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t,.ur'=".(l) o'u.(;)o"u'* .- *(',)o*n * ... *n,

where n is a positive inreger and 
(l = t+

Binoruial expansion

Identities

Quadratic Equation

For the equation ax? +bx+ c =0

MATHEMANC,4L FORMULAE

1. ALGEBRA

-b+ b2 - 4ac

2a

2. TRIGONOMETRY

sin2 l+cos2 l:1.

sec' A=l+tarl A .

cosec2l = 1+ cotz I
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sin(l t.B) = sin ,4 cos B + cos I sin B

cos(l + 8) = sss l cos.B T.sin I sin,

tailAtB\= wAlwB
I +tan .,{ tan B

sin2A =2siraAcos A

cos2A = cosz A-sin2 A =2cos2 A -1= l-2sin':l
2rut A

lar\ 2A = 

-

7-wi2 A
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Formulae for @ABC

1 Solve the inequalitY
(1- x)1 > 17 -2x

2 Factorise Slxi - 2426 completely

d b C

sin,4 sin8 sinC

12)

t2l
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a2 = d + c2 -Zbc cos A.

A = lbcsin I
2
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4

3 (i) Showthat 3x-l 1, a factor of g(x) : 6x3 -5x2 +10.r-3.

(iD Hence, show that g(.r) has only I real root. Show all workings clearly

PartnerlnLearning
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32r+a x 5r-3

4 Given that 25- , without using a calculator, find the value of l5' .
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5 (i) Solve the equation e2' = 10

(ii) Solve the equation 2s'-6(s')+s=0

tll

t3l
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7

6

7x2 -9x+29

E*press Ct-3Xx2 +4) u"a sum ofpartial fractions.
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7 Find the range ofvalues ofn such that y = x2 + x+ 4n is above the lias ! =11- nx 
.
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9

1

I (i) Given that tan I : 2 and 90'<l<180', state the exact value of cosl and sinl without

the use ofcalculator. t2l

cos(A-L\ cos(z -1; =*r\' 
3 ' and show that 3'

Jj -zntr(ii) Find the exact value of

(iii) Hence, find the exact value of
where a and D are integers.

sec(l - 1)' 3' and leave it in the form 'Jls+bJi,

12)

12)
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l0

9 The vertical height, y m, of a rider above the ground in a section of a roller coaster ride is given by

y=1x2 *4x+10
, where x m is the rider's distance from the start ofthe ride.

1

v xz - 4x +10
(i) Express 4 in the form y=a(x-h)2 +k , where o,handkareconstants.

(ii) State the minimum height of the rider above the ground. tll

(iii) Ifthe rider is 70 m above the ground after the ride starts, find the rider's horizontal
distance from the beginning ofthe ride. L2l

PartnerlnLearning
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1t

10 (a) The equation of the curve f(r) = 4sin 3-r+ p where q is a positive integer

(i) State the period off(x). t1l

(ii) It is given that that the minimum and maximum values of f(x) are -6 and 2

respectively. Find the value ofp and the value ofq. l2l

(iii) From the values ofp and q found in (ii), sketch the graph of

the axis below for 0' < .r ( 360'.

f(.r) = qsin 3.r + p o,

t2)

fG)
t

0
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The depth, ft m, ofthe water in a port, hours after noon is given by
wheretisaconstant.

h =1.2cas{kt)+ 5(b)

',''.1

U o 1

t:
1

I f

4tt

(i) By showing all workings clearly, show that 1r= 25 . t1l

(iD The draft ofa boat is defined as the vertical distance between the waterline and the

bottom of the boat and it determines t}re minimum depth of water a boat can safely
navigate.
A fishing boat with a &aft of 4.2 m arrived at the port at 12 noon. Explain if the

boat can leave the port safely at 7 pm sharp. l2l

( tz.r, e .z){r. r.z )

(o.zr, :.s)

,

1- -' ,

... J

a
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ll Solve, forx andy in the simultaneous equations

PartnerlnLearning
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(i)0')=s,'
(r,"*' )= r 6(2-,' )

