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Quadratic Equation

For the equation ax' + bx + c = 0

Binomial Expansion

Mathematical Formulae

I. AI,GEBRA

-b! b' - 4ac
x

2a

(a+bf =a' .,, a"
n

1 'u-.(\)' - u' .

0

......... +
/n\
[,]

a'-' b' + --..-....+ bn

where n is a positive integer and _ ,r (n - 1)........(n - r + 1)

rl.

nl
;G-,T

Identities

Formulae for lABC

2. TRIGONOMETRY

sin2r{+cos2 l=l
sec'A=l+tan'A

cos*2 A =l+ cotz A
sin(,e t f) = si17 cos.B t cos I sin-B

cos(l + B)= 963 7 cos-B+ sin lsinB

t",'r;+ a) =3llji394l+tan,{tanB
sinZA = 2sin Acos A

coszA= cos2 A-sit2 A=2cos2 A-l=l-2sn2 A

t^r2A= ztM!
l-tarl A

a b c

sin,4 sinB sin C

a2 =b2 +c2 - 2bc cos A

a = lbc sin,4
2
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I (a) Express -2.r2-12x-14 inthe form a(x-h)'+k

(b) Using your answer to part (e), explain why the maximum value of

-2x2 -l2x-14 is k.

l2l

l2l
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122 Solve the equation .r = 3.6 where x + 0, giving your answer in its simplest surd
x

form

3 The spread ofbird flu in a certain duck farm is given bf n (r) = -100- , where t is ttre number

ofdays since the flu first appeared, and B(r) is the total number ofducks which have caught

the flu to date.

t4l

tll
(a) Estimate the initial number of ducks hfected with the flu.

Give yow answer correct to the nearest integer.
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(b) Ifthe day that the flu first appeared is Day 0, find out on which day would the

number of infected ducks first reach 100. t2)

(c) Explain clearly why the number of infected ducks will never exceed 300. tzl
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4 A calculator must not be used in this question.

(r) Showthat tan15"=2-.6.

(b) Using your answer in part (a), find an expression for sec2 15"in the form

s - 6Ji wbere a and 6 are integers.

t3l

t2)
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5 - 48x3 +86x2 -2x-32tel h_rDress 

-

' 6x' +l3r+5
fraction.

o) Hence, express 
g##

fractions.

as the sum of a polynomial and a proper

as the sum of a polynomial and partial

t21

14)
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6 (a) Find the range ofvalues of h for which the equation xz -(h+l)x+h+9=O
has no real roots

(b) Explain why the equation 5x'-'g+2k' +8=0 has no real roots for all real

values of k.

t4l

tzl
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7 The equation ofa curve is 7 = 3 cos 2x - 1.

(a) State the maximum and minimum values ofy.

(b) Sketch the gr*aph of y =Js.t2*-1 for 0< x <2n.

v

tll

t3l

t2)

x

o

(c) By drawing a straight line on the same diagram in (b), determine the number

ofsolutions forthe equation 3cos2x=-?x+2 for 0< x<2r.
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8
s

R

O

T

kr the diagram, P, p, R and S lie on a circle such that QP is parallel to SL

Lines ,ly'I and SZ are tangents to the circle at P and S respectively. NpR is a
straight line and angle NPQ : x".

PN

(a) Prove that angle QRS : 90" + ].) 141
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(b) It is given turther that QN/ PS.

Show that triangle PR.! is isosceles. 12)
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9 Given that [i t <Oa' = l] lgdx = t2,find,

(a) Iltot*,

[iroa**lir<oa,,(b)

tll

tzl

(c) find the value of the constant ,n for which l]lt A> ^-)0, = O. t3l
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l0 A point P (2, 4) lies on the curve y = -- 
4 

.' (x-3)'
(a) Find the equation ofthe normal at point P

O) The tangent at another point p on the curve is parallel to the normal at point P.

Show that the coordinates of@ is (7, 
] ).

t4l

t3l
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11 (a) A thin circular metal disk changes size (but not shape) when cooled. The

disk is decreasing at a rate of 12n mmzls. When the disk has a radius of
200 mm, find the rate of change ofthe radius ofthe disk at this instant. t3]
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(b) A 3-dimensional printer prints a chocolate in the shape of a cone. During the

printing process, the volume ofthe cone is increasing at a constant rate of
3zr cm3/s. The height of the cone is always twice ofthe radius. Find the rate of

increase ofthe radius when the volume ofthe chocolate cone is 9n cm3. t4l
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t2

_1'

C: R(4,),5)

r)

The diagram shows a trapezium with vertices A(4,0), B(4,15),C and D.

The diagonal .BD of the trapezium intersects the y-axis at E(0,13).

Giyen that AB : 2DC md AD = 13 units, find the peimeter of ABCD.

.1

t8l

c(0,13

r(-4,0) 
|
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Continuation of working space for Question 12
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l3 A small forest has been declining in its tree population since 1980. To assess this decline, a

census of the tree population ofthe forest was conducted on January l"t at intervals of ten

years from 1980 to 2020. The table below shows the data from the census.

It is believed this decline follows a y = eP q' curve, where p and q are constants.

Year 1980 1990 2000 2010 2020

x (decade) 0 1 2 3 4

y (number of trees) 186624 139968 104976 78732 59049
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(a) Draw a suitable straight line graph to show that the model is valid for the years

1980 to 2020. t3l

I
t-

+**++r

tTI-T-r_r
'.! t.

t''!-t-rr_raarrfTl_rrrrT

r
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(b) Estimate the number oftrees in the forest on 1$ January 2040.

(c) Use your graph to estimate the value ofq.

(d) Give a reason why this model might not be accurate in later decades

t2l

l2l

t1l
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t4 The velocity, v m/s, of a particle tavelling in a straight line at time , seconds after

leaving a fixed point O, is grven by v=Zl +(Z-3k)t+4k-S,where kis a constant.

