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Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the equation ax® +bx+c=0

-b+b* —4ac

2a

XxX=

Binomial expansion

(a+b)" =a" +{ﬂa”“b+[§]a"‘zb2 +...+(nja"‘rb’ +..+b",
v

n]_ nt n(n=1)..(n—r+1)

r _r!(n—r)!“ r!

where n 1 a positive integer and [

2. TRIGONOMETRY
Identities

sin® 4+cos” A=1
sec’ 4=1+tan’ 4
cosec’ A=1+cot*> 4
sin(A+ B)=sin Acos B+ cos 4sin B
cos( A+ B)=cos Acos B Fsin 4sin B
tan A+ tan B
lFtan Atan B
sin24 =2sin Acos A
cos2A4=cos’ 4—sin’ A=2cos’ 4—1=1-2sin’ 4
tan2A=—-—2tanf
1-tan” 4

tan(A+B)=

Formulae for AABC
a b ¢
sind sinB sinC
a’ =b* +¢* =2bccos A

A:labsinC
2
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1

Angles 4 and B are in the same quadrant such that sin 4 =
Find the exact value of

and cos B = —i
(i) tan A4,

25

W W

(ii) cosec B.

(2]

Given that 2" +2*? = 6%, find the value of 3* and hence find the value of x correct to 4
significant figures.

(3]

[Turn over
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3 In triangle ABC, AB = (3++/5) m, AC= (3-+/5) m and angle CAB = 60°.

()

(ii)

A 3+/5 B
60°
3-5
C
Express the length of BC in the form (k«/g ) m, where £ is an integer. [3]

Express the shortest distance from A4 to BC produced in the form ( p\/f ) m, where p

is a real number. [3]
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4 The line 3y = 6 — 2x cuts the curve x* —y* =9 at points 4 and B.
Find the coordinates of the midpoint of 45. [5]
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6

The equation of a curve is y = 2x* +12x+9.
(i) Find the coordinates of the minimum point of the curve. [3]

(i) Find the range of values of m such that y = mx + 1 cuts the curve at two distinct
points. [4]

(iii)  Write down the equation of another quadratic curve such that both curves cut each
other at only one point. [1]
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6 Express _z_x___ in partial fractions. (4]
x =6x+9

[Turn over
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7 Solve log, x—3log, 2=2. [4]

8 (i) On the same axes, sketch the graphs of
y=lgx and y=-x. [2]

(ii)  Explain how you would use your graphs to determine the number of solutions to the
equation x10* =1. [3]
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9

(i) In the binomial expansion of (2—4x)’, explain why the coefficient of every term is

divisible by 128. (2]

(ii)  Write down, and simplify, the first 3 terms in the expansion of (2 —4x)" in ascending

powers of x. [2]

(iii)  In the expansion of (1+kx)(2—4x)’, there is no term in x*.
Find the value of £. [3]

[Turn over
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10 The expression x’ +ax+b, where a and b are constants, has a factor of (x + 4) and

leaves a remainder of -5 when divided by (x - 1).
(i) Find the value of @ and of b. [4]

(i) Using the values of a and of » found in part (i), solve the equation x° +ax+5b =0,

expressing non-integer roots in the form ¢+ JE , where ¢ and d are integers. [4]
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. e . .
11 The variables x and y are such that when values of xy are plotted against —, a straight line 1s
X

obtained. It is given that y = 1.75 when x =2 and y = 1 whenx=-1.

Find the value of y when x = 3. [5]

[Turn over
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12

Some rabbits were introduced into a piece of grassland.
The population, P, of the rabbits is estimated to be P =55¢” +5, where k is a constant and ¢
1s measured in months. After 2 months, the population grew to double of the initial

population.
(i) Calculate the value of &. [3]

(ii)  Find the greatest integer value of ¢ before the population of rabbits exceeds 1000. [2]
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13 A(-3, 7) and B(-5, 5) are two points on a circle with centre C.

The gradient of the tangent to the circle at 4 is % ;

(i) Find the equation of the normal to the circle at A. [3]
(i)  Show that the coordinates of C are (3, -1). [5]
[Turn over
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(iii)  Find the equation of the circle. [2]

14 (i) In the same axes, sketch, for 0° < x <360°, the graphs of

y=2sinx and yzcos%—% ‘ (4]

(ii)  Use your graphs to explain why there is no obtuse angle x such that

25inx=cos—J£~l ; (2]
2 2
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15 The diagram shows a kite ABCD where AB = AD and CB = CD.

The coordinates of point C are (-6, 6).
Point D is on the y-axis and point B is on the x-axis.
tan ZDBO =2.

