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1 Do not use a calculator in answering this question.

It is given that £(z) = z* +24/22° + z* +8v/2z—12. One of the roots of the equation f(z) =0 is given by
2i. By factorising f(z) as a product of two quadratic factors, obtain the other roots of the equation. [4]
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2 Amazoon TV, BingeWatch, Cinematic are three TV streaming services which offer customers a monthly
subscription package. Promotions for TV streaming services subscriptions are available for PhoneHub
members as well as for customers who pay by credit cards. This is shown in the following table.

TV Streaming
Service

Promotion for
PhoneHub members

Promotion for
credit card

Amazoon TV

Free for first 3 months

BingeWatch

Not Applicable

Cinematic

Free for first month

10% discount
on all monthly
subscriptions

e Aaron is a PhoneHub member but does not own a credit card. He subscribed to all three services and

his annual expenditure is $360.00.

e Serene is not a PhoneHub member and does not own a credit card. She decided to subscribe to
BingeWatch and Cinematic services. She pays $300 for her annual subscriptions.
» Jaycee is a PhoneHub member who subscribed to all three services. She uses her credit card to pay for
Amazoon TV and BingeWatch services and pays for Cinematic service by cash. Her yearly
expenditure for the three services is $337.20.

How much is the monthly subscription for each streaming service?

© ASRJC 2021
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3 Do not use a calculator in answering this question.

A geometric series has first term @ and common ratio r, where a >0 and r # 0. An arithmetic series has
the same first term @ and common difference d, where d # 0. It is given that the second and fourth terms
of the geometric series are equal to the third and fifth terms of the arithmetic series respectively.

(i) Show that * —2r+1=0 and explain why the common ratio cannot be 1 even though » =1 is a root
of the equation. [3]

(ii) Given that the geometric series is convergent, find the exact value of its common ratio. [2]
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4 Curve C, has equation y=l and curve C, has equation y = . Region Q is bounded by line
x

1
V2-x?
x=% and both curves C, and C,.

(i) Find the exact area of region Q. [3]

(ii) The region bounded by the line y =5 and the curves C, and C,in the first quadrant is rotated about
the x—axis by 27 radians. Find the volume of the solid formed. [3]
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5 (i) Itisgivcnthaty=eﬁ,x>—1 :
Show that 2In d2_y+_2_(d_yJ2=d_y [2]
ydx2 yldx dx

(ii) By further differentiation of this result, or otherwise, find the Maclaurin’s series of y up to and
including the term in x°. [3]
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(iii) Deduce the series expansion of y =

© ASRJIC 2021

1+x

J1l+x

up to and including the term in x*.

(1]

[Turn over



8

6 (a) Evaluate j'_a 1x2 +1 —e" dx where a >0, giving your answer in terms of a . [3]
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(b) By means of substituting x =tané , or otherwise, show that

IU:T)zdx =%(tan'lx+f(x))+C,

where C is an arbitrary unknown constant and f(x) is an expression to be determined in non-
trigonometric form. (4]
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(x+2)2
x+1

curve C; has a minimum turning point (0, 4) which corresponds to the point with coordinates (a, b) on
2.2

the curve Cz, where a, b > 0. Given that f{x) has the form px T + g , where p, g are positive constants,
px=

express p and g in terms of g and b. [4]

7 (i) The curve C, with equationy =

is transformed onto the curve C; with equation y =f(x). The
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(ii) The curve of y = f{x) has a maximum point and a minimum point at (0,q) and (a,b)respectively,
and intersects the x-axis at @ and f, as shown in the diagram below. The equation of the vertical

asymptote is x = L ,

y ]
!
o y=1x) ’
il A
| #
| >
| 27
i" e
| "\/,/
-1
-1 1
//-I//"JH\- :
o 3} x
a d
27 i
= |
1 : o 2
Sketch the curve y = Eﬁ Your diagram should indicate clearly, in terms of a, b, @ and £, the
x

equations of any asymptote(s) as well as the coordinates of turning points and axial intercepts. [3]
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n

8 () By using method of difference, show that » ((r +1)* - r3) =(n+1)*-1. (2]
r=1
(ii) By simplifying (»+1)° —#" or otherwise, show that z ri= %(n +1)(2n+1). [4]

r=1
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N
(iii) Hence find ) (r+2)*, leaving your answer in terms of N. [3]

r=5

© ASRIC 2021 [Turn over
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9 A curve C has parametric equations

x=tan20-1, y=1-2sec26, for -%<9<%.

(i) Find the coordinates of the point where C cuts the y-axis, giving your answer in exact form. 2]

(ii) Show that % =—2sin28. Find the coordinates of the point where #=0 and determine the gradient
of C at this point. What can be said about the values of x and y and the gradient to C as 6 — ——;E and

n
6->="7 5
B | (5]
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It is given that C has two oblique asymptotes which intersect each other at the point (=1,1) .

(iii) Find the equations of the asymptotes. Hence sketch C, showing clearly the features of the curve at

the points where 8 =0 and where 9—>—% and 9»%. (3]

(iv) Find the cartesian equation of C, expressing y in terms of x. 2]
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10 In the diagram below, 4 and B are two fixed points on horizontal ground and an observer is standing at
point P which is x metres away from the base of a building BC of height @ m. A transmission tower CT is
fixed at the top of the building and the total height of the building and the tower is given as b metres. You
may assume that B, C and T lies on a straight line.

A
b
a
v
A
It is given that the angle TPC is @ radians.
b-
(i) Show that tan@ = (—;ﬂ . 2]
x"+ab

(i) Find, in terms of a and b, the value of x such that # is a maximum. Find also the corresponding value
of tan@. [4]
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For the remaining parts of the question, take a =50 and b =70.