(a) Given that the minimum velocity occurs at r=11 , show that the value of ft:5. t3l'4

(b) Find the time(s) the particle comes to instantaneous rest. tzl
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(c) Find the distance travelled rn the first 7 seconds after passing through O t4l
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(d) Given that rR is the point when the particle has zero acceleration, and P is the

point when the particle fust comes to rest, determine, with full working whether

R is nearer to O or to P.

-End of Paper-

t3l
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Quadratic Equation

For the equation ax'+bx+c=0

Binomial Expansion

Mathematical Formulae

I. ALGEBRA

-bt b2 - 4ac

2a

(a+b)" =a..[i) *, ,.[;)

where n is 
" 
r*ltir" i"t"s* *a 

[])

o^' t'*--.*(n\
I r.J

nt _n (n

a^ ' b' +...+b' ,

- l)...(z -r+1)

Identities

Formulae for lABC

rl n-r

2. TRIGONOMETRY

sin2 l+cos2,4 =l
sec' A =1+ tat' A
cosec'A=l+cot'A

sin(; t f ) = sin,lcosB t coslsinB
cos(l t a)= c6s TcosB + sin I sin B

tan ( ,,a t r) l r A l:tar' B

l+t^n At^n B

( ) rl

sm2A -- 2sin Acos A

coszA = cos2 A-sin' A=2cos' A-l=l-2sin2 A

.*.2A= 2r^!
l-tan' A

abc
sinl sinB sinC

o2 -- b2 +"2 -?lc cos A
I

L,=!bc stn A
2
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I (a) Express, in terms of z, the principal value of ta 
[*)

trl

t1l

trl

O) State the values between within each of the following must lie:

(i) the principal value of sin-rx,

(ii) the principal value of cos-rx.
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z (a) In the binomial expansion of Ji*

independent ofx and the coefficient of 1 .

x

O) Write down the first three terms in the expansion of (1+ k)' in ascending

powers ofr, where n is a positive integer greater than 2.

Hence, find the possible values off if the coefficient ofl in the expansion

of (l + 6, + 4r'zXl+ la)5 is 31.

h

G , find in terrns of ft, the term
8

l4l

t4l
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3 (a) Prove the identity tzt2O(cosec4'2sn0) =2sotg t4l

t4l

(b) Hence, solve the equation tan2d(co secl -2snp) =?sssQ
9

for 0'<d<350".
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4 (a) It is given that f (x) = .;s3 + ax' -3x + b , where a and b are constants, has

a factor of(r+ 2) and leaves a remainder of30 when divided by (x -3).
Find the value of a and of 6. tsl
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(b) Using these values ofa and 6, factorise f(.r) completely into three linear

factors, using surds where necessary and thus solve f("r) = 0. 14)
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5
!2 -a(a) Show that f(x) =:----:-i, an increasing function for.r > 0.

x

O) Find the coordinates of the stationary points of the cuw e y -- zxz (3 - x)o

and daermine the nature of each stationary point.

t2)

t7l

I



BP - 345

Continuation of working space for Question 5(b)
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6 Samuel desips an open rectangular tank with the capacity of 2 1 6 m3 . The tank has

a square base with length of x metres and a height of ft metres. Material cost for the

four walls ofthe tank costs $36lm2 and the material cost ofthe base is $90/m2.

(l) If C is the total material cost for making the tank in dollars, show that

c = gor' *3llo4 .

x

h

tr

t3l
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(ii) Given that x can vary, find the value ofr for which C is stationary t3l

(iii) Determine whether this value of x gives a maximum or minimum value for
C. Hence state the value ofC. t3l
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,4

0

0

4rn B

hm7m

o -r

The diagram shows a metal bar Ol, which is hinged at O, and another metal bar

lB, which is hinged at l. The bars can move in the ry-plane with origin O where x
and y axes are horizontal and vertical respectively. Tlte bzr OA can tum about O

and is inclined at an angle dto they-axis, where 0o < 0 < a and a, is an acute angle.

The bar l8 can tum about I in such a way that the inclination to the horizontal is

also d,and that I is above the:r-axis. The lengths of OA and AB are 7 m and 4 m

respectively.

(a) Express i in the form acos9 -bsin9,where a and b are integers. tzl

v,

It is given that the perpendicular distance ofB from the.r-axis is i m.
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(b) Show that a is approximately 60.255'corrected to 3 decimal places l2l

(c) Using your answer in (e), express i in the form Rcos(d+a),where R > 0

and 0'< a < 90". t3l
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(d) Without doing any firrther calculation, explain why there is a solution for
0 rt h=6.

G) Find the value of d such that i = 6.

trl

t2)
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8 A circle has equation x2+y2-4.r+8y-5=0.
(a) Find the radius and the coordinates ofthe cente ofthe circle C. t3l
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The line 3y = -r - 5 cuts the circle at two points I and B.

(b) Find the shortest distance ofthe centre C from the line,43, expressing your

answer in *re form I fi, where n is an integer.
2

t7l
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9 (t) (i) Sketch the graph of y = 6F' ') in the space provided below. tr l

v

x
o

(ii) Given ttrat rz=3',express 3"-'z +k=6(3" ) as a quadratic

equation in m.

t

t2)
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(iii) If /r > 1, explain why there are no real solutions for

3'z-'? +k:6(t*').

(b) (i) Prove that 7r*r+28

of /r-

(Z*') ls aivisiUte by I I for all positive integers

t3l

12)
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(ii) Solve the equation log, \Erd + 2lo grr5 =log^(x - 2) +logr 27 . t4l
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10 (a) Show that

O) The diagram shows part of the curve y=2xe'+3. Find the shaded area

bounded by the cuwe, the line y = l0x+3 and the line .r = a.

frlt,-r)o1=*'. t21

t10l

v

a
x
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Continuation ofworking space for Question l0(b)

-End of Paper-
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2

Quadratic F,tprtttion

For the equation af +bx+c-0

B ironr ia I l:^rpcntsi on

Mothematical Formulae

1. ALGEBR{

(a+bf =o' *

where r is a positive integer and

a'-j b*
n n-2 2b

(,\
['.]