A
Y1b

C(~6, 6)

B‘““*N X

A

(i) Show that the coordinates of B and of D are (-4, 0) and (0, 8) respectively. [5]

[Turn over
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(ii)  Given that the area of ABCD is 80 square units, find the coordinates of 4. [5]

End of Paper

PartnerinLearning
50



17
Answer Key

.3 25
1(1) —-= i) —

(1) 2 (ii) >4
2.1.631
3G) 246 m (i) %\/5 m
4. (-2.4,3.6)
5() (-3,-9)  (ii)m<4orm>20
6 1+—6—+ : 2

x-3 (x-3)

7.x=8o0r0.5
8(i)
9(ii) 128 —=1792x +10752x* —... (i) k=6
10() a=~14,b=8 (i) x=—4or 2++/2
11.y=1
12() k= 0.369 (i) 7
13(1) y:—gx+3 (iii) (x—3)* +(y+1)* =100

14(i)
N p=2sinx

os

15(ii) 4 = (10, -2)
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Beatty Secondary School
EOY 2021
3E Additional Mathematics
Qn Solution
1) | A4 and B are in the 2™ quadrant.
For angle 4, adj = —v/5* —=3* =—4 ... [M1] Accept “+4”
= =L o TAR
4
1(i) | For angle B, opp = /25° —7> =24 ... [M1]
cosec B= _1 = é v [Ad]
sinB 24
2. 2x+1 + 2x+2 e 6:
252" +2%)=6" ... [M1]
2*(6) = 6*
¥ =
2.)’
I =6 . [Al]
In6
=—— =1.631 (to 4sf) ... [Al
o= (to 4sf) ... [A1]
3(1) 2 2
BC=,/(3-+5) +(3+45) —2(3—\5)(3+\/§)cos60° ... [M1]
= \/9—6\/§+5+9+6\/§+5—2(9—S)G) ... [M1]
= 24
= 2J6 m... [Al]
(i1)

) ) =30 o
(9—5){%}(2«/3)11
2J§=(2J€)h ... [M1]
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po3
J6
—1 i
V2
= %JE m ... [Al]
4. 3y=6—-2x
x=3-15y... (1)
Sub (1) into x* —y* =9
(3-1.5y)%-3* =9 ... [M1]
9-9y+2.25y* —3* =9
125y =9y =0
5y* =36y =0
(57 -36)=0 ... [M1]
y=00ry=72... [Al]
Wheny=0,x=3-1.5(0)=3 ...[A1]
Wheny=7.2,x=3—1.5(7.2)=-7.8
Midpoint of 4B = (% 0”'2) = (=2.4,3.6) ... [A1]
5(0) | 2x? +12x+9
= 2(x2+6x)+9

= 2[(x+3)" =9 +9 ... M1]

= 2(x+3)" -9 ... [M1]
Minimum point = (-3, -9) ... [Al]

Alternatively,

Let 2x* +12x+9=0.
-12+

x= ——1274—“]7_2 oo [M1]

—12+\/ﬁ+-12—ﬁi

4 4

y-coordinate of min pt = 2(-3)* +12(-3)+9=-9
Minimum point = (-3, -9) ... [Al]

x-coordinate of min pt = [ J+2 =3 ... [MI]
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(i1) 2xX7 +12x4+9=mx+1 ... [M1]
2x* +(12-m)x+8=0
Discriminant > 0
(12—m)* —4(2)(8)>0 ... [M1]
(12-m)* > 64
m® —24m+80>0
(m—4)(m—-20)>0... [M1]
m<4orm>20... [Al]
(i11) Any quadratic equation in the form
y=a(x+3)* -9 ,wherea#2 or
y=2x"+bx+c,where b# 12 or
y=ax’+12x+9, where a # 2 or
any equation where when it is substituted into original equation, the
resulting equation is a perfect square ... [B1]
6 X" 6x—9
By long division, =1+ ... [M1
¥ B8 x*—6x+9 x* —6x+9 M1
1+ 6x-9
(x-3)
7.k 6x—92 _ A " B :
(x=3)" x-3 (x-3)
6x-9=A(x-3)+B ... [M1]
Comparing coefficient of x, 4 =6 ... [A1]
Letx=3 B=6(3)-9=9...[Al]
- 6 9
5 =1+ + 2
x"—6x+9 x=-3 (x-3)
7 log, x—3log, 2=2

log, x— =2 ... [M1]
log, x
Lety=log, x
y"i=2
y
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¥y -2y-3=0
(y-3}y+1)=0 ...  M1]
y=3ory=-1... [Al]

log,x =3 or log,x =-1

x=2or x=2"
x=8orx=0.5... [Al]

8(1)

= y=lgx

=V

... [G1], [G1]

8(ii)

lgx=-x... [M1]

107 =x
X107 =1 ... [A1]

Since the graphs cut at only one point, there is one solution to
x10* =1. [Al]

Alternatively,

%107 =]

lgx10* =1gl ... [IM1]

lgx+1g10* =0

Igx+x=0

lgx=-x...[A1]

Since the graphs cut at only one point, there is one solution to
x10* =1. [41]
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9(i)

(2-4x)"=2"(1-2x) ... [M1]
= 128(1-2x)’

Since the coefficient of every term in (1 — 2x)7 is an integer, the

coefficient of every term in 128(1 —2.7«:)1 is a multiple of 128. ... [A1]

Accept also if students expand all 8 terms correctly and claim that

every coefficient is multiple of 128.