(iii) Find the range of values of tan# as x varies between 30 and 80. [2]
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10 [Continued]

(iv) The observer at P starts to walk towards B with a steady speed of 3 ms™. Find the rate of change of
6 when he is 10 m from B. [4]
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11 Intercepting drones are programmed to travel in straight paths on the plane p with equation

6x—-5y+2z+5=0.
For one particular intercepting drone, such a path is given by the line / with cartesian equation

x=10_ y—15 z=§
15 14 =10

(i) Show that the path / lies on plane p. [2]

This particular intercepting drone is always activated from a fixed point on the ground, which is
represented by the xy plane.

(ii) Find the coordinates of the fixed point on the ground where this particular intercepting drone takes
off. (2]
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11 [Continued]

An unauthorised drone takes off from the ground traversing along the straight path m having an equation
r=(30-10)i+(92-10)j+15¢ k
where ¢ is the time taken from take-off measured in minutes.

(iii) Find when and where the unauthorised drone hits the plane p. [3]

(iv) Determine the shortest distance between the point where the unauthorised drone hits the plane p and
the path / traversed by the particular intercepting drone. [3]
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(v) Find the location of the point on path / that gives this shortest distance. [3]
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12 Two students are trying to do mathematical modelling for a recent disease outbreak in a particular city
with a population of 10 000. There are 5 people being infected by the disease nitially.

Student 4 proposed modelling the scenario using the following differential equation

d/

=R (D

where / is the number of people in the city being infected at time ¢ (days) after the initial outbreak and R
is a positive constant.

(i) Show that 7 =5e™. [3]

Another student B proposed using a geometric progression for his mathematical model. His model can be
predicted by the equation

I, =5(2"), - (II)
where the n™ term of the geometric progression, /, , gives the number of people infected with the disease
at the beginning of the n™ day after the initial outbreak.

It is given that the geometric progression has common ratio 2.

(ij) Explain, in the context of the infectious outbreak, the meaning of the commeon ratio. [1]
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It is given that both models give the same prediction of the number of people infected at the start of every
single day after the initial outbreak.

(iii) Show that R=In2 [1]

(iv) Explain whether model (I) or model (IT) is a better model. [1]

Both students then went to do some research and discovered another model in the form of the following
differential equation

%:ﬂ(loooo—f), - (1)

where a 1s a positive constant.

It is given that the greatest value of % is 2500.
(v) Show that a = 0.0001. [2]
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(vi) By solving the differential equation (III), show that I = LOO_’ : [5]
1+1999%¢

(vii) Sketch the graph showing how the number of infected people varies with time in model (III).  [2]
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Question 11(v)

Let Y be the random variable denoting the flight time from Portland to Los Angeles
in minutes and 4 be the mean time.

Hy:u=k
H:u>k
Using one-tailed test at 4% significance level.
Under Ho, since n =60 is large, by central limit theorem,

_ [ Lpsey
Y ~N]| &, 29 approximately.

Since ; =181, test statistics = %%E

J59
Critical value = 1.7507 (by InvNorm)
Since Ho is not rejected,

181-k
13.6
V59

=k>177.90
=k>178 (3s.f) ork=178

<1.7507
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Question 11(i)

Since Brandon suspects that the average flight time from New Orleans to Miami is
shorter than 115 minutes, he should carry out a 1-tail test.

Let X be the random variable denoting the flight time from New Orleans to Miami
in minutes and 4 be the mean flight time.

Hy:u=115
H,:p<115
Question 11(ii)

Using one-tailed test at 10% significance level.

— 1.
Under Ho, X~N(115,¥).

Sample readings : x =113.175
Using Z-test, p- value = 0.062322.

Since the p-value < 0.1 (the significance level), we reject Ho and conclude that there
is sufficient evidence at the 10% level of significance to conclude that the mean
flight time from New Orleans to Miami is less than 115 minutes.

Question 11(iii)

10% level of significance refers to a probability of 0.1 that we conclude that the
average flight time from New Orleans to Miami is less than 115 minutes when in
fact it is 115 minutes.

Question 11(iv)

© ASRIC 2021

p-value = 2x0.062322 = 0.124644

Since the p-value > 0.1 (the significance level), we do not reject Ho and conclude
that there is insufficient evidence at the 10% level of significance to conclude that
the mean flight time from New Orleans to Miami is not 115 minutes.
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Question 10(vi)

Let W be the random variable denoting the number of faulty Type B components in a box of
20.

W~B(20, 0.001)
Since sample size is large for both types of components, by Central Limit Theorem,

W+ W, +...+W,, ~ N(0.8,0.7992) approx

X, + X, +...+ X5 ~N(30,29.4) approx.

Let T=X,+X, +..+ X3 + W + W, +...+ Wy,
T ~N(30.8,30.1992) approximately

P(T <15)=0.00202 (to 3 5.£)
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Question 10(i)

The event that a Type 4 component is faulty is independent of the event of any other Type 4
component that is faulty.

The probability that a Type 4 component is faulty is constant at 0.02.

Question 10(ii)
Let X be the random variable denoting the number of faulty Type 4 components
in a box of 50.
X~B(50, 0.02)
P(X>1)=1-P(X <1)
=0.26423 (to 5s.f)
=0.264 (to 3 s.f)

Question 10(iii)

41

Required probability = (0.26423)" (1-0.26423)’ (0.26423) x S

= 0.0599 (to 3 s.f.)
OR

Let O be the random variable denoting the number of boxes with more than 1 faulty
component out of 4.

