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Candidates answer on the Question Paper.
No Additional Materials are required.

' READ THESE INSTRUCTIONS FIRST

Write your index number and name in the spaces at the top of this page.
Write in dark blue or black pen.

You may use an HB pencil for any diagrams or graphs.

Do not use staples, paper clips, glue or correction fluid.

Answer all the questions.

Give non-exact numerical answers correct to 3 significant figures, or 1 decimal place in the
case of angles in degrees, unless a different level of accuracy is specified in the question.
The use of an approved scientific calculator is expected, where appropriate.

You are reminded of the need for clear presentation in your answers.

The total number of marks for this paper is 90.
The number of marks is given in brackets [ ] at the end of each question or part question.
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Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the equation ax” +bx+c¢=0,

—b++b* —4ac

2a

xX=
Binomial expansion
(a+b)" =a" + [ﬂa“b + [g]a"'zbz Foik [n]a""b' +..4b",
r

_oon n(n=1)..(n-r+l)
C(n-r)r r! '

n
where n is a positive integer and [ ]
P

2. TRIGONOMETRY
Identities
sin? A+cos* A=1
sec’ A=1+tan’ 4
cosec’A=1+cot® 4
sin(A + B) = sin Acos B +cos Asin B
cos(A+ B) =cos Acos BFsin Asin B
tan A +tan B
¥ tan Atan B
sin2A4 =2sin Acos A
cos2A4 =cos®* A—sin* 4 =2cos* A-1=1-2sin’ 4
2tan A
1—tan* 4

tan(4 + B) =

tan24 =

Formulae for AABC
a b c

sin A - sin B - sinC
a* =b*+c* -2bccos 4

Area of A = %bcsin A
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BP~322

Answer all questions.
A steel cylinder has a radius (2\/5 -3J2 ) cm.

Find the top cross-sectional area of the cylinder in the form (a +bJ6 ) n cm’, where

a and b are integers. [3]

Solve the simultaneous equations.
2x+y=4

: [4]
4" =256
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3 (i) Express y=-2x"+8x—13in the form of a(x- h)2 +k. [2]

(ii) State the coordinates of the turning point. [1]

4

2x*+8x—13 21

(iii) Hence, find the minimum value of
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Given that S——xidx = ln% , find the value of n. [4]

wxt ~2x-18
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4

S  Express g Sl

3

in partial fractions. [6]
x +2x
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6  When the expression 3x’ + px® +gx +8 is divided by x* —3x+2, the remainder is
2x+3. Find the value of p and of g. [5]
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The diagram shows part of the curve y = a cos bx + ¢. The y-intercept of the curve is 1
and the curve has a maximum point at (27,5) .

(i) Find the equation of the curve. [4]

(ii) Itis given that x = %r is a solution of the equation acosbx+c=4.

Write down the next solution of acosbx+c=4. [2]
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8  Itis given that f(x)=xsinx.

(a) Find f'(x). 2]
(b) Hence,
(i) show that f"(x)+f(x)=2cosx. [2]
(ii) find the value of |} xcosx dx. [3]
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9 The diagram shows a kite ABCD in which the coordinates of 4, C and D are (0, 3),
(—6,9) and (—4, 0) respectively. AC and BD intersect at point N.

C(-6,9) N
B
N
(0,3)
D (4,0) 0 P
(i) Find the equation of BD. [3]
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BP-~330

(ii)  Find the coordinates of B. [4]
(iii) Find the area of kite ABCD. [2]
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10 (i) Prove the identity 7cos ‘x—7sin* x = 7cos 2x. 3]

(ii) Hence, solve the equation 7cos ‘x—7sin‘ x = ,for 0<x<2x. [5]

cosec2x
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11  In the diagram, AB and AC are tangents to the circle with centre O. M is the midpoint of
BC and BC = DC.

p ,

(i) Prove that AABM and ACOM are similar. [3]

(ii) Tim says that a circle can be drawn through points B, 4, C and O. Is he correct?
Explain with clear workings. [2]

(iii) Prove that BD is parallel to AC. [2]
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BP~333

4
12 (i) Giventhat a=3" and b=3”, express logy ag_lb in terms of x and y. [3]

(ii) Solve the equation log, x* —3log, 4 =log, 2xlog,16. [4]
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13 A container in the shape of a right circular cone has a height of 12 cm and radius 3 cm.