128 —1792x +10752x> —35840x° + 71680x*
All 8 terms:

—86016x° +57344x° —16384x’

9(i1)

(2-4x)'

- —-(D(26)(4x)+(;}(25)(4x)2 —e oo [MI]

_ 128-1792x+10752x* —... ... [A1]

9(iii)

(1+ ke)(2—4x)’
= (1+kx)(128-1792x +10752x* —...)

Coefficient of x> = 10752 — 1792k ... [M1]

10752 — 1792k =0 ... [M1]
k=6 ... [Al]

10()

Let f{x) = x’ +ax+b

f(—4)=0 and f{1)=-5

(-4’ +a(4)+b=0 ... [M1] P+a()+b=-5 ... [M1]
—64—4a+b=0 ... (1) 6+a+b=0 ...(2)
2)-1)

Sa+70=0

a=-14...[Al]

When a = -14,
6-14+b=0
b=8...[Al]
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(i1)

X —14x4+8 =(x + 4 (x* +hkx+2)
Comparing coefficient of x,

-14=2+4k

k=-4 ... [M1] (Accept long division too)
x*=14x+8 =(x +4)(x* —4x+2)=0

x=—4..[Al] or x= dty4 —40@ [M1]

2

B2

_ 4%
2

4122

Il

2
=2+42 ... [Al]

11

At (x,y) = (2,1.75) and (-1, 1),
L. %)= (05,3.5) and (-1, 1) ... [M1]
X

3.5+1

0.5+1
=3

Gradient =

... [M1]

X

xy+1=3[l+1] ... [M1]

xy=—3:+2
x

When x = 3,
3y=1+2... [M1]
y=1...[Al]

12()

P=55"+5

To get initial population, let =0
2 P=55"+5 ... [M1]
=60

LetP=120andt=2
120 =55¢* +5
55¢* =115

=2 v
11
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n23
T
2
~0.36879
=0.369 (to 3sf) ... [Al]

12(ii)

1000 = 553%™ + 5
0.368791 = _l_%

T S
0.36879
—7.85 (3s)

Greatest integer 1 = 7 ... [Al]

13(i)

Gradient of normal = _f?:- ... [M1]

y—7=-—g-(x+3) ... [M1]

y=—%x+3 ... [A1]

13(ii)

Gradient of 4B = —5_—7- =1
-5+3

Gradient of perpendicular bisector of 4B =—1 ... [M1]

Midpoint of 4B = (ii_ﬁ,g]=(~—4,6) ... [M1]
y—6=—(x+4)
y==x+2..(1)...[M1]

Alternatively,
AC =BC
2 2
J y=7) =y y=5) .. [MI]
X2 +6x+9+ )y —14y+49=x" +10x+25+y* =10y +25
4y +4x =8

y=-x+2..(1)...[MI]

oo fMI]
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Sub (1) into y =~gx+3

—x+2=—-§-x+3 ... [M1]

lx=1

x=3
Whenx=3,y=-3+2=-1

Hence, C = (3, =1) (shown) ... [A1]

13(iii)

Radius of circle = +/(3+3)* +(~1=7)? =10 ... [M1]
Equation of circle is (x—3)* +(y+1)* =100... [Al]

Accept also x* +y* —6x+2y—-90=0

14(1)

G1 for correct amplitude for both graphs
G2 for correct number of cycles for both graphs
G1 for correct curves (including labelling of axes)

14(i1)

There is no point of intersection ... [B1] between the two graphs
where x is between 90° and 180° ...[B1]

15(1)

Let B= (b, 0)and D = (0, d)
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tan ZDBO =2
=0 3 . [M1]
-b
d=-2b...(Q1)
BC=CD
Jb —6) =y d—6Y ...[MI]
b* +12b+36+36=36+d” —12d +36
b*+12b=d*-12d ... (2)
Sub (1) into (2)
b* +12b = (-2b)* —12(=2b) ... [M1]
b* +12b—4b* —24b=0
36> -12b=0
—3b(b+4)=0 ... [M1]
b=0orb=-4
(Rej)
When b=-4,d=-2(—4)=38
Hence, B = (-4, 0) and D = (0, 8) (shown) ... [A1]

15(i)

Gradient of BD = E;-i=2 ... [M1]
0+4
Gradient of AC = —%
LetA=(p, q)
qg—6 1
=—— ... [M1]
p+6 2
2(q-6)=-p—6
p=6-2g9...(3)
Area = 80
11-6 4 6-2qg 0 -6
- =80 ... [M1]
216 0 g 8 6

1
S[4q+8(6-29)+24+48] =80
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%[—209' +120]=80
g=-2...[Al]
Wheng=-2,p=6-2(-2)=10

Hence, 4 = (10, -2) ... [A1]
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