0~ B(4, 0.26423)
P (Q=2)x (0.26423) =0.0599
Question 10(iv)

Let Y be the random variable denoting the number of boxes with more than 1 faulty component
out of 5.

Y-B(5, 0.26423)
P(¥=3)=0.0999

Question 10(v)

Event in part (iii) is a subset of event in part (iv).
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Question 9(iv)
Probability required =P(71 + T2 - 273> 1)

E(Ty + T - 2T3) = E(T,)+E(T;)-2E(T;) =0

Var(Ti + T2 - 2T3) = Var (7)) +Var(T;)+4Var(T;) =2.1224 +2.1224 + 4(2.1224) = 12.735

. Ty + T — 2T3 ~ N(0, 12.735)
P(T3 + To - 2T3 > 1) = 0.38965 = 0.390 (3 sf)

Question 9(v)

Assumptions: The amount of nocturnal sleep on a school-day night (X) is independent of the
amount of sleep from afternoon naps (W) on the same day.

The assumption may be unrealistic because a student who has slept longer in the afternoon may
require less nocturnal sleep. Hence X and W may not be independent.
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Question 9(i)

Let X denote the random variable representing the amount of nocturnal sleep (hours) for a
randomly selected student on a school-day night. Then, X ~ N(6.5, ¢°).

P(X <8)=0.85 = P(Z<8'6'5] =0.85
ag

From the GC, L. 1.03643338

o
S o=1.4473=1.45 (3 sf)
Hence, the required standard deviation is 1.45 hrs.

Question 9(ii)

Probability required = 3P(X; <5.5)x P(X2>7) x P(X3 > 7)
=3(0.24480)(0.36487)*
=0.097771
=0.0978 (3 sf)

Question 9(iii)

Let Y denote the random variable representing the amount of sleep (in minutes) from daily

afternoon naps on a school-day for a student. Then ¥ ~ N(65, a?).

When a = 60, P(Y < 0) = 0.139. Since 0.139 is not negligible, the amount of sleep from daily
afternoon naps for a student on a school-day may not be appropriately modelled by a normal

distribution.

Question 9(iv)

Let T and W denote the random variables representing the total amount of sleep (in hours) on
a school-day for a student and the amount of sleep from daily afternoon naps on a school-day

5 2
forastudent. .. T=X+ W where X ~N(6.5, 1.4473%) and W ~ N(g_o’[%) J
65 91
E(T)= E(X +W)=E(X)+E(W) =6.5+ == — =7.5833

2
Var(T) = Var(X +W)=Var(X)+ Var(W) = 1.44727" + [%j =2.1224

- T~N(7.5833,2.1224)
= P(T> 8) = 0.38743 = 0.387 (3 sf)
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P(X =2)=1-P(X =0)-P(X =1)-P(X =3)-P(X =4)

(19 11 3 3)
sl e
112 28 28 112

12217
56 56
Alternatively,
X 0 1 2
2 3(3)+2 3
O b Y4 sl
_19 ILE P
112 28 56
Question 8(v)
When n=3, P(X>2|XS3) =M~E3—)
P(X <3)
__P(x=3)
T 1-P(X =4)
3
= 281
-3
112
_2
109
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Question 8(i)
P (different colour) =P (B,) =——. "1 _ 2*1
2n+l 2n 2n+1
Question 8(ii)
P (same colour) = P(B, B)+P (W W)
n _n—l n+l n n-1 n+1 n

= " — -+ =
2n+1 2rn  2n+1 2n 22n+1) 202n+1) 2n+1
Question 8(iii)
2 4
!
o oY 3
2n+1 /)02 2n+1)\2) 3! 4(2n+1)

Alternatively,

P(X =1)=P(B,W,H,T)+P(B,B,H,T,T,T)+P(W.,W,H,T,T,T)

|:n+1][]]2 [ n—1 }[1)‘4! [ n+l ](1}‘4! 3n+2
= —| @)+ =| =+ —| =
2n+1\2 22n+1) \2) 3! [2(2n+1) \2) 3! 4(2n+1)

Question §(iv)
If there are 3 blue cards =>n=3
n+l 4 n—1 1 n+l 2
P(B) =gt~ 2 P(BB) = 52 = LoP (W)= 22
2n+1 7 2(2n+1) 7 22n+1) 7
P(X=1)= 3n+2 _11
4(2n+1) 28

P(X=4)=P(B,B,H,H,H.H)+P(W,W,H H,H,H)
_1[1)‘+z[1]‘=i
“7l2) T2} 112

P(X =3)=P(B,B,H,H,H,T)+P(W,W,H,H H,T)
_1(1)‘ @Jgﬁ‘ (ﬂ];
“qta) i3t} 1At e} 28

P(X =0)=P(B,W,T,T)+P(B,B,T,T,T,T)+P(W,W,T,T,T,T)

401y 1(1 ¥ 2(1]‘ 19
==|=| +=|=| +=| = | =—
7(2) "7\2) "7\2) 112
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Question 7(i)
No of ways required = 4! =24

Question 7(ii)
No of ways required = ‘C,x ’C,x 'C, =8

Alternative solution

Correct present | Listing No of ways
A A,C,D,B or A,.D,B,C 2
B C.B.D,A or D.B,A,C 2
C B,D,C.A or D.A,C,B 2
D B,C,A,D or C,A,B,.D 2
Question 7(iii)

No of ways required = ‘C, x 'C,x 'C, = 6

Alternative solution

Correct presents | Listing No of ways
A, B A,B,D,C 1
A, C AD,C.B 1
A, D A,C,B,D 1
B,C D.B,C.A 1
B,D C,B,AD 1
C,D B.A,C,D 1

Question 7(iv)

If 3 persons have received back their own gifts, there will be one remaining gift and one person
who have yet to receive a gift. But this last person is the exact person who brought this last gift
to the party. If he were to receive the remaining gift, he would have received back his own gift.