The container is initially filled to the brim with water at first. Due to a leak, the water

level is dropping at a constant rate of 6 cm?® s™'. The depth of water after ¢ seconds is
pping €p

h cm.

®)

(ii)

(i)

A

12 cm

i

Show that the volume of water in the container, ¥ cm?, at time ¢ seconds is given

1 3
by V=36r——nx(12-h) . 4
y m 483( ) [4]

Find the rate of change of the depth when the depth of water in the container is
7 cm. (3]

Showing your workings clearly, state what happens to the rate of change of the
depth as ¢ increases. [1]
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, where k is a constant. The line

14 The diagram shows part of the curve y= .

=

4y =3x+2 intersects the curve at (0,%) . Line [ is the equation of the normal to the

curve at x = 3.
4y =3x+2

e -

(i) Find the equation of line /. [4]
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(ii) Find the coordinates of the intersection point S. [2]
(iii) Find the area of the shaded region. [5]
END OF PAPER
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Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the equation ax’ +bx+c=0,

_ —b+4b? —4ac

X=
2a

Binomial expansion

(a+b)"=a" +(Ua’”b+(2)a"’zb"‘ +...+(nJa""b’ +..+b",

r

¥y

n nt nn-1)..(n-r+l)
- (n—r)r! - r! '

where n is a positive integer and (

2. TRIGONOMETRY
Identities

sin? A+cos? 4=1
sec’ A=1+tan’ 4
cosec’A=1+cot’ 4
sin(4 + B) =sin Acos B £ cos Asin B
cos(A* B) = cos Acos B ¥ sin Asin B
tan A+ tan B
l1¥tan Atan B
sin2A4 = 2sin Acos 4
cos2Ad =cos’ A—sin* A=2cos* A-1=1-2sin* 4
2tan A4
1—tan” 4

tan(4 + B) =

tan2A4 =

Formulae for AABC

a b c

sin 4 - sin B N sinC
a’*=b*+c¢* —2bccos 4

Area of A= %bcsinA

PartnerinLeaming
334

BP~338
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Answer all questions.

1 Solve the equation 3—2e* =e™. [3]
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2 The term containing the highest power of x in the polynomial f (x) is 3x’. It is given
that x* —2x+3is a quadratic factor of f (x) and one of the roots of f (x) is 1.
(i) Find an expression for f (x) in descending powers of x. [2]

(ii) Find the number of real roots of the equation f (x) =0, justifying your answer. [2]

(ili) Find the remainder when f (x) is divided by 3x-2. [2]
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A particle P is moving on the x-axis and its displacement from point O, s m, after ¢
seconds, is given by s =¢*(2¢t—3)+ At+ B, where 4 and B are constants.

(i) Find, in terms of ¢, the velocity of P, v my/s, after  seconds. [1]

When ¢ = 1.5, P is passing through O, and is moving in the negative x-direction with

speed 7.5 m/s.

(if) Find the values of 4 and B. [3]
(iii) Explain what the value of B represents. [1]
(iv) When P is instantaneously at rest, find the acceleration of P. [4]
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4  The diagram shows a plot of land PORS formed by two triangles, triangle POR and
triangle PRS. The lengths of PQ, PR and PS are 10 m, 13 m and 12 m respectively.
Angle RPQ = @ rad and QP is perpendicular to SP.

0
R
10
13
7]
s 12 P

(i) Show that the area of PORS, A m?,is A="78cosf+65sin8. [3]
(i) Express 4 in the form Rcos (6—a) where R>0 and 0<a < % [3]
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(iii) John claims the area of PORS can be 120 m?.
Do you agree? Explain your answer. [1]

(iv) Find the value of @ when the area of the field is 90 m”. [2]
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5 (a) (i) Determine the set of values of p for which the equation

x* +2x+ p=3px—1 has no real roots. [4]

(i) Hence, state what can be deduced about the curve y = (x+1)” and the line

y =3x-1. Justify your answer. [2]
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(b) Show that for the curve y=hx”+kx+3k to meet the line y=—h(1+3x)at two

distinct points, the condition that must apply to the constants /# and k is k <hor
k > 5h, given that A4 > 0. [4]
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10
6 (a) Find the term independent of x in the expansion of (f ——1—2—] : [3]

(b) In the expansion of [2 +%] , where n is a positive integer, the ratio of the

coefficient of x to the coefficient of x* is 16 : 5.
(i) Show that the second term in the expansion is 2" nx. [2]
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(ii) Find the value of n. [4]
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¢

(a)

(b)

A cuboid of volume ¥ ¢cm? has a square base of sides x cm and a height of

(px + g) cm. Values of V for different values of x have been collected.

