greater than p- []

The stationary point is a minimum noint. 81

4

v
/ \4

r*[I-r I\2 )

= o[l-,)'.1= r[t-,)'(2 )2 (2 )
dy

d,
M1 (find I" derivative)

dv
Let a:0

d,r

,(;-,)3 = 0

I-t=o
2

-_a

=Y=3
Stationary point = (

Ml (equate to zero and attempt to find x)

2 J ) A1, A1 (correct pair of coordinates)

For x <2

)'.0
)

x
I

2

dv ^(x
d.r -[ z

\3
,,J

is

<0

Therefore, y lgg4fugwhen; < 2. A1

For

dy

dx
Therefore, y is !ry!4g when .r > 2. B I

x>2,
z r3lI-rI ot, l

(c) What do the results of part O) imply about the stationary point? t1l

I

) *, ,*" [: - t )' . o to show dyld.r > o)

) 
(2 )
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15

13 Solutions to this question by accurate drawing will not be accepted.

v

A(6,7)

x
c(-2,-r)

B(r2,-s)

The diagram abov. rtro*s 6 tr'iangle IBC with vertices at A(6,7), BO2,-5) and C(-2, - l) .

M and N are the mid-points oflB and 8C respectively- The line rl1iy' cuts the .r-axis at P.

(a) Find the coordinates ofP. t4l

(b) Find the ratio lC : I1]y'. t1l

AC'.MN =2:l BI

12+6 -5+7 =(e,l) and N= 12+(-2) -s+(-1) =(s,-3) MlM= 22 22
eradient of ify' = 

t -(-3) = t" 9-5
Irt P = (.r, 0), gradient of NP = 

O - (-;3) 
= fx-5

+x=8
.'. P=(8.0)

Ml (apply gradient formula)

Ml (find;)

AI
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16

(c) Find the area of the quadrilateral ,4 CNM-

(d) Explain why quadril ateral ACNM is a trapezium.

t2)

t2)

tl6-2se6l
zlt -r -t t tl

)t-a*r*t*ur-(-14) -(-s) - (-2?) -dl

= 54 units2 Al

Area ofEapezium ACNM =

MI

By midpoint theorem,

ACIIMN
OR

gradientr. = gradientsy =1

+ ACI|MN
MI

Since quadrilaterd, ACNM has one pair of parallel sides, it is a trapezium. AGI

I

I

I



BP - 573

Name lndex No. Class:

PRESBYTERIAN HIGH SCHOOL

ADDITIONAL MATHEMATICS
Paper 2
21 August 2023 Monday

4049102

2 hrs '15 min

MARKING SCHEME

Setter: Tan Chee Wee
Vetter: Tan Lip Sing

This question paper consists of {8 printed pages and 0 blank page

Mathemalical Formube



BP-574

2

Quadratic Equation

For the equation m2 + bx + c =0,

Binomial expansion

Identities

Formulae for LABC

(a + b)n = an.(T)",, -1r;, .-,u, - .-(i)u-, b, + + bn.

t:)

1, ALGEBRA

b! b2 - 4r"
2a

nl n (n - l)...(n -r+l)
(n- r)lrl rlwhere z is a positive integer and

2. TRIGONOMETRY

sin2 A+ cos2 A=1

"o2 
a=l+ru',2 A

cose,c2A=1+mlt2 A

sin(l tB) = sin lcosB l cos l sinB

cos(l tB) = s6s 7 cos.B + sin I sin.B

s;n2A = 2sin Acos A

cos2,4 = cos2l -sir2 A=2cos2 A-1=1-2sin2 A

tzn A + l^tBtarltrA!Bl=-
l+taftAta[B

^r,r= 
2^!

I - t^n' A

a _b _c
sinl sinB sinC

a2 =b2 + c2 -2bccosA

A = laDsinC
2



BP- 575

I

3

An object is heated in an oven rurtil it reaches a temperature of X 'C. It is then

allowed to coo[. Its ternperahre, d "C, when it has cooled for time t minutes,
t

is given by I = 30 + 100(0.8) 6 .

(a) Find the value ofX.
0

x =30+100(0.8) 6

X=130

O) Find the value of d when t = 8.

d=30+100(0.8)
0:lM

8

6

(c) Find the value ofl when d=95.
I

95 = 30+ 100(0.8) 6

t
6s = 100(0.8) 6

t
(0.a1 e =o.ut

t
lg(0.8) 6 = 1g0.65

1tnto.sr = leo.65
6

6ls 0.65

1g0.8

t --11.6

State the value ofp.

P =30

(d) A sketch ofthe graph of 0 against / is given below.

0"c

BI

BI

MI

M1

A1

tll

t1l

t3l

, mrns

BI

tll
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2

4

A calculator must not be used in this question.