Question 7(v)
No of ways required =24—-(8+6)—-1=9

Probability required = — = >
248
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Question 6(i)
(p)(0.9) + (100 - p)(0.1) = 20
()(0.9) + (100 — p)(0.1) = 20
09p+10-0.1p=20
p=12.5

The proportion of the residents infected is %)5* =% or12.5%

Question 6(ii)
P(has disease & tested negative)
P(tested negative)

P( has disease | tested negative ) =

_ 0.1
0.1g+0.9(100—¢g)

__ 9
900 -84

Question 6(iii)
NORHMAL FLOAT AUTE REAL RADIAM HP AS the prpDrtion Of people getting infected (q)
: ‘o aweeed| increases, the probability that a person has the disease

given that he has been tested negative also increases as
seen in the graph. So, the test is not effective.
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Question S(iii)
S (k=1) +K 1
A = —_— —
;I: 2n’ ¥ n

1 IR
:FZ[k2—2k+l+k2]+;kz=]1

k=]

1 B n n n
=§_2;kz_zzk+§1]+g

k=1

-n(n+l)(2n+1)_2n[nT+1J+n}+l

w

I
I._

(o)
w

- 5

3

- [2.*13 +3n* +n-3n" —3n+3n:|+]
n

=)

Wlhs W=

+—+1
6
=—+

1
nZ
1
6n’

Question 5(iv)

It is an overestimate.

As the number of trapezium increase to infinity, the total of trapezium will tend to the
exact area of region R.

|
.. Area of region R =I (Jc2 + I)dx: lim (i+-—l—z—J= 4
0 ns2\ 3 6n 3
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Question 5(i)
Width = % units

2

Area of first trapezium = Lol Fatas 41 lademourite?
2 2 2 16

2
Area of second trapezium = L L prenr 41 el =12 g2
2 12 2 16

Total area of trapeziums = LT units’
16 16 8
Question 5(ii)
X
5
> x
s (k_]) i 1
n n

k-1
Width =-- and x-value of the shorter side of the £ trapezium = (51)
n n

2
k-1
Hence the length of the shorter side of the kth trapezium is [( )j| +1
n

2 2
Area of K trapezium =%x|:(k-]) +]+[£J +1Jxl

n n n

51;3—><|:(k—1)2 +k +2n2:|

(k=17+K 1 .,
= S,
2n n

© ASRIC 2021
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Question 4(b)(iii)
Let g(x) =x.
Then 2x sin(x*) = x

x[2sin(x*)-1]=0

|
=0 orsin(x*)=—
x (+)=3
J|c2=sin"l=E
2 6
x= % =
6

Question 4(b)(iv)

. y=hh(x)=x
\ ¥ =h(x)

From the diagram, there are 3 solutions for h(x) = h™'(x).

However, there is only 1 solution for g(x) = x.

Hence the method used in part (iii) would not yield the complete set of solutions.
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Question 4(a)

Lety = In|sec2x| = te’ =sec2x

in
Since st?, then sec 2x <0

Wy

=5 sec2x =—¢”

Then cos2x=-e™

x= %cos" (-e" )

Hence f~!(x) = %cos’l (—e") ,

Domain of f~! = [In+/2,1n2] or [0.347, 0.693]

Question 4(b)(i)

From the GC, k=1.3552=1.355 (3 dp)

Rg = [-2.615, 2.615]

Question 4(b)(ii)

(1.355,2.615)

_________ "SRR .

(2.615,2.615)

v =gg7'(x)

b(2.615, 1.355)

(-2.615,<1.335)

© ASRIC 2021

(-2.615, -2.615)

(~1.355,-2.615)

y' ks 3z
iz
i X
4 -
f/'I y =sec 2x
i
B y
y.
26152
I
1
i
-1.3552 i
:f Fa 13552 x
i/
"‘. l / =
126152 Y= &)



Question 3(i)
Aa+ub+ye=0 = a,b, ¢ lie on the same plane
=ax(Aa+ub+yc)=ax0
= A(axa)+pu(axb)+y(axc)=0
=0+ u(axb)=—-y(axc)
= p(axb)=y(cxa) (shown) ... (A)
Similarly =bx(la+ub+yc)=bx0
= A(bxa)+u(bxb)+y(bxc)=0
= A(bxa)=-y(bxc)
= A(bxa)=y(exb) ... (B)
Question 3(ii)
Consider,

Ibx¢| = |bl|e|sin ZBOC ... (1)
|cxa|=|c|[a|lsin£CO4 ...(2)
laxb|=|a||b|sin Z40B ...(3)

@) |exa| |c|falsin £CO4

Take —: = -
3 |axb| |a]|b|sm ZLAOB
I-lillaxb| ) .
from (A): |}'| _sin£C04 2 |#| B ]}’|

laxb| ~ sinZAOB  sinZCOA  sin ZAOB

(1) . [bxe| _ |blje[sin £BOC
(3) ‘axb| " |a|[b|sin£40B

Similarly, taking

]ﬂib X a| )
|}’| _sin ZBOC - Iﬂ~| _ |)/|

[axbl " sinZAOB ~ sin ZBOC ~ sin ZAOB

W A
sin ZCOA sin ZBOC sin ZAOB

from (B):