Explain how a straight line graph can be drawn to represent the formula,

and state how the values of p and g can be obtained from the line. [4]

A liquid 1n a container was left to cool. The difference between its temperature
and the room temperature at time ¢ minutes was 7°C. The table shows some
recorded values of 7 and 7.

t min 5 10 15 20 25
Y ld 16.1 8.6 4.6 2.5 1.3

These figures can be modelled by the formula 7 = ae” , where @ and b are
constants.

PartnerinLearning
344

BP~348
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(i) Draw a straight line graph to show that the model is reasonable. [4]

(i) \G\ivveﬁn fhat the room temperature is 28°C >, what is the initial temperaﬁire of
the liquid? [2]

(iii)  Explain why the value of T cannot be zero. [1]
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8 A curve has the equation y = xe™*.

(a) Find the coordinates of the stationary point. [4]
d’y
(b) By finding P determine the nature of the stationary point. [3]
x
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(¢) Complete the table, leaving your answer in standard form.

X 0

-1

-5

-10

(d) Using your answers in (a)-(c), sketch the graph y = xe™, x <0.
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9

The circle, C,, intersects the y-axis at 3 and y =1 is a tangent to the circle at (4,1).
(i) Show that the coordinates of the centre of C, is (4, 6).

(i) Find the equation of circle, C,.
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Another circle, C,, has equation x* + y* +8x—12y+27=0.
(iii) Find the radius and the coordinates of the centre of C,. [3]

(iv) Explain the relationship between C, and C,. [1]

(v) The point (p, 6) lies within only one of the circles.
Find the range of values of p. [3]
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10 (a) The graph shows part of the graph y=x + .| , where 4 is the minimum point. The
X

line cuts the curve at points 4 and B(1, 2).

A
¥y
/B (1,2)
A
x
Find the area bounded by the line AB and the curve. [10]
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(b) Kandy is asked to find the shaded area as shown in the diagram.
The curve y = x* — 2x* — x + 2 cuts the x-axis at 1 and 2.

2

Kandy incorrectly claims that
Area of region = [} x* —2x* —x+2 dx =~ 2.67units .
(i) Explain what 2.67 units represents in this context. [1]

(ii) Without finding the exact value, describe how Kandy should find the correct
area of the region. [1]

- End of Paper -
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2023 4Exp AMath Paper 1 Marking Scheme

Process

Area

7:2\/_ 3\/_]

AO1

¥ =256

4y’ = 4%
Y. 2)
Sub.(l)into (2)
(4-2x)" =4x
16—16x+4x" —4x =0
4x’ -20x+16=0
¥ —5x+4=0
(x-1)(x-4)=0
x=lorx=4
y=2ory=-4
x=Ly=2
x=4, y=—4

3()
AO1

T y==22 +8x-13

:—2(x1—4x)—13

3(iii)

3(i)
A02

5 5
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AO1

-
[ g
nx'=2x-15 13

J-S x-5 33

e TS el
"G-S)(x+3) 13

¢ 1 dx:]n33

"x+3 E

143=33n+99
33n=44
4

n=—

AO2

2+ 2x+1 1+2%—2x°
=x+
x+2x x(x2+2)

1+2x—2x* 4 Bx+C
x(x2+2) __x_+(x2+2)
Whenx=0,

14+2(0)~2(0)" = 4(0+2)+0(Bx+C)
1=24

|

A=
2

Whenx=1,
1+2(1)-2(1) =4(3)+1(B+C)

1= 3(1}-% B+C

Let
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Whenx=2,
1+4-%2f=%{®+2@3+6)

5-8=3+4B+2C
4B+2C=-6
2B+C=-3.... . (2)
2)-{):
B=-2
2

C=2
x4+2x+1 1 4—5x
O A R LT e

X +2x 2% 2(x?+2)