+ an 'b'+

_ nir - l)...... .(r -r+ t)
rl

tt)
a +

nl
rl(n - r

b'+
2

0

Identities

Fotmulae jor trABC

2. TRIGONOMETRY

sinrl+costl=l
sect,4 = l+ tan'l

cosec',4 = l+cotr,4
sin(l t8) = sin d cosB + cosz{sin B

cos(,1 * r) = qss 7 cos B + sin lsin I
tor( A, R\ = tunA=t'nB

I + tan ,4 tan ,B

stn2A = Zsin AcosA

cos 2l = cosr l - sint I = 2 cos' A -l = l - Zsin? A
2tan A

laa'IA = """"""""
7-tznz A

ob c

sin r{ sinB sinC

a2 =b2 +12 - 2bc cosA

a=fbc sin.a
2

NAS/2023/P RE LIM/4E&5N/AMATH/4049/01

-htJ;'-4ac
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3

I (e) Express -2r2-i2r-14 in the form a(x. h)t +k.

(b) Using your answer to part (a), explain why dre maximum value of

-2x' -l2x - 14 \s k.

Solutbns
1 (b) Since

(x -:)' > o

-z(x-r)'<o
-2(x4)1 +4<4
Tterefore, the merimum value of
-2f -t2x-14 is 4.

[Altemative SolutionJ

Note that the coef'ficient olz2 iS negative (or o (
0).

Since tlre maximum point of y = -2x2 - L2x -
14 is (-3,4), its ma*imum value is the y-
coordinate.'

t21

tzl

Solutions
I (a)

[l +or]-t+

[('+:)'-:']-r+
(r+:)'? +18 - 14

(r+3)'+4

-2i -tzx-14
II

NASI2023/PRELIMi4E&5N/AM ATHI 4A4UO1
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2 Solvc thc rtluation r = 1l,6 , J3. *h"r" .r , 0. giving your ansrvor in its sirnplcst suril

4

-I

Solutions
2 x2 - 3,11x - 72: 0 (acccpr 12 - rQ7 x - 12: o)

i!Jl 27 -4(.- 12)

2

2

Since rlTB = 5r/3,

- _ 3!trts\i3
2

x-4,l1,rrr:-rE

(a) Estinrate the initial nunrber ofducks inltcted ruith the {Iu

Grve vour ans\\er cofrect to tlr( fle rcri iriit'g{i'.

J The spread ol'bird fluin a certain duck l'amr is qiren by B0) ;F. where / is the nunrber

ofdayssincethe flu first appeared. and ts(r)isthetotal number ol'ducks which have caught

the flu ro date,

I4l

lll

Solrrtions
3 ( il ) When I =0,

o(or iF
2.01(3sf)

lnitial nunrber of inlected ducks rs f

NAS/2023/PRE LIM/4E&5N/AMATH/4049/01

lomr.
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5

(b) lf thc dav that thc flu first appcarc'd is Day 0. find out on u'hich day would thc

nunrbor of int'cctcd ducks l-rrst rcach 100 t2l

Solrrtions
J ( b ) :i00

100
lte''

-100 = I00 i l00e' '

l00c'' 200

e'' =2
5-/ lnz

1= 4.il (ro I s,l',)

The number of infected ducks first reached 100

on f)ay 4.

(c) Explain clcarl-v rvhy tho nurnhcr oi'in{'ccted .lucks uill nevcr cxceed i00. t2]

Solutious
3 ( c) Fnr all ralur's oft. e5-i > 0

1+cs-r>1

t- I

L 
-"

Therelore the nurnber of inl'ected ducks rvill
ncvcr crcec'd i00

NAS/2023/PRE LIM/4E&5NIAM ATH I 4A49IO1

I

I
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6

{ A ctlrulator mrtst not be used in this questiorr.

(a) Shovr rhat r:n l:' - I r[ ll I

Solrrtions
1 (a) tan 1 5o

= tan(45' - 30")

ta D 45 '-l.irn:10'

t+tirn zls" tnn :10'

"il-:
l+:

s-.rT 3 -rT
=-X...-3+\i3 3-\i3

9- 6 i3+l
(,

=2 -.'11
Allelnat ir e iolutiorr

t3lt I5"
: Lan(60" - 45" )

inn ('0'-irn l:)'
l+tiiD i):: f.rl] l5

r'i- t
1+lr ?i L,'

=_.:x-_la\ ir 1-\:t

.. il-11-)-t3

=2-\5(sho\\n)

NAS/2023iPRE LIM/4E&5N/AMATH/4M9/01

I

I

I

I
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7

(b) tJsing your answcr in part (n), find an cxprcssion tbr src' 15' in the lorm

.r + b..6 r,r,here n and 6 ale integels

Solutions

tan15'=2-v5

scc2 15'- 1 + tanz].5o

scc2 15o
, ^2=1+(2-V3)

= I +(4-+y'5+r;
=B-4fr

I (b)

12)

NAS/2023/PRELIM/4E&5N/At\rl Ar H I 4a49to1
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8

as the sum ol'a polynornial and a proper
48x'+tl6r'-?x-32(al l.xpress ---' 6x +t-lr+(r

fiaction. 12)

8-t- 3

6r+l3r+6) 4E.f + 86.r- - 2x -32
- (48.r'+ 104.r + 48x)

-18.t'-50.r-32
- (-18.r - l9:r - 18)

- llr - i.l

-ll.r-14
6.t: + l3.t +6

llx+14
=8.t-3- (3r+2)(2x+3)

(b)
48.ri + 86x: -2x - 32

I lence. exDress 
---i-' (rt +lil-r+6

lractions.

as the sum ol'a polynomial and partial

t4t

Solutions
5 tb)

Let
l1x + l4 A B: 

- 
+-

(lx+2X2r+3) jx+2 2x+3

I I.r + l{ - A(2.r + l) + r3(3.r + l)

Lctr=-3, i1
3

(:) + l-l =,{

205
(;)

33
A={

Equating corfficicnts of .r,

ll=8+38
3 =lB
B=l

ll.\ r. l{ {l

48.vi +86xr -Zx-32
=.ll.t-3+

6rj+13-t+6

Solutions

5 (a)