Thus, (proven)
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Question 2(i)

17x-9-2x-13x+7

>0
2x* +13x-7

25" +4x-2

1
e i i 0’ = ’_7
Q-+ 2

-2(x-1)’

@-)(e7)

—2(x-1)" (2x=1)(x+7)>0

= -J<x< l
2
-7 0.5
Question 2(ii)
Replace x with —x: &_<_1 ll 172(—x)+9
2x"=13x-7 2(=x) —13(-x)-7
=17x+9

2x"+13x—7<

17x-9
2x2+13x—7>

From above, -7 <—x < %

::)—l <x<7
2
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ANDER S SERENGoon Pl AN S

Question 1(i)
12| [ _# _k
Iw*|_|w| 3k 3

3
arg [%] = 3arg(z) - [—-al’g(W)] =3a+d4a=Ta

3
Thus -Z—=£ei(7a}
2 w*

3 .
z__k i) =£[cos£+isin£)
wE 3 3 3 3

n 3
arg| | = marg[ 2 |2
w* w* 3

23 % 43 f
For | — | to bereal, arg == =k, kel
W

L]

w*
?=,,,’__3,2.’_277,_;@0,:r,2;r,37z,...
n:---,—9,—6,_3,0:3,6397'“
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ANDERSON SERANGOON

JUNIOR COLLEGE

H2 MATHEMATICS 9758/02
3h
Preliminary Examination Paper 2 ours
(100 marks)
Additional Material(s): List of Formulae (MF26)
CANDIDATE
NAME
CLASS /
READ THESE INSTRUCTIONS FIRST Question
Marks
number

Write your name and class in the boxes above.
Please write clearly and use capital letters. 1
Write in dark blue or black pen. HB pencil may be used for graphs and diagrams
only.
Do not use staples, paper clips, glue or correction fluid. .
Answer all the questions and write your answers in this booklet. 3
Do not tear out any part of this booklet.
Give non-exact numerical answers correct to 3 significant figures, or 1 decimal 4
place in the case of angles in degrees, unless a different level of accuracy is
specified in the question. 5
You are expected to use an approved graphing calculator.
Where unsupported answers from a graphing calculator are not allowed in a
question, you are required to present the mathematical steps using 6
mathematical notations and not calculator commands.
All work must be handed in at the end of the examination. If you have used any t
additional paper, please insert them inside this booklet.
The number of marks is given in brackets [ ] at the end of each question or part 8
question.

9

10

11

Total
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2
Section A: Pure Mathematics [40 marks]

1 The complex numbers z and w have moduli k£ and 3k? respectively and arguments ¢ and 4«
respectively, where £ is a positive constant and —% <as<Z.

3

i) Express Z_ in the form re' where »>0 and —7 <0 <7 . 2
p w*
3 n 5
: - : .
(ii) Itis given that a = 51" Find the integer values of » such that (—z—*J is real. [2]
w
2 (i) Without the use of a calculator, solve the inequality e >1. 3
2
2x°+13x-7
. . 17x+9

ii) Hence solve the inequality ———<-1. 2
w W T 13e—7 [2]

3 Three distinct vectors a,b and ¢ are each of unit length such that 2a + ub + y¢ =0, where A, 1, are non-
zero scalars.

(i) Show that u(axb)=y(cxa) and A(bxa)= y(exb). [3]
(ii) By considering the sines of angles between band ¢, ¢ and a, and a and b, show that

7 S "
sin ZCOA  sin ZBOC  sin ZAOB '
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4 (a) The function fis defined as

f: x > In|sec2x| for %st%.

Find f ~!(x) and determine its domain. [4]

(b) The function g is one-one and is defined as
g x—> 2xsin(x2) for —-k<x<k,

where k is positive constant.

(i)  Write down the largest value of k and find the range of g, correct to 3 decimal places. [2]

(ii) Using the value of k found in part (i), sketch the graphs of y = g(x), y =g ~'(x) and y = gg "'(x)
on the same diagram. Your diagram should illustrate correctly the relationship between the
graphs, showing clearly the coordinates of the end-points of all graphs. [3]

(iii) Hence find the exact values of x such that g(x) = g ~'(x). [2]

(iv) The function h is defined as
h:x — —2xsin(x’) , for -1<x<1.

With the aid of a diagram, explain clearly why the method used in part (iii) to find the exact
values of x such that h(x) = h™'(x) would not yield the complete set of solution. 2]
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4
5 Itis given that R is the region bounded by the x-axis, the y-axis, the line x =1 and the curve y = x*+1.

The area of R can be estimated by calculating the sum of the areas of trapeziums with equal widths. The
diagram below (not drawn to scale) shows an example of two such trapeziums.

[Area of trapezium = %x sum of parallel sides xheight ]

¥

A / y=x"+1

v
=

-
2
(i) Find the total area of the trapeziums shown in the diagram. [2]

To better estimate the area of R, n trapeziums of equal width are drawn.

(ii) State the length of the shorter side of the k™ trapezium for | < k < n. Hence show that its area is given

k=1) +&?
by (—)3——+l units?, [3]
2n n

The sum of the areas of the # trapeziums is given as 4 units?.

(iii) Find 4, giving your answers in terms of ». [4]

[You may use Zrz =M]

r=1 6
(iv) State whether 4 is an overestimate or an underestimate of the area of region R. [1]
(v) Use your answer in part (iii) to find the exact area for region R. [1]
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5
Section B: Probability and Statistics [60 marks]

6 A disease outbreak occurs in a particular city. It is given that p % of the residents from the city has
contracted the disease. A test for the disease has recently been developed. It gives an outcome of positive
or negative when administered to a person.