3(2) + p(2) +¢(2)+8=2(2)+3
24+4p+29+8=7

A4p+2G=-25 .. (2)
@2)-:

2p==13

6 3x3+px2+qx+8:(x2—3x+2)Q(x)+(3x+2)

AGS 35 + pxt +gx+8=(x—-2)(x-1)Q(x)+(3x+2)
Whenx=1,
31+ p(1) +g(1)+8=2(1)+3
34 p+g+8=5
p+g=—6......(»0)
Whenx=2,
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e 1+5 _3
2
a=-2
Equation: y=-2cos %x+ 3
R
A02 |
: (27,3)
st o —
4 p A~
p
d ///// PRI P
$ e
1 W//
4
.4 27
3
m=2x— i
3 3
By symmetry of graph,
next solution of graph
2
=27+ —
3
_8n
3
Alternative solution:
—2cos —1-x+ 3=4
2
1 1
COS—xX=——
2 2
n
o =—
B
1 7z n
—X=A——, A+—
2 3 3
4 8n
x=—,—
33
Ans: 8—”
3
=
AO1
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f'(x)=xcosx+sinx

8bi
AO1

Show that f (x)+f(x)=2cosx.

f'(x) = —xsinx +cos x+cosx

f'{x)+f(x)=2cosx

8bii
AO2

[ xcosx+sinx dv=[xsinx],
P xcosx dx

=3sin3—j§sinx dx
=3sin3+ [cosx]g
=3sin3+cos3-1
=-1.57

AO2

9-3
i

Mo X mgp = —1

mg, =1

y=x+c, sub(—4,0)
c=4
Equationof BD: y =x+4

9ii
AO2

Equation of 4C: y=—x+3
x+4=-x+3
2x=~+1
1

oL 7
fy 2

(4

2 2

N is the midpoint of BD.

Let coordinates of B be (x, ¥)
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4t 93y 1 L ZJ
) 3k

—4+x _ 1

2 2

>
O+y_
2

M|~y W

y=T7
~.Coordinates of B: (3, 7)

9iii | Area of kite ABCD = 2x Area of A4CD

110 -6 -4 0
=R
23 9 0 3
=[(-12)-(-36-18)]
= 42 units®
Or
Area of kite ABCD =—

10 3 =6 -4 0
23 7 9 0 3
=(27-12)—(-36-42+9) =

= 42 units’

10() | 7cos*x—7sin*x
L ’7(cos *x—sin’ x’)
= 7(cos *x-+sin’ x})(cos *x—sin’ x)
= 7(cos 2Jc—sinzlx)

=J0082x
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(if)
A02

5
coseclx

Teos‘x—Tsin' x=

7co82x=
cosecZx

Tcos2xcosec2x=15

cOS2x
7 =3

sin2x

ta:n2x:Z

basic angle = 0.9505
2x=0.9505,7 +0.9505, 27 + 0.9505,37 + 0.9505
x=0.475,4.09,7.23,10.4

11i ZAMB = ZCMO =90° (vertically opposite angles)
AO2
Let ZABM = Z/ACM = x° (tan from ext pt)
/OCA=90° (tan L rad)
ZOCM =(90-x)°
ZBAM =(180—-90—x)° (£ sum of A)
= (90 - x) ©
=/0CM
. AMABM and ACOM are similar. (AA)
llii Since A4BM and ACOM are similar,
=0 £BAM = LOCM
LABM = ZCOM
. Yes he is correct because by the property of angles in the
same segment, a circle can be drawn through points B, 4, C and
0.
11iii | £BCA=2ZBDC (alt seg thm)
AO03

/CBD = /BDC (base £ of isos A)
=/BCA

By alternate angles, BD is parallel to AC.
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12()

a=3"

x=logza

b=3
y=logz b
ab

log, —
23 31

=logs at+ logz 5—log; 81

=4logs a+log; b—logy i

=4x+y—-4

12(ii)

log, 4

log, » —3log, 4=log, 2xlog, 16

_ 10g22xlog216

log, x* —3(

Sublog,x=y

log, x

log,4 log,4
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13(i)
AO2

13(ii)
AO1

1.3(iii)
AO3

7 7]22
:36ﬁ—§ﬂ£12 )

12—
5 (12-h)

1 3
=367 ——n(12-
7 487!(1 h)

V =367~ (12~ h)
48

= 2R ()

@{ 9%
dtl,, w(12-7)

=1.22 cms™!