NAS/2023iP RE LtM/4E&5N/AM Ar fl 4049t 01
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s

6 (r) Find the range olvalues of hfor which the equationx: -\h+l)x+h+9=O
has no real roots. t4l

Solutions
(r ( :l ) -t: (/r t l).t+ii+9.{)

lirr thc r:qu.rtion t() hnvc no rci roo(:,

I )isc rintirrarrt .r ()

[ (lr t l)l' {i l)(I +,)i .:0
/r: + ll + I -l/r .-16 .' U

lr-?h 3i ()

llr -t(i + i) .: ()

.'. -5 < h <7

(b) Explain why the cquation 5s' -kr+2k- +8 - 0 has no rcal roots for all real

values of t

Solutions
6 (b) -i.t' rk-i-+ ll]+$=it

f)iscrinrinar:t ." i -A )- .l(5i{][- + tt)
-.(- {0I- 160

_19&" 160

SinreA' .'olbrall rcalvrlucsoll,,thcn -t9li ''.- (1.

i.c. -39(-: - 160 "'. - lt {}.

Sincc dtsrritrtin.tnl .: (,. lhc r.quxti(jrr hJs n(, r'tj.rl torrts hrr itll rcal

r alur.r ot ll. (shrnrn I

t2)
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7

10

l hc cquation of a cun,c is .t, 3cos 2.t l.

(a) Statc thc maxinrunr and nrininrunr values of.r.

Solulions
7 ( i ) Min : -4

Max 2

(b) Sketch the graph ol' .r' = I cos 2,r - I {br 0 ',: -r l;

trl

ljl

Solutions
7 (b) .1\

\

\

NASi2023/PRE LIMi4E&5N/AMATH/4049/01
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(c) tsy drawing a straight linc on thc sanrc tliagmtn in (b). detenninc thc numbcr
a

of solutions fbr thc cqualion -icos2-r= lx t2 for Otx<|tt
?t

Solutions
7 ( c) Draw y = -1x+ i'n

.{ solutions

t2l

NAS/2023lPRELlM/4E&sN/AlVl ArW 4049101
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8

12

s
l)I\

()

T

ln thc diagmnr, /), Q, /? and S lic on a circlc such that Q/) is parallcl to 57

Lines A 7'and .l/ are tangents to the circle aI 1' and ,5' respeclively. N0? is a
straight line and angle N/'Q r".

P

(a) Provc thal anole 1),1?-S = 90" r i-
2

t4l

Solutious
8 )( i By tangent-ohord thcorenr,

LPRQ : r" (tangcnt-chord theorcm)

LP'IS = ro (corrcsponding anglcs, QP/i Sl)

Notc that PT -- S'l' (tangcnts from an cxtcrnal
point). so zTPS = LTSP.

.t'ps :'"0)-' (basc angles ofisoscclcs

trianglc)

ITPS:90o -l 2

zPRS = gO" -; (tangcnt chord thcorcrn)

1QRS:x +9Oo -t

LQRS :90" + j (nrovcn)

NAS/2023iPRE LIM/4E&5N/AMATH/4049/01
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Altemative solutron

zPTS : r" (conesponding angles. QP//ST)

Note that PT - ST (tangents lrom an external
point), so zTPS = LTSP.

zSPT : Eli 6ur" ongles of isosceles

triangle)

LSPT .90" _I
z

IQPS - 780" r" -(so' -!) =so' -i
(adjacent angles on a straight line)

zQRs = 180" - (eo" -i) = *' *i
(angles in opposite segoenl)

(b) It is givor further thatQNl PS.

Show that triangle PrtS is isosceles. t2l

E (b) Since QR//?S.

zRPS = x" (altemate angles)

From (a), IPRS = 90'- f

ZRSP = 180'- xo(
Z

90"

PRS is an isosceles

f
-90" -z

I

NAS/2023lP RE LIM/4E &5N/AMATH/4o49/01
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14

9 Given thar J' t {.r}/.r - f . / {r),1, - tz. tind

(a) 
J,, / 

(x)c/-r'

Solutions

9 ( a ) l,.x*xt* J,' /t.').i..*J- lt'),1,
12t 12

24

(b) J'rt'),t *J'l{.)rl'

Solutions

9 (b ) J 
' /{.),1-' * J 

' /{').t'

l ,' / {'vr' - l' ./ {'la'
:t2-12

0

(c) find thc valuc ofthc consrant rr tbr which I'[./(r)- ntl,lx -o

Solrrtions

9 (c) J..'[./t''t -,r'.],r.- o

J.,' /t..)./*-J,r..,Lt o

1.,'nxttx 12

lnr.r- | r?!.rlL-l:

E lra l6nr

22
65rl - 1,r

2

24m=-
65

trl

t2l

ll1

NASI2023/PRE LIM/4E&5N/AMATH/4049/01
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iJ

t0 A point /'(2. 4) lies on the cun,e .,- - --j-' (.,. - i)
(a) lind thc cquatiou ofthe norrnal at point 1'

Solutions
t0 (.r)

"l)' =4( 2Xr .r)'
dx

dt -tl
clx (.t -i )'

Gradient of tangent. 8 rshen .v ?