The test has a probability 0.9 of giving a positive result when it is administered to a person who has the
disease. The test also has the same probability of giving a negative result when it is administered to a
person who does not have the disease.

@

(i)

(iii)

The health authority of the city has been aggressively testing a large number of residents at random
and discovered that 20% of the tests return a positive result. Find the proportion of the residents
infected with the disease. [2]

As time goes by, the proportion of people infected with the disease increases to g %. Find, in terms
of g, the probability that a person has the disease given that this person has been tested negative.

(2]

Using your answer in part (ii), discuss the effectiveness of this test in the long run. [1]

7 Four friends went for a Christmas party, each bringing a present for gift exchange. During the gift
exchange, the presents were randomly distributed, such that each person received exactly one gift, which
may be the same or different from the present that he brought along. It is given that the presents brought
to the Christmas party were all distinct from one another.

@)
(i)
(iii)
(iv)
)

© ASRIC 2021

Find the total number of ways to distribute the four presents to the four people if there are no

restrictions. (1]
Find the number of ways the presents can be distributed if there is exactly one person who received
back their own presents. [2]
Find the number of ways the presents can be distributed given that there are exactly two persons
who received back his own present. [2]
Explain why there cannot be a case where there are exactly 3 persons who received back their own
gifts. [1
Hence or otherwise, find the probability that none of the friends received back their own present
after the gift exchange. [2]
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6
8 A bag contains n blue cards and (n +1) white cards which are identical in all aspects except for their
colour. Two cards are drawn at random without replacement, from the bag.

(i) Find the probability that the two cards drawn are of different colour. [1]
(ii) Find the probability that the two cards drawn are of the same colour. [1]

If the cards are of different colour, two fair coins are then tossed and the number of heads is recorded. If
the cards are of the same colour, the two fair coins are each tossed twice and the total number of heads
is recorded. The random variable X is the total number of heads recorded when the two cards are drawn
without replacement from the bag.

3n+2

iii) Show that P(X =1)=———. 2
® & == &
It is now given that there are 3 blue cards.

(iv) Find the probability distribution for X. [4]
(v) Find P(X>2|X<3). 2]

9 Sleep is important for optimal cognitive functions for students. One particular study found that 85% of
students from schools in Singapore obtain less than the 8 hours of nocturnal (night-time) sleep
recommended by the US National Sleep Foundation, and average, only 6.5 hours a night on a school-day.

(i) Assuming that the amount of nocturnal sleep for a student per night can be modelled by a normal
distribution, find its standard deviation. 2]

Three students in a school are randomly selected by a researcher to participate in a survey on sleep.

(ii) Find the probability that one of the three students has less than 5.5 hours of nocturnal sleep per night
and the other two students have more than 7 hours of nocturnal sleep per night.

The researcher opines that the total amount of sleep for students should be considered as the sum of the
amount of their nocturnal sleep and afternoon naps. He assumes that the total amount of sleep from
afternoon naps on a school-day can be modelled using a normal distribution with mean 65 minutes and
standard deviation @ minutes.

(iii) Explain why the use of a normal distribution as a model may not be appropriate when a =60.  [1]
It is now given that a = 10.

(iv) Find the probability that the total amount of sleep for the first student exceeds 8 hours. [3]

(v) Find the probability that the total amount of sleep of the first two students exceeds twice the total
amount of sleep of the third student by more than 1 hour. [3]

(vi) State an assumption that you have used in your calculations in part (iv) and explain why this
assumption may be unrealistic. [2]
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10 A firm sells two types of electrical components, 4 and B.

Type 4 components are packed in boxes of 50. On average, 2% of the Type 4 components are faulty.

(i) State, in context, two assumptions needed for the number of faulty components of Type A4 in a box
to be well-modelled by a binomial distribution. [2]

You are now given that the number of faulty components of type 4 in a box follows a binomial distribution.

(ii) Find the probability that a box of these components contains more than 1 faulty component.  [2]

Five boxes of Type 4 components are selected at random.

(iii) Find the probability that the fifth box is the third box selected which has more than one faulty

component. [2]
(iv) Find the probability that there are 3 boxes with more than 1 faulty component each. [2]
(v) Explain why the answer to part (iv) is greater than the answer to part (iii). [1]

Type B components are packed in boxes of 20 and on average 0.1% of the Type B components are faulty.

(vi) Thirty boxes of Type 4 and forty boxes of Type B components are randomly chosen. Find, by using
suitable approximations, the probability that the total number of faulty components are no more than
15. (3]

11 An airline which cater various flights within the United States of America has a flight route that travels
from New Orleans to Miami. The airline claims that the average flight time is 115 minutes. Brandon, a
regular commuter of this flight route, thinks that his journey takes a shorter time on average.

(i)  Explain, whether Brandon should carry out a 1-tail test or a 2-tail test. State the hypotheses for the
test, defining any symbols you use. 2]

Brandon records the flight time (in minutes) of 8 randomly selected flights as shown below.
113.0 1124 1100 113.8 111.3 1152 1142 1155

(ii) Assuming that the flight time from New Orleans to Miami follows a normal distribution that has a
variance of 11.3 minutes?, carry out the test for Brandon at 10% level of significance. Give your
conclusion in the context of the question. (3]

(iii) Explain what you understand by the phrase “at 10% level of significance” in the context of the
question. [1]

(iv) The same sample of 8 flights is now used to carry out a test at the 10% significance level, to test
whether the mean flight times is different from what the airline claims. Using the answer in (ii),
state the conclusion of this test. [2]

Another flight route travels from Portland to Los Angeles. Due to bad weather conditions, the flights
sometimes take a longer time to arrive at Los Angeles. The airline claims that the mean flight time is &
minutes. The operation manager of the airline believes that this number is understated and wants to test
this claim. Sixty flights were randomly selected, and the mean flight time of 181 minutes and standard
deviation of 13.6 minutes were recorded.