96

. dh :
Since — = —————, as Lincreases, /i decreases, hence

dt  #(12-h)

the depth will decrease.

(12 ~h)2 increases, so % decreases. .. the rate of change of
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14(i)
AO1

Eqn of curve: y =

4—x

3

2 4=

dx

gradient of / = —1+%

14(ii)
AO2

14(iii)
AO2

=-2
atx=3,y=1
Equation of line /:
-l
x=3
y-1=-2(x-3)
=-2x+6
y==2x+7
4(—2x+7)=3x+2
Ilx=26
x= Zi
11
y=22

11

Point of intersection of 2 lines = (2% 2%}

PartnerinLearning
363

BP-~368



2023 4Exp AMath Paper 1 Marking Scheme

4
Areaunder 4y=3x+2 fromx=0tox= Zﬁ

YLad)od)
2y 2 11)0 11

= Bi or 3.27685
242

Areaunder line / from x = 21—41 tox=3

4 N
| (LA Ls-ziJ
2T T
2122 or 1.041322

121

Area under curve
301
= dx
hy=
3 1
2'[0(4—x) 2dx
& 3
!
| (4=p
1
—(-1
L 2( ) 0
.y 1 3
= —2(4—x)5}
L 0
Area of shaded region = 3ﬂ+ li— 2
242 121
:2—7— or2.32
22
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Process

(@)

>
O =i
k.

;vczlnl orx=Inl
2

x=-06930rx=0

20 | f(x)=3(x—1)(x*—2x+3)

AO2 : )
=3x—6x" +9x—3x? +6x—9

=3x"—9x? +15x-9

2(ii) - o
A02 f(.X) - 0

¥ =2x+3=0
b —4ac=(-2)' -4(1)(3)=-8<0

Since x* —2x+ 3 has no real roots, f(x) has only | real root,x=1.

2@ | 5 2y (2} (2) .
AO1 f(g)—3[§] —9(3) +15[§]—9

:-§—4+1
9

5.
9

3D | s=r(2-3)+4r+B

AO1 -
Fs=2t'-3t"+4t+ B

v=6f—6t+4
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BP~371

John.

3(ii)
AO2 | t=15
~75=6(1.5)-6(1.5)+ A
A=-12
0=1.5"(2x1.5-3)-12(1.5)+ B
| B=18
3(iii) | P started moving 18m to the right of O.
AOQ3
3(v) | v=61-61-12
AO2 |
y=10,
(2-2)(z+1)=0
t=2
a=12t-6
a=18m/s? B |
)
4i 1 . f
- |
AO?2 Area of APRQ 5 (10)(13)sin#
=65sin8
«xRPS=2_¢ |
2
Area of ARPS = %(1 3)(12) sin(%— e]
:785in(£—9J
2
=78cos &
Area of PORS, 4= 78cos 6+ 65sin& (shown)
4ii | A=78cos6+65sin6 '
AO1 | R =78+ 65
= 10309
=101.533
o =tan™ 2]
78
=0.69473
A=102cos (6—0.695) or
A=1J10309 cos (6—0.695) or
A=1361cos (8- 0.695)
4iii | Maximum 4 =13v61 or 101.533 < 120, hence I disagree with
AO3
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4iv

AO1

1361 cos (8 —0.69473) =90
cos (8—0.69473) = 0.8864
6 =0.48126+0.69473
8=1.176
=1.18

5(ai)
AO1

x' +2x+p=3px-1
x*+(2-3p)x+(p+1)=0
For noreal roots,

b*~4ac <0

(2-3p) —4(1)(p+1)<0
4-12p+9p* -4(p+1)<0
9p*—16p< 0
p(9p-16)<0

16
O< p<—.
¥ 9

S(aii)
AO3

x4+ 2x+1=3x-1

By comparing with (1), p=1

When p=1, it is within the set of values for which the curve has no
real roots. Herce, the curve not meet/cut the line.