Gradicnt of nonnal I
8

( r' l) = l(.r z)-8

,, -1r*l*,'84

.,,
tt
- r r 4-
S4

(b) The tangent at another poinl () on the curr,e is parallel to the normal at point /'

Shorv that rhe coortlinates off) is (7. -L l.. J'

Solttions
r0 ( lr) -8 I

(..' rt - t
64 = (r - 3)'

.r=7

Substitute -r = 7 into ,r,- -i -' (r-l)
4t

1

(7 - l)' 4

Coordinates olQ: tz. 1)

l4l

Fl

NAS/2023lPRE LIM/4E&5N/AM AI HI 4M9IO1
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ll (a)

16

A thin circular nreral disk changes size (bul not shape) rvhen cooled. The

disli is tlecreasing at a rate ol l2r rnm:/s When the disk has a radius of
200 nrnr. find the rate ofchange oftlie radius of thcdisk atthi$ instanl ti]

Solutions
ll (a ) Lct thc alca ol thc disk bc ,1

A : ttr:2

d'1 
- l--

d?'

dt

di d.A .h'
d( rit' ilt

-12n : Z:tr xff

Whcn r = 200,

-12tr = 2z(zoo) xS

# = -o 03 mm/s

NAS/2023/P RE LIMi4E&5N/AM AT H I 4049 I 01
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(b) A -1 dirncnsional printcr prints a chocolatc in thc shapc of a couc. During thc
printing proccss- thc volumc ol'thc conc is incrca.sing at a constant ratc of
3:r cnr3,/s 'lhc hcight ol rc conc is alrvays trvicc ofthc radius I'ind thc ratc of

increase ol'lhe radius lvhen the i olurne ol'the chocolate cone is 9r cnrj

Solrrtions
il (b) Let r be thc rzdius of tlre chr:colatc couc aftcr I

seconds.

t' =!rr'l2rl
J

't

-)

-2L):t = - Er
J

a1

2

t;i,=j;
dt' _ " _...
tlr

dt' it dr

- 
= 

-i -dt clr <ll

. <.lrjlr=::tI t-
dt

t:lt' 3

il

'['fJ'
0 26456684 2 c*r,/s

: 0.265 cm/s (i sl)

l4l

NAS/2023lP RE LIMI4E&5N/AIVl AI H I 4A491 A1
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t2

C B(4,1,5)

D

.r ( 4,0)

lhc diagram shows a trapcziunr with vcrtices .^l(--1.0). /j(4,15),('and /)
The diagonal lrl) ol'lhe trapezium intersects the .r'-axis at i;(0, I 3).

Given that,4ll 2l)('andAl.) = li unils. lind the perimeler ol AII('l).

Solutions
t2 Pind cquation of R/',:

15- 13 1
lnDd=--- 4-O 2

Sincc point.1,:' corcsponds to thc.r.irrtcrocpt of line 111,,.

v :1.r + 13

Let /)(x, -!)

I'hcn y = lrx + tZ.that is D (t, j, + r:)

Since 4D : 13 unit.s (given)

(x + 4)2 + (ir + r:)
2 : 769

xz +8x +15+!x2 + 13r + 1(t9 = 1(t9
4

l8l

E(0,1 3

NASi2023iP RE LIMi4E&5NiAMATH/4tM9/01
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'!x' + z7x' + 16 = o4

sxz+84x+64=0

x : -ftr"j""O or x: -76

v =:?16)+ 13 = 5
'l'hcreforc D (-76,5)

.r currdinatcs of (' : -16 + 4
1,-coordinates of (' = 5 + 7.5

c(-12,12.5)

Perirn eter

AD: (-+ - 1-r e;)'z + (o - s), : 13

Perimeter = 54,7 unil s

NAS/2023/P RE LIM/4E&5N/AIVI AIH I 4O49IO1

1r=,p4=ffi=t
cD--+=8.s

'_'--_-
Bc = J@ 

t t 12))' + (Ls - 12.s)z

= 16.194
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20

A small lbrcst has bccn dcclining in its trcc population since 1980. '[o 
assess this dcclinc. a

ccnsus of thc troc population of thc fbrcst was conducted on Januaty I "r at intcrvals of tcn

yeam tiom I c)80 to 2020 'l'he tablc bclow shows thc data from thc census.

Ycar 1980 I 990 2000 20t 0 7020

.r (dccadc) 0 I J 4

,y (number ol'trees) t86624 l]9968 r 0.r976 78732 59049

It is believed this decline lbllows a .1, - (iiq' curve, where2 and { are constanls.

NASi2023iP RE LIMi4E&5N/AMATH/4M9/01
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Solutions
IJ (A ) -v = e'q'

tn.v = In (e'rt')

ln.y = ln el + ln rl
ln-y= p + xlnq

Draw a graph of ln y against x

Y 0 I 1 l 4

ln} 121.1 11.85 1 1.56 t1.27 10.99

l'

t2

II

IO

-Y

0 I 2 J 4 5 6

t-i- ,!+JJ-+-
t{ t'

19

.L

NAS/2023/PRE LIMi4E&5N/AMATH/4049i01
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(b) Eslimatc thc numbcr of trccs in thc firlcst on l'rJanuary2040

Solutions
t3 (b) Frcm thc graph, whcn .v = 6 ,

lny=161.4

I=cr'I=-12859

(c) lJsc your graph to cstinrate thc valuc of 17

Solutions
I3 (c ) lnq =

lnq

.l

t2.14 - t0 4

0-6
-o29
a 0.748 (to 3 s.f. )

(d) Give a rcason *fiy this mrdcl might not bc accuratc in latcr dccatlcs

Solrrtions
IJ (d) Possiblc acccptabtc reasons:

conservation, change in attitude regarding
protection of lorest trees. climate change, less

dcforestatiorr, ctc
I Jnacccptable rca-sons:

That the rate rnight change or thal _r, 
(or nurnber

oftrees) would become 0 or negalive

12)

t2)

trl

NASi2023/P RE LtM/4E&5N/AI\I Ar H I 4049 tO1
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t4 'I'hc vclocity, v m/s, of a particlc travclling in a straight lino at timc / seconds aftcr

leavinga fixed poinl 0,isgivenby r' 2/r +(2-iklt+4k - 5, where * is a constant.

(a) Given that the minimum velocity occurs at / =!. shorv that the valueof /r 5 I3l'1

Solutions
ll ( a ) v 2t: +(2-3k)t +4k -5

minimum vctocity happcns whcn acc =' 0. t = +
4

dt'

n
t i )_t
4)

4t +2-3k 0

4 t 2 3h =0

k =5

l4 (b) [ind the time(s) the panicle conres lo instantaneous resl. lzl

Solutiorts
t4 (b ) particle comcs to instantancous rcsl, v = 0

r'=2/r-13/+15 0

(?/-i)(/-5) o

r=1.5 or5

NASi2023/PRE LIMi4E&5N/AMATH/4M9/01
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14 (c) tind thc distancc trar.cllcd in thc fi rst 7 scconds aftcr passing through () t4)

Solutions
t4 (c)

Drstance J(:r' r:r r rs),ir

2t' l3

-- 
- t' +l5t*t.