,eo
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t2 (D

(ii)

Prove the following identity .

cos: sin x I. +;* = -(cosec x+secx)
1+cos2x 1-cos2x 2

cos2A sin2A_+_=(,
1- cos4A

t3l

1or0<A<2tr

t3l

Hence, find all the angles I in the equation I + cos 4l
Leave your answers in terms of z .
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(log .8)2 rJ--"logrr 3
log5 J13 (i) Without using a calculator, find the value of t3l

(iD

PartnerlnLearning

solve the equation 
log, x - log, ('r + 6) = 0 

-d ,ho* that the equation has only 1 real

solution. t4l
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t4

16

(a) Some bacteria iue grown in a gel medium in a petri dish.
The number, N, of bacteria in the culture, after t hours may be modelled by
N = 120(1.050e?').

(D Find the initial number ofbacteria in the petri dish.

(iD Find the number ofbacteria in the petri dish after 8 hours.

v=eY(b) Sketch the graph of ) . Show all intercept(s) clearly.

t1l

t2)

tll

xo

f
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t7

15 Solutions to this question by accurate drawing will not be accepted'

s(6,7)

P(-2, s)

v

x

The diagram above (not drawn to scale) shows a trapezium PQRS.

PQ is parallel to SR, P,! is perpendicular to Pp,

r t ( -2, 5 
) and S is (6,7). The equation of 8R is 3 y = 4x - 29 

.

(D Find the equation of PQ.

(iD Hence, show that the coordinates of Q is (

PartnerlnLearning

t2)

1.25, -8 ). t2)
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(iii) Find the coordinates ofR.

(iv) Find the area ofthe fiapezitm PQRS.

l8
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t3l
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-4 km
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16

D

The

formed by a
BCF, DEC
often used by joggers.

BA

E
C

F
3

diagram shows a park FBIDE that is

rectangle CBAD md atrtmgle FCE.

and AEF are straight lines. The park is

Tom started from point F', ran along the straight path F'B-A-D'E-F'

It is given that an gle BAE = 0, AO = q 1rrr, at d EF = 3 km.

(i) show, clearly with all workings, that the distance z, covered by Tom , can be expressed as

I=11cos6+l1sin0+3 t3l

(ii) Express Z in the form Rcos(0-a)+3' whereR>0and 0'<a<90'. t2)

PartnerlnLearning
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(iii) State the maximum value ofl, and the corresponding value of 0.

(iv) Given that the distance covered by Tom is 15 km,

calculate the corresponding value of 6.

t2)

t2)
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t7 By rewriting 31a1 tr = (cot A)(l - 4set A) as a quadratic equation in sec l, or otherwise,

hndlfor 0"<l<360'.
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lE (D The equation of a circle, Cr, is r' +.y' *30x +8y +232 = 0 
.

Find the radius and coordinates ofcentre of Cr.

(ii) For a second circle C2, it passes through points l1Z,+1 and A(4,4) .

The centre of Cu passes through the line .y = -3x + 8 
.

Find the equation of the perpendicular bis ectot of AB.

PartnerlnLearning
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(iii) Hence, find the coordinates ofthe centre and radius ofCz t3l

(iv) Caleb states the circles Cr and C2 will not touch each other. Do you agree with Caleb ? Explain

your answer with clear working. lZ)

End of Paper
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3E Additional Mathematics 2021 EOY Worked Solution for Students

w
(l- x)2 >17 -2x
1+ x2 -2x>r7 -2x
.r'-16>o
(x+4)(.r-4) > 0

x>4 ot x<4

8lx3 -2426 =3(27x3 -826)

=3[Gi3 -(22\31

= 3[(3 x - 2 z'z )(9 xz + 6 xz2 + 4 za )f
I

Substitute x =:into g(x)
J

rglr=otlf -stlf *rotl

=0
3x-lisafactor

^2zx -x+5

)-3

3x-1 6x3 -5x2 +7or-3

6x7 -2x2

-3x2 +lOx

-3x2 +x
9x-3
Qr' - ?

b2 -4ac=(-t\, -4(2X13)
=-23 ( <0)

has no real roots, g(x) has only I solution.