(v) Find the range of values of k for which the claim by the airline is supported at 4% level of
significance. Give your answer to the nearest minute. [4]
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Question 1

Since all the coefficients of f(z) are all real, when (2i) is a root of f(z) =0, then (-2i) is

another root.

Thus the product of quadratic factors = [z - (2i):| |:z - (—2i):|

=[z-(2) ][z +(2i)]
=z +4
f(z)=z'+222° + 22 + 832212
= (z2 +4)(22 +Az—3)
By comparing coefficients in the terms inz: 44 =8v2 = 4=22

Thus £(2)= (2*+4)(z" +2+22-3)

Consider, z2 +242z-3=0.

_2,/51\/3“2:—2«/5;\/2_0: 545

7

Thus, we have z =

Hence the other roots are: —2i, —J2-/5 and =245,

[Turn over



Question 2

Let a, b and ¢ to be the monthly subscription cost for Amazoon TV, BingeWatch, and
Cinematic.

Aaron : 9a+12b+11c =360
Serene : 126 +12¢ =300

Jaycee : 0.9(9a+12b)+11¢ =337.2

9a+12b+11c =360 a=8
Solving the SLE = 126 +12¢ =300 =<b=13
81a+10.8b+11c=337.2 c=12

The monthly subscription for Amazoon TV, BingeWatch, and Cinematic are $8, $13 and $12
respectively.
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Question 3(i)
ar=a+(3-1)d=>d=-‘i(12:-'—) )
ar3=a+(5-1)d=d=&;"1—) —2)

Subst (1) into (2),
a(r’-1) _a(r-1)
4 2
a(r’ =1)=2a(r-1)

Since a>0,
r’=1=2(r-1)
?‘3—,21‘4'1:0

If the common ratio were to be 1, from equation (1), the common difference will be 0. But the
question mentioned d # 0. That is why the common ratio cannot be 1 even though r=1isa

root of the equation.

Question 3(ii)

Let 7 =2r+1=(r—1)(4r* + Br+C).

Clearly, A=1and C=-1.

Compare coefficientof »: -2=A4-B
B=A+2=]

So, 7 =2r+1=(r=)@’+r-1)=0

Consider »* +r-1=0,

_—LEYP —4() =D _-1245

2 2

¥

-1-5

Since geometric series is convergent, r # 5

—1+J§

Therefore, the common ratio of the convergent geometric series is

© ASRIC 2021

[Turn over



Question 4(a)

1 ¥

’2_x2 l “\'\ :'l y= 1 -
sl | \\‘5 2-x
= x =1 (since x > 0) : A /

. %
Area of Region Q i @’;X\
1 1 ™
P ] ~

Let

® | =

*Accept ln\E—-i- and -—%ln—lz-—%

Question 4(b)

1 1 , ¥=S5
Let5=—~ and 5= '

x V2-x l\”'// .
From GC, x=02 and x=1.4(sincex>0) // ;
/I y=
Required volume 2-x

14 1 i
= Vol ofcylmder-n.[ ( de nI [ )dx

— _ﬂ,___.___———/—
=n(5)" (1.4-0.2)~12.566-3.9158 T

=77.8 units® (3 s.f.) 0.2

© ASRIC 2021



Question 5(i)

y=e®

Iny=,1+x

_l_gz.l_(]_,_x)‘%
y 2

2 3
Maclaurin’s series of yis y=e+ £ x)+(0 x_+ £ X
yisy [2]() ()2! 6T

e e 3
y=e+—Xx+—x +...
2 48
Question 5(iii)
G

e e
eV =e+5x+—-x3+...

Differentiating both sides with respect to x,

le—+c+i(3x2)+
241+x 2 48

e =e+=x’+
Vl+x 8
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Question 6(a)

From graph, x> +1—¢* <0 for x>0.

L

=j_“ax1+1-ef dx+j0”_x2—1+e* dx

3 g 3 a
X T X x
=|—+x-¢"| +|-——-x+e
[3 }—a [ 3 :|0

dx

x* +1-¢"

==2+e" +e°
Question 6(b)
Differentiating x = tan & with respect to &
L. sec’ @
2 2
[ = | —20(sec?6)do
(1+x2) (1+tan16)
2
=J'tanzl.‘if 46
sec”
= [sin 0 do

= %I(] —c0s26)dé

= 1(9—- s1n228j +c¢ , where ¢ is an arbitrary constant

x 1
Since x=tan#, sinf = and cosf =
V1+x? Vi+x?

j' ¥ 2dx=l(9—5m29)+c
2 2

{9_ 2sm80059j+c
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Question 7(i)
x+2) . x-2)+2] ;
y= (*2) Repacexvihx? = [(x-2) ] =2 (Translation of 2 units in the
x+1 (x=2)+1  x-1
positive x-direction)
Replace x with (At)x)2 p2x2 ]
By y= = (Scaling of scale factor — along
( px) -1 px-1 )2
the x-axis)
Repl ith &5
e e SR +q (Translation of g units in the

px—=1
positive y-direction)

The minimum turning point on C1, (0, 4) corresponds to (a, b) on Ca.