,'_
whent:0.s=0,c:0

^i
I)istance 

lt 
-t-' t' +l5r:il

when t 1 .5- s
l(1.5)' lj{t i}: rt5(t 5}=A328

1(5i' li -- 2\
',r4ren 

t 5. s ::.:l- j:(51 , !5{5) = :j-J-:6

wfient 7's 2(7)r l3(7)r Its(u;=1!12b
'l'otal distancc travellcd

l.l8t
8

8l 25

-+-86
25 9I

-+-66
. 43.75 nta

)

t,l (d) Givcn that /t is the point whcn thc particlc has zero accolcratiorr, and /) is the

point whcn the partiolc fi rst comcs to rcst, tleternrinc, rvith full working whcthcr

/? is nearer to O or to /' l:tl

Solution.s
l4 (d)

^r=T(R),Distance:l

(n\' r/rlttt
[+,] zln

l3

4

l4i
+15

48

ltl=t43 =2.98
48

7,71= 
8l 143 

= 7. r5848
Particle is nearer to point 0

- End of llaper -

NAS/2023lP RE LIMi4E&5N/AIV ATH I 4049 IO1
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Mothentutict livmtrlut

| . .\ t.G I BR.\

0uadraltc l'.qtnlntn
Ior thc cqr.ration rr.r' + 6x + < 0

ll i nomial l.xptm:ittt r

I il'mrr lae for,71 l)(.'

. la" b'+. +h'.
,,r.1

b:- b 4ac
,f

(o,h)"=a,,[l)" ,,(;).
( nt, n t

whereaisaposilrreinteger-d l r] =, , (r, ,=

btt r

sin' ,4 -cos- ,4 - l

c

2a

sin /J sin ('

+c2 -zhc cosA

lbc sin,4
2

n (ri - t) n-r+l)
rl

2. TRI GO\O]IT F:TR}'

sr',ct ,1 =l + larr' ,1

cosco'.4 = I - cot",4

sin(zl + /i) = 5ip ,4 cos /l = 
cos zl sin 1l

cos(,,{ t a)= cos I cos/J + sin lsin /l

tan(l r Fr'l - 
tan '/ = ta. /J

l+lan A tan ll
si n 221 - 2 sin .,1 cos ,4

cos 2,.f = cos: ,1 sut: rl = 2ctts: ,4 I = I Zsin: tl

tunzrl = 2lun 
,!I tan- I

0 h

sin /
a2 =h2

A
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J

,( J'
I (a) Exprcss. in lcrms of ,r. thc principal valur: trf on 

| 
.:_

\
trl

lrl

trl

(b) Stale the r.alues betweerr within each ofthe [oi)owing rnusl lie

(i) the principal value of sin ' .r,

Solutions
I b (i) -I a s;n-r , 412- -2

olt

-90" < sin-1x < 90"

(ii) the principal value of cos -\-.

Solutions
I b(ii) 0 :i cos-l x 5i n

olt

0'5cos-lr<1ti0'

Solutions
I iI( ) !
II

I
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4

2 {al
\8

, {ind in terms of lt, the term

I
x

In thebinomial onanrl*of [.f,*f
independent ofr and the coefficient of

The general (/ + t )dr term can be represented by:

(!) rv-";*.,L-r' with the power of r as 4 - r

t41

t4I

4-r =A
r=4

Term lndepen-dent of f, .11, r
4-r =-l

r=5

(l),n''ror'

coefficient , l, I *{ I
* " \5 J.rr,r'= 

ser,'

(b) Write down the first three terms in the expansion of (l + k)" in asoending

powers ofx, where a is a positive integer greater than 2.

Hence, find the possible values of* if the cr:effrciint ofl in the expansion

of (l + 6.r + 4xr Xl - ftr)" is 3l

Solu ns

7 (a)

II

., (b)

(t +nr+ at'Xl + &r)i = (1 + o.r+ iLd)( I + ekr+ t5tsf.+ ....

Ccmcierrt ofr= !5*1 + 6(5t) + 4

=31
5k'+12*-9=0

(st-3X*+3)=0

k=-to, I
5

- r)*'

I,l

T

-- l+.nks +

(1 +tff=Irr{lcd+

'rl + ,.,

(kr)r + ...

Solutions
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(

3 (a) Prove lheidentity tan 20(cosec0 2sin0)= 2cos0

Solutious
J (a ) t,Hs

= lan 20 (ct:sccO - 2 sin /J)
s\i 20 ( i- z'i"o)
cos2A
sm 29 /1-2 srrr? 8\l. -r, icas2A
2sl! 6 cos 6 / t- ) srll,2 e\

\ srna ./t-2sfi2 0

=2ct>s0
= RIIS (proven)

(lr) I lence, solve the equation tan29(coscc9 -2sin0)

0'. r<160'

Solutions

3 (b) tln 20 (cosecl - 2 sin 0) - ! sac 0

Frorn pafl (a),

2cos0 =lsecl9

cosz o I
9

cosa =]orcos6 = -|

Basic anglc = 70.529

0 -- 70.529",L8O" - 70.529",
180' + 70..529',350' - 7 0.529"

0 - 7 0.5, "109.5,250.5, 2t$.5'

?"cce lor
s

t4l

t4l

I

I
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6

4 (a) tt is givcn that I'(r) = x' . rr: 3.r . D. rvhcrc rr and 6 arc constants. has

a factor ol ( .r + 2 ) and leaves a rem ainder ol30 when dividedby (.r-3)
Find thc valuc olo and of 6.