S(b)
AO2

I’ + foc+ 3k = —h(1+3x)

hx +loc+3k = —h—3hx

e’ il + 3 +3k+ h=0

b’ +(k+3h)x+(3k+h)=0
b* —4ac >0

(k+3h) —4(h)(3k+h)>0
k? + 6hk+9h* —12hk —4h* > 0
k* — 6hk+5h* >0
(Sh—k)(h—k)>0

Sh<k or h>k

6a)
AO02

10, e 1Y
masm={ 7)) (55
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term in x =(x3 )lo_y ( zr J

X
30=3r-2r
=X

= x30—57

30-5r 0
» ¥ _—_x

X
r==06
. 10y 1Y
term independent of x =) L——J
L 6 3
=10
243

6(bi) x " : P n-1 " Iﬂ n-2
AR RGN

G(bii) X "‘— ., n n-1 - n n-2
o= PR
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n-2 2
3rd-term=(nJ2 [-{j
2 4

nln-1) ., ,( x*)
=S|
2 7

=n(n—-1D2"*°x

=nln-12""x

n2" 16
nn—12"" 5
I e 16

n—1

I

R RV Ll

1

I

n=1
n—1
7

Ta
AO3

V=)x)px+q)
V= px’ +gx’
Divide by x* throughout,

v
—zsz—’{-q
X

A straight line can be obtained by drawing v against x.

T

x

The value of p can be obtained from the gradient of the graph.
The value of g can be obtained from the vertical intercept of the

oraph.

T=ae®

In7 =Ina+bt

Plot In7 against 7.

tmin |5 10 15 20 25
Toc |16.1N\38.6 46 2.3 13
In7 [278 215 [153 [092 |0.26
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8
A((z?! M1- correct
| differentiation
E M1-=0 seen
|
L y=
' | Al- x-value
8(b) d = SRS, AN O S AN S “m—"w," il
Abi
AO2 %}@n gﬂ&) +(1+2x)e*2
Ml
T =05
1%529.96, (accept 27.1 to 33.1)
Igdial te?hperature &
= 2849967 o
mﬁ%ﬂnﬁl oint (accept 55.1 to 61.1)
Bi | [T is undeﬁned when 7 =0. Hence T cannot be zero.
AO0J3 | As x —» -, y approaches/ tends to 0. i . Bl
__8(d) | Using-your-answers-in-(a)-{c);-sketch-the-graph y-= xe—“ ol |
AO3
t,
> Bl
Total: 9 marks
9i
AO2
Coordinates of C: (4. y) Ml
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JO-47 +G-3)" = (-1 Ml
16+9-6y+y* =3y —2y+1
—4y=-24
y=4
Coordinates of C: (4, 6) [shown] Al
91 Radius = 5 units M1
AO1 | Equation of circle: (x—4)* +(y—6)° =25 Al
i | x* 4 y? +8x—12y+27=0
(x+4)° —16+(y—6)° —36+27=0 M
(x+4 +(y—6)' =25 Al
Centre: (—4,6) Al
Radius: 5 o
C, is a reflection of C; on the y-axis (or x=0). Bl
Intersection of Cj and y = 6:
(4-5 ,6) and (4+5, 6) i
(-1, 6)and (9, 6) M1
Intersection of Czand y = 6:
(1, 6) and (-9, 6) Ml
6 el
gﬂ ,‘L :s\é
i - y—ie il
i “\: "‘! ; ;}
e /
Range of p:
O<p<—-lorl<p<9 Al
oy L Total: 12 marks
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W [ 1
AO2 | YTF T M, M1 |
% Y L |
* Al g
3x*-1=0 Al !
x=0.75983 w
y=1.7548
A(0.760, 1.75)
Area of trapezium MI-follow thru
: their x, y-values
= —(1-0.75983)(2+1.7548) | Al
2
=0.45090
Area under curve
1
= [ epey ¥ +— dx -
jﬂ.75983 x I
4 1
x . .
= {‘4_ +Inx } MI- integration
075983 i Al
=0.4413297 ' M1- area of trap —
Area = 0.00957units area of curve
Al
10b(i) Explain what 2.67 units represents in this context.
AO3
The difference in the areas between the region above and the Bl
region below x-axis.
10b(ii) Any explanations,
A3 | [ -2 w2 de— ¥ —20 —x 42 including in words-
the need to split the
2 regions and to
find the positive
value of the area of
both regions.
Total: 12 marks
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