On
I

2

3(i)

3(ii)

4

5(a)

Since 2-

32'x34x5' ;3tJ
52'x5'

32r xsr 53

33x x52'
1

34

l2s
3'x5' 81

ls, =i!
125

eb =lO
lae"=lnl0
2x =lnl0
x=1.15

PartnerlnLearning
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25'-6(5')+s=0
u=5'
u2 -6u+5 --0
u=5 oru=l
5'=5or5'=l
r=1or0

7x2 -9x+29 A Bx+C
(r-3)(x'?+4) x-3 .tx+4

1,8,C arc constants

7 x2 - 9 x + 29 = A(r': + 4) +(Bx + C)(x * 3)

x = 3:7(3)'? -9(3)+29 = l(3': +4)

65 =l3A
A--5

x=0
7(0)3 -9(0)+29 = s(4)+(CX0-3)

29 =20-3C
C =-3

x = 1:7(l)! -9(l) +29 = 5(l' +4) +(B -3Xl-3)
27 =25-28+6
28 --4
B-2

7x1 -9x+29 5 2x-3

-+-
(x-3Xx? +4) r-3 12+4

x2 +x+4n,
x2 + x+4n+n^

12+(n+l)x+4n-,1>0
(n+l)'z -4(l)(4n-11) < 0

n2 +1+2n-l6n + 44 <0
(r-9)(n-s)<0
5<n<9

sin,l=l
JS
_",

cosA=fr

PartnerlnLearning
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(iii)

9

(iD

(iiD

1O(aXi)
(ii)

t \

(iiD

b(i)

BP -254

cos{z -}) = cosl cos}+sin esinl

2t
-.:x-+tJs2'
J1-z
2Js

l;^
secA=l*!tL!

2rl5

2J5 Jl*z
=-X-Jt-z Jt+z

=+f=-zl-ts-cJ.
u =1(r' -Er)+ to' 4' 3

3." t6 8.. 8y = ;(x' - ;x+(-;f -(-ll'r + t o

3. 8., t4
v =-(,--)'+-' 4', 3' 3

zo= 31r-9','*14
4' 3', 3

(r-8)'=821'-t'9
x = 12m

c2^
3

I
--E
v)

J]x...:)2'

Period : l20o
4

(360. - ?)

PartnerlnLearning
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Period : 12.5 hours

I

I

I

I

(80.2) ' (rro.2) i (2i0.2)
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b(ii)

11

12(i)

BP - 255

h = 1 .2 
"or14o 

*71 * 5'25

t:7,h:l=3.88

Since the draft ofthe boat is more than the height of water at t:7 hours, it is not safe for the boat

2n4
t2.5 25

to leave at 7

a-2 ;2t .4,
J XJ'=J

.?v-l 
^4.t5' =J

2y -2= 4x

y = 2x+1.......(l)
1zi +ry - 1a-yr

2x2 +ry=4-yz

From(l)Y=2r+1
2l + x(2x +l) - 4 + (2x +l)2 = 0

2x2 +2x2 + x- 4+ 4x2 +l+4x =0
8r'? +5x-3 = 0

(8r- 3Xr + l) = 0

r= 3 
or ,=-l

8

,= l3 or x=-l"4
cosr sin r

I +2cos! x-l' t -(l -2sin':.r)
cos.x sin r

= 

-+---

2cos'.r 
' 

2sin: x
ll=-+_--r-2cosx 2sinx

I
=l(cosecx+secx)2'

PartnerlnLearning
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(ii)

13(D

13(iD

l4a(i)
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]t*r"" 2A+seclA)=o

1l

-+- 

=srn2A cosZA

I -l
sitZA cos2A
sin2A

0

1

Reference arrgle e1=L

zA = n -L,2x -L,zo * o -X,2r + 2r -L

cos24
tan2A = -l

A
3tt 7tr lh l5n
8 8 8 8

As x > 0, x : -2 is rejected.