Solutions

.l (a) l(r) = vt . ..t: 3.r . b
Givcn x - 2 is a factor, by factor fhcorcm,

f(-2) o

( 2)'ra( z)'-t(z)tt=o
-8t4at6t6=0

4a+h 2 , .(l)
When divided bv .r - 3. by, Remainder Theorem,

f(3) = 30

1l;'+zr(:)'-3(3)-, 30

27 +9a-9-h =]0
9a.h--t2.. .. ..(21

(2) (l): 5a = l0
tr 2 subst inro (l)

4(2\.h=2
b= 6

:. a.Zandlt'--6

t5l

II
I

I

I I
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7

(b) [,sing thoso valucs ofrr and b. fhctorisc l'(x) complctcl.v into thrcc lincar

factors. using surds *hcrc ncccssary and thus solvc l(x) = 0.

Solutions

{ (b) l(x) = v' 2t 3x 6

t-rsing thc givcn {'actr>r (,r - 2)

x' - 2x' -3r -6 ("r+2)(2.r' +qr* r)
By observation. 2 = I and r= li

x' -2x' -3x -o (.r+z)(x -,A-l)
compadng coemcients ol'x: :

7 q-Z
q=O

x' -2x' -3x -6 (r+z)(x' --t)
(..-2)(r+.6)(..-.6)

l(x) = r\
(x+2)(x+y'|(r-rtl=o
:. x : -2,-i1 and l5

t4l

I I

I
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s (a) Show that .l (.r)
-Y- -4" is an increasins lunction li'rr x ;' 0r

Solutions

5 (a)
.'-a

I.er /(r) = ------r

/ (x)
(x)(2r) (.Yr 4)

.: -l a
/(r)=i--:-=t --r- -r-

Sincc x' > 0 and .r + 0 ../'(.Y ) .> 0

Since ./'(.r) > 0, ' - 4 
is 

"n 
increasing t'unction

-r

lorr >0

(b) Find lhe coordinates ofthe stationary points of thecune t=2-r:(3 'rI
determine the nature of eaclr stalio ary point.

Solutions
(b) ,k'

dx

Lly

dr
dt
dx

= 4x(3 - r)' .2r'(4Xj- n)'( -1)

- (i - r)t(-8jr) + i2x - 4.r:l

(3 - x)'[- l2.r: + l2"r]

(3 -.t)'[-l2.r: + l2-rl 0

3 -x 0 or 12x(l -x) 0

.r-corlrdinatcs f<:r all stationary poinls arc 0, I

and i

and

[2]

I7l

I

I



BP - 395

9

Solutions
(b) 4=p-r1,7-tzx2 +t2xl

(0, 0) is a minimum point.

.r 09 I 1.1

dy

dtc

O-o9ft-lZ0.9i:.1{1, 9)1, 0 0 (-r - l. lyl- 12( l. lP + lar.lll < 0

Sketch of
tangent

Outline

(l, 32) is a maximunt point

x 2.9 -] 3.1

dy

dx
:3 - 0 9)'l- r :i0 e)r + lr(o 91l l 0 0 (3 -5.U't-la3.l): + la3.l)l .o

Sketch of
tangent

Outline

(3, 0) is a minimum point.

,r 0.1 0 01
dy

dx

(l+u.l)rl-l:(r., l)1 + l2i-0 l)1.: i, 0 (3 0.1)1- 12(0. r): + I2(0.1)l > 0

Sketch of
tan_qent

Outline
I
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6

l0

Samucl dcsigns an opcn rcctangular tank rvith the caoacity of 2 I 6 ml I'he lank has

a squarcbasc rvith lcnglh of .r mctrcs anda hei-*ht of i mctres \'latcrial cost for thc
lbur rvalls ofthc tank costs S36/m: and rhc material cost ofthc base is $90/ml.

h

./s
t

(D tf (listhe total matcrial cost lbr making thctank in dollars. shorv that

(l = 96t: , 3l 104

x

Sol utions
6 (i) xt h = 216

216
h --

x

(' 36(4.*)+eO,r:

t' =to1t*1( !9\x- I 90-rl

3il04( 9Ur'+-
.r

t31

I
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lt

(ii) Givcn that x can vary- find thc valuc of .r for rvhich (' is statitlnary

Solrrtions

6 ( lt) 4=r3or r1 r1llll91)dr ', .r- ./

180,r . ( r)
I 04

I
=0

180.r'i1104=0

,Y
h61t-!s

:5 5699066
: 5 -57 m (l si.!rniflcant figrl res)

(iii) Detenrrine whelher this value olx gives a ntarimunt or nlinimum value lor
('. I [ence stale the value o{'('.

tjl

lrl

Sokrtions

6 (iii)
\\,'herr r 5 5699066.

,/=,.' _,rr*f:,I
dx ',.

ill04 ,>0
5.6?9066r

5insq 
/'1: 

.> 9 , cl is a minimum vaiue.

Minirnum cost: 90(5.56991)t -;ffi

= $8i76 44
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7

4

e
4nr B

0 Jlll ln

v
()

The diagranr shows a melal bar Ol, which is hinged at (1. and anolher lnelal bar
I iJ, which is hinged at ,1. The bars can nr ove in the r-rrplane with origin (l where x
and y axcs arc horizontal and vcnical rcspectivcll'. lhc bar OA can turn about ()

and is inclined a! an angle 0 to the ;..6115. where 0''.: 0'< tr and o'is an acute
anglc 'l hc bar AR can turn ab()ut I in such a $.a,v that thc inclination 1o thc
horizontal is also d, and that R is above the r-axis. 'l hc lcn-qth.s <tf ( ),r't anl ,4R arc

7mand4mrcspcc'tivcly

(a) Express i in thc {'orm r:rcosd-15sin6.rvhercrland 6 arc intcgcrs

Solutions
1 (a) Let h1 and h2 bc thc vcrtical componcnt of Oz1

and ,lii respectirely.

hr = 7 cos A

hz=4sin0

'l'hcreforc h=7 cos0 -4sin0

12l

lt is givcn that thc perpendicular distzrncc ofB fiom thc x-axis is i m.

l'
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(b) Show lhat o is approrirrrately 60 255" correcled lo i decitral places tzl

Solutions
(b ) Ior ll to be abor e lhe r-axis.

h>0

7cos1-4sin0>0

ran0 <!