Hence a = L(0+2) =>p= z
p a

b=4+gq =qg=b-4

Question 7(ii)

b4
1
|
|
i
I
I
|
I
i
I
M
1
|
]
|
|
I
I
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Question 8(i)

Y (r+1y-r) =

r=1

+ 3_( 1)3
+(n+1) —)’
=(n+1)’ -1

Question 8(ii)
(r+1° =r =r +3r +3r+1-1°
=3 +3r+1
Y (+1=r*) = (3r7 +3r+1)
r=1 r=)

(n+1)3—1=3ir2 +3§":r+2":1
r=|l r=1

r=1

w4307 +3n=33"r? +3(-;—)(l+n)+n
r=l

32?*2 =n’ +3n’ +3n-%n-%n2 -n

r=1

grz =%(2n3 +3n’ +n)

=Z(n+D2n+1) =7 (2" +3n+1)
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Question 8(iii)
N N+2
dr+2y=37r
r=5 r=7
N+2

=>r —irl

pe=] r=|

= N;2((N+2)+1)(2(N+2)+1)_g(6+1)(2(6)”)

=—;-(N+2)(N+3)(2N+5)—9]

Alternatively

i(r-.;.z)z =i(ar-2 +4r+4)
- % .
=Y r'+ Y (4r+4)
r;s r:5 .

=ZJ"2 -3 +Z(4r+4)
= =

r=5
= %(N+l)(2N+ 1)—%(5)(9)+

r

N;4(24+4N+4)
=%I(N+1)(2N+1)—30+(N—4)(14+2N)

=%(2N2 +3N +1)=30+14N +2N? - 56

3
=_AT_+EN2 +—31N-86
3 3 6

© ASRJIC 2021
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Question 9(i)

When x=0,

tan260-1=0= 29:%:6?:%

y=1-25ec2(%)=1*2sec%=]—2\/5

The coordinates of the point where C cuts the y-axis is (0,1 -2.2 )

Question 9(ii)

2 =2sec’ 26; d—y =—4sec 26 tan 26
dé de

d
g_)i_ie__—4sec29tan20
dx dx 2sec’ 20
de
=-2sin 26
When 8=0,

x=-1and y=-1 and d—y-=0.
dx

The coordinates are (—1,—1) and the gradient of C at this point is 0.
As 60 — —E,

4

x—>» -0 and y — —©

dy

——2
dx

As 9—>£

x — 400 and y — -
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Question 9(iii)
Let the equations of the asymptote be y=2x+a and y=-2x+b.
Substitute x =—1 and y =1 into the equations,

1=2(-1)+a=>a=3

1==2(-)+b=>b=-1
Therefore the equations of the asymptotes are y =2x+3 and y =-2x-1.

y

S y=2243

> X

0, 1-242)

Question 9(iv)
Vet inn 20 =x+1 and sec29=112-’i
Since 1+tan” 26 = sec’ 26
-y :
1 1Y =228
+(x+) [ s )
(]—y)2=4+4(x+1)2
y-l=2/4+4(x+1)
y-l=—J4+4(x+1)’ reject y~1=/4+4(x+1)’
y=1-4+4(x+1)’ | |
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Question 10(i)
Let @ = ZTPB and f=ZCPB

tan @ = tan(a — )

_ tana—tanf3
1+tana tan

b a

tan @ = —3+—%

Question 10(ii)
-5

de (Jc2 +ab)(b—a)—(2x)(b—a)x

sec’—= .
(Jc2 +ab)
— 2 —
e 090 _ (ab x )(b2 a)
(x2+ab)
OR
9=tan"((bz_a)xJ
x" +ab
do 1 (¥*+ab)(b-a)-24*(b-a)
= X
i H[(bz—a)x]z (x2+al))2
x" +ab

de " (ab xz)(b a)
dx (x +ab)

=+/ab or X=—JE(rej x> 0)
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d6 (ab-x*)(b-a)

dx (x2 +arb)2 sec’ @

Since (x’ +al':)2 >0,sec’@>0and b>a=>b—a>0, it suffices to check (ab—xz)

Using first derivative test:

-, @ is a maximum whenx =+ab .

13

T @ [P [
dé +ve 0 -ve
e cab-x*>0 vab-x' <0

When x=Jcr_b,

tanf =

(b-a)ab

2ab

Question 10(iii)

Given a=50,b=70,

tan@ =

il

(b-a)x _

20x

X +ab x> +3500

30

3 1
—<tanf<—
22 V35

© ASRIC
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Question 10(iv)
dx

.

dt
When a=50,6=70,x=10,

2_ab\(a-b
do _(x'-ab)(a=b) 17 or 0.0052308

L.
dt  dx dt
=—3><i
3250
_ Sl
" 3250

rad/s.

The angle @ is decreasing at a rate of )
3250
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Question 11(i)
6
p:6x=5y+2z+5=0=>r:|-5(=-5
2
% 10 15
gL e W N PP B EP PP
15 14 -10
5 -10
10 6
Consider, |15 || =5 [=60-75+10=-5 = (10,15,5) lies on both / & p.
5)1 2
15 6
Consider, | 14 [-[=51=90-70-20=0 =/ is parallel to p.
-10) 1\ 2

Therefore, the path [ lies on plane p.

Question 11(ii)

When z=0, ﬂ=l:>x=]7_5 and .Ji__15=l=,y=22
15 2 14 2

Thus fixed point has coordinates (17.5, 22, 0) .

Question 11(iii)
30 -10 6
m:r=-10|+¢| 9 (,teR and p:r:|-5|=-5
0 15 2
30-10¢) (6
Consider, | =10+97 |-| =5 |=-5.

15¢ 2

=180-60r +50—45¢+30