.os ^23)2, 
I * log' 3

' (log,3) log, 25

^2 I
= J X 

---:-
logr 5'

1o",r-log,(r+6) -,
logr 9

1on. r- Iog',(x + 6) 
- o

log r9
los. (-x + 6)

lOE. Jr - ---:l-:-: = 0
log ,3'

- los. (x + 6)los"jr- "" '=0
2

2log, x- log.(r + 6) = 0
'log. 

12 = log, (x + 6)

x2 = x+6
x2-r*6=0
(r-3X.x+ 2) = 0

x=3 or x---2

9

2

| =0,N =120

PartnerlnLearning
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lr = 120(1.050e7')

,=8
N = 120(l .050s7*)

N -167

x =7 :
8

.5

7-5 I
gradient ofPS 6-(-2) 4

gradient of PQ = -4

Equation of PQ: y-5=4(x+2\
y -4x-3

3(4x-3)=4x-29
-llx -9 = 4x--29

l6x=20

*=llI
I

r=-a(r;)-3=-8
p is (1.25,-&r (Proven)

EqnofSR:y-7=-4(x-6)
y -- 4x +31

Solve simultaneously

y --0

)I
8

I

't

PartnerlnLearning
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(ii)

15 (i)

(iiD

R =(7

a E',

I

I



BP- 258

-2 1.25 6-2

5

5
7-

8I
2

I

2

7-8 I
2

100 - (-65.7

5

5)l= 82.875 unit'

ZCEF =0 (corn angles)

Triangle CEF :

,o16 =9!,96 = 4ro16

,in6= 9f 
,gp=4r1op

Tiangle ABF :

*16 = 4! ,1s =7 "org

sing =lL,6p =7riog

I. =7 sin9 +7 cns 6 + 4sin I + 4cos0 + 3

= l l cosd +l lcos0 +3 (proven)

R= 112 +112 --J242

,,ro=!,o=45"

L = J242 cos(0 - 45"),

MaximumZ: Jffi+3=18.6

whsn 0=45'

J242cos(e -45")+3 = 15

cos(g -as') = 9
1242

reference angle = 39.52"

0 =45'+39.52' =84.5'

(iv)

l6(i)

(iD

(iii)

(iv)

PartnerlnLearning
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1- 4sec A3tanA=-
tan A

3tat2 A =1- 4sec A

3(seo'l-l)=l-4secl
3sec2 A-3-l+4secl=0
3sec2 A+4secA-4=0

2s*A=-
3

3
cnsA=-

2

or secA=1

(rejected) ot cosA=-:

1

cosA=-'
2

Reference angle = 60'

A=120" or240'

2s=-30,2f =8,c--232
centre: (15,-4)

radius (-15)2 +4'? -232=3

,v

v
38

-4-4 5
mAB =-=-4-2 3

?
n, (perpendicular [inu) = -:

t#,*r=t-r,-rr
Mid point of lB = z :
Equation of perpendicular bisector

/-(-r) = -;(,-(-D)
38
55

s 5 ...(l)

y = -3x+8...(2)

Solving simultaneously

x= 4,y =4
Centre of Cz = 4 -1

(4-2)'z+(4-t1'z = JA

PartnerlnLearning
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r 8(i)

t1( )

(iiD

Radius of Cz =

,AO

I
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(iv) Distance between end point of Cr and Cz

(ls + 3)- (a - J68 ) = 22.246

= Sum of diameters = 6-2J68 = 22.49

Since the distance between the 2 end points is shorter than the sum ofthe diameters, the 2 circles
Cr and Cz will intersect each other.
Hence, I do not agree with Caleb.

Altemative Method

Cl : (15,4), radius : 3

C2 : (4,4), radius = 6

Distance between centres : l5 - 4 :1 I

Sum of radii: J68 + s = n.zs

Since distance between centres is less than sum of radii, the circles will intersect. Hence, I do not
agree with Caleb.

PartnerlnLearning
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