6J = titr '-
4

= 60.25511'
= 60.25.5" (shou,n)

(c) L.lsing your answer in (a), erpress i in the lorm /lcos({/* a). r.r'here /? ,'0

and0"<a.90..

Soltrtions
(c) h=7cos9-4stn0

R = \117 +T =l16a

u - tan-1 !
'7 - 29.7 45

h=rG5cos(0 + 29.70)

lll

I

I

I
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(d) lYithout doing any further calculation. cxplain rvh-l thcrc is a solution f'or

0 at h =6

(c) Find the value o1'd such that h - 6.

trl

12l

Solutions
(d) /t = 6 is cquivalcnt to

h=V63cos(// +29.745')

Since the maxinrunr ol'h is ..l'GE, which is
grcalcr than 6. thcrc is a 6 which satisf) thc
equalion

II

Solutio s

1 (e) J65-cos(o +29.745)=6

cos(9+29.745")-|

Basic angle = 41 .9OL)'

0 + 2L).745'= 41.909'
0 = 72.2"

A : t2.2"

I

I

I

I

I



BP-401

li

ll .,\ circlc has cquation .rr + -,1.'t - 4r - li;'- 5 0

(a) find thc radius and thc crxrrdinatcs ofthc ccntrc 0fthc ci:clc ('

Solulions
(a) Lr:r2g=-4,9=-Z

t.et2[ -8,f = 4

1'6n1ys = (2, 4)

Itadius =
: 5 units

(-2)z a 1412- 5

trl

8

I

I

I
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The Iine 3y = -v - 5 cuts the circle at two points ,4 and I
O) Find the shonest distance of the centre C from the line /.8, expressing your

answer in the form ].fi, r"here l is an integer.
2

Solutions
8 (h) 3y=-x-s

x = -3y - 5... (l)
x' + y2 - 4r + 8y - 5 = 0

(-3y - s)'z + yz - 4{-3y - 5) + 8y - 5 = 0

9y2 + 3oy + 25 + y2 + l2y + 20 r 8y - 5 = 0

10y2+soy+40=0

y2+5y+4=O

(y+t)(y+4)=0

Y = -lorY = -4

When y - -t, x - -2 ) (-2,-L)

Wheny = -4,x =7 ) (7,-4)

The shortcst distancc from cctrlre C to /B can be
found by crlculnting tle dietonce from C to the
midpoint of ,{8.

M
/-2+7 -r+(-4)\\7',)

M(2'.5,-2.5)
c(2,-4)

CM_ (2.s - 2)2 + (-2.s - (- 4))'

=).t-ro

t7l
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9 (a) (i) Skctch thc graph of -r, - o(r" ') in thc spacc providcd bclorv

t7

()

Sotutions
t) (a)

(i) )

r,= 6 ( _t )

).

r
(

trl

)

r

I

I

I

I

I
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(ii) Gven that m = 3', express 3r' I +& = 6(3' :) as a quadraric equation

tfi t.

Solutions
9 (a)

(ii)
:.*, +* = 6(3'-.)

(,')'
.2)

+k=6 .tJ

Since ,r, = 3',

m' 6m

99
m! -6m +9k =O

(iii) If f > l, explain why there are no real solutions for

:'_, +f = 6(3.,, )

Discriminant = (--e)' - +[11 vx.1

=36-36k
If t >1.

36k <-36
36-36k <)6-36

Discriminant < 0

therefore :-' +* = o(3*t) has no real

solutions.

t2l

t3l

Solutions
9 (a)

(iii)
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(b) (i)

19

7t ) i. divi.ilrl" lry I I tirr all positivc intc3crs(Provc that 7r ' r 28

of*. l2l

Solutions
9 (hi) 7t ' .28 ( 7 )

(z
(
-t'

)

l8 ')
7

--(t'
r'(

)t,
7')

4

7

)

Since 7r +zt(z' ') t t(z'), z' ' +zr(z' ') is

divisible bv ll lor all positive inle--sers o{'k.

(ii) Solr.e thc cquation log-./S".t , 21oe,- 5 =log,(r - 2).1og,,27 . l4l

Solutions
9 (bii) log"Jrr rt . 2log.,5 = log. (.r 2)

2)

r log 27

.Ios, lltog, Jrr . I . log-. 5r =
log:

l,rg. 4

log...6i.t.t=ftne,(' /) )

log.&rrl log.Jr z=:t t

ar,,,E=,
llr I ^.
\x-z-'

5.r-l _,U

5.r-l l6.r - 32

x=3

I
I

I
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l0 (a) Show rhat

Solulions

l0 ( ll ) ,(dx-
,'- l) (' (.r- l)e' - c'

(b) The diagram shows parl ol' lhe curve y' 2xe'+3 Find the shaded area

boundcdbl'thocunc.thclinc.l l0.r - 3 and thc linc r rr.

.)=iOr'-l

)'=?xa'-3

.Y

4 1r t 1u' =r"'.
d-r

l2l

I l0]

.l

at

Solutions
l0 (b) Point of intcrrcction bctwecn cun,c and lino.

J =2.re'-3.10.r+-l
2r?* l0r=0
x(e' . -<)= o

x 0 ore* 5

x ln5

I

I

I

I

I
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-End of Paper -

p"o a=1"$o.r+:)n!- iJ'(ZXe *J tu)

=J''(ror- zo"),*
. -rlh5 r rln(

= [sx'], - z[(x- t)e'.],,

= s(ln 5)' - z[{tn s - t)e'"' -(-r)c' ]

when/=0,r=-0.3=,1

1,,r"t= f'"-(zo" - tox)dr
r aD - -rJ

=21(r-l)c'1,. Lsr-l_0,

= 2[(-1)eo .(-r.rp "'] - [-s1+;)'l
= 0.3761

= 4 857 t

Total area = Area A + Area B

= 4.8571+ 0.3761
:5.2332
* 5.23

I