(a) In the dragram, triangle IBC has an area of (aO * +) cr*, anste BAC = i'oaru"
and zJi+z) cm. Find the length of lC, leaving your answer in the form

(tJi*q cm, where p and q are integers.

znE +2

B

Area x ABx ACxsm IBAC

M1

(

)

.Jr+4=;(2Jr+4@q(+)

AB

A

M1

MI

M1

M1

M1

t5l

C

=1
2

1

8J2+4=;\2*J})(AC)

t6Jr+8--(2+Jr)Uc)

.^ r6Ji+8
2+J2

-r6J1+8 -2-Ji- z+Ji ^ z-Ji
_zzJi-sz+rc-sJ,

(b)

2

=t2Jr-B Al

Find cos 75" , giving your answer in th " 1or fi t' ,where a and 6 are

4-2
24J, -16

integers.

cos75"=cos(30"+45")

cos 75' = cos30'cos45'-sin 30osin 45"

JiJrtJ,cos/1"=-x---X-2222

--^ J6-J,
cos /f- = 

-

4

lf

4

AI

t3l
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5

3 (a) Prove that cosec2x - cot2x: tarl.x . t3l

tsl

I cos 2x
cos ec 2x - col 2x

sin 2x sin 2.r

l-cos2x
cos ec 2x - col ).x

sinZx

cosec2x -cot2x - 
2sin2 x

2 sin.r cos x

MI

M I for either formula

stn JcosecZx-COl2x=-
cos.r

cos ec2x - cnt2x = tan x AG I

(r) Hence solve ersex,2x -cnt2x =2s*2 x-3 for 0"<.x3360".

qsec2x - cnt2x = 2seo2 x-3

tanx --2s*2 x -3

tan x = z(t + tan'zx)-3 Ml

tanx:2+2ta* x-3

2tan2 x-tanx-l=0 Ml

(2tanr+lxtanr-l)=0

tanx:-O.5 or tan, = I Ml

Basic angle =26.6 or -- 45o

x =18O-26.6,360" -26.6 .r = 45",180"+45'

x=45",153.4,225',333.4" A1, Al
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6

4 (a) Solve 9'+s =2(3'o1) tsl

32'+5=2 3'x3

Letu=3'

r=0 x

u- +5=bu

u2 -6u +5 =0

(z-l)(a-s)=0

u=1 ot u=5

3'=lor 3'=5

lg5

MI

M1

M1

x=0

lg3

x--1.46 A1, AI
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7

(b) Solve 2logo[log,*(x':+9)-log,rx]=-1

2logo [log,r(x'? + 9) - log,* x] = -l

logo [log,*(x'z +9)-log,* r]
2

tsl

MI

Ml quotient law

MI

MI

AI

[tog,r1x' +9)- log,* x]

- x2 +9 I
lo8roo x = 

2

x'+9 _gnl
x

x2 +9 _rO
x

x2 +9 --lDx

x2 -l0x+9 =o

(x- lXx-9) = 0

x=l or x=9

=4 2
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8

5 The diagram shows a qua&ilateral ABCDE wherc frangle ABC is r*ilu. 1o fiangle
DEC. AB = 15 cm, DE = 9 cm, angle ACD =90oandangle ABC is avaiable an9le 0,

where0o<0<90o-

15 cm

A

E

cm

B C D

(a) Show that the perimeteq P cm, of the quadrilateral is given by
P =24+24sn0 +6cns0 .

ln LABC. 
"rre 

= 
BC

l5
BC =l5cos4

AC
sm6, = 

-l5
AC =l5sit9

la LDCE. cos 0 =EC
9

EC:9qs0
DCsrnd=-

9
DC:9sin0

Therefore P = 15 + AE +9 + DB
P = 24+llsn0 - 9 cos d + 9 sin d+ 15 cos d
P = 24 + ?A.s;n 0 +6cos d (shown) a.g.

t4l

M I either

Mleither

M1
A1

0
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9

O) Express P in the form Rsm(d+a)+&

24sin 0 + 6 cos 0 -- R sin(d + a)

R= 6z +242 = J6a or 6Ji
6

tan d -- -24
a =14.0"
P = J6l2sn(0 +r4.0)+24

(c) Find the value of d when the perimeter is 38 cm

24+ J6lzsin(o +14.03") = 38

J6D sin(d+14.03') = t+

sin(d+14,03')=4
J6t2

0+14.03" =34.46'
e=20.4. (t d.p.)

M1

M1

M1
AI

M1

AI

t4l

t21
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6

10

A piece of wire 60 cm long is bent to form the shape shown in the figure. This shape

consists ofa semi-circular arc, radius, r cm, and an equilateral triangle on the opposite

ends of a rectangle of length 4x cm.

4x

(a) Express.r in term ofr

2(2r) +2(4x) + xr =60

4r+rr+8x=60

8x=60-4r-t

60-4r - tr

M1

x A1

(b)

12)

t3l

8

Hence show that the area enclosed, I cm2, is given by

,q=60r+r2(J1-4-1t'' 2',

A =L x2r r2r xsim 60o + 4xx2r + ! 1222

1=2r'rf *grr60-4r-xr *l orz282

A=Jir2 +6or-412 -xrz +f,or'

A = 60r + 
^f3r2 - 4r2 - 1

,
7,rr

A = 60r + 12 6E -+- fl tsrrow"l

Ml for 2 areas, M2 for all 3 areas

AGI
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(c)

lt

Calculate the value ofr for which I has a stationary value, Find this value
of ,4 and determine whether it is a maximum or a minimurn. t5l

ff=eo*z4.li-a-L1

ff,=o=ao*z,tJi-+-il=o

z,t/i-+-tt=<o

-60

MI

MI

AI

AI

AI

26f3-4-;)

I = 60(7.81 5) + ( 7.81r'1 (J, - 4 - ;)
A=234 cm2

#=xlr-o-i>.0

r =7.82cm

Therefore, the area is maximum
I
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t2

7 The equation ofthe curve is y=(Zx+rl(r6-l)

(a) Show that 4 can be written in the form
dx

t4l

dy

dx

dy

6r-ll,F
= (2x +1)

Ix- (x-3) 2 +(y-l)z()) Ml, Ml
2

dx

dy

dx

dy

= 
)<- - 

t> ; (12.r + t; + +1x - :))

I

2
(x-3) 2 (2x+l+4x-12)

I

(r-3)l (6r-l l)1

MI

AGI

MI

A1

dx
dy

2

dx

6x-11
2^l x -3

(b) A particle moves along the cuwe in such a way that the x-coordinate is
increasing at a constant rate of3 units per second. Find the rate of change

ofywhenx:7.
dv dv dx

ilt dx ilt

t2)

dy 6(7)-l l 
"

4=zt.zs
dt

uniVs
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13

z 3(6.r-11)
4_GT dx I4l(c) Use the result from (a) to evaluate I

I W a*=lrz,+ttJ'-t)'o

6I

4

t (6x-ll)
a 2Jx-3

ax = allzx +r1J x-3)
1

4

M1

M1

M1

AI

I

!

t 3(6x-ll)
t-@
t 3(6x-ll)

^l;-
dx =126

dx = 6lQo + t)J t - t - 121t1 * r)G=]
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8 (a) Factorise x3 -27k3 x a product of a linear and a quadratic factor.

@-3l4(x2 +3b+ek2) B1, Bl

O) Factorise x' -13k -l1r-3k
(x + 1)(r- 3/c)

(c)

l4

= (x+ l)(x-3t)

-(x+lXx-3fr) = 0

12)

tll

The equation 13 -27k3 =r'-(3k-t)*-3thas only I real root. Find the set ofvalues
ofthe constantl- t6]

,3 -27k3 =12 -(3k-l)r-3k

BI

M1

M1

MI

M1

(r-3t)

(x-tk)

(x-tk)

x2 +3k:+9k2

x2 +3lo +9k2

Since only 1 real root

Qk-D2 -4Ok2 -\<O
gkz -6k+l-36k2 +4<0
-2',7k2 -6k+5<O
27k2 +6k-5>0

(9ft + s)(3& -l) > 0

k.-1o, krL93

x2 +(3k-l)x+9k'-,)=o

)

)

Ml for -1 and l seen93
AI
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l5

9 The equation of the circle, C, is x2 + y2 - 6x +10y - 66 -- 0

(a) Find the coordinates of the centre of C and the radius of C. t4l

10

-2
Cenhe is (3,-5)

Radius = (3)2 +(-5)'z-(-66)

= l0 units

(b) Write down an equation ofa vertical tangent to the cicle

x=1 or x--11

centre =l,j
[-2

MI

AI
M1

AI

tll
BI
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t6

The point l(-5, l) lies on the circle.

(c) Find the equation of the tangent to the circle at point l.

I - (-s)m=:
-s - (3)

3

^*=_i
Gradient of tangent ^* = - \ = !33

MI

M1

A1

t3l

t2)

4
A

r-1= , 
(r-(-5))

3y-3=4x+20
3Y =4x+23

(d) ,4.B is the diameter of the circle and P is the point (0, 6). Explain why the

an9le APB is an acute angle.

Distance ofP fiom centre (3-0)2 +(-s-6)' = Jilo, to MI

AIP is outside the circle, angle IPB is an acute angle
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t0

l7

The diagram shows part ofthe curv 
" 

y= .10 - intersecting the y-axis atl(O, 10).' 4x +l

The tangent to the curve at the point P(1, 2) intersects the y-axis at B.

v

0, 10)

l0
' 4x +l

P (1,2)

x

(e) Show the coordinates of8 is(0,3.6).

,=-]!-=10(4x+l't-r- 4x+l
4 = -rc(4x +l\-2(4\
dx

L=4o4x+t\-2
dx

when .r = I 4 = -qolet(t) *t)-'
dx

L=;.e
dx

r - 
=_1.60-l

y -2=t.6
Y =3'6
Coordinate ofB is (0, 3-6)

t4l

MI

MI

Ml

AGI
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l8

O) Find the exact area ofthe shaded region. t5l

reaA
I

I
0
fir*-)rru*rxrt

l0ln(4x + l)'l
4)

Ml,M1

Area = -2.8

10ln(4 + l) l0ln(l)
44

ln5 - 2.8 unit 2

MI

-2.8 M1

AI

0

Area

Area
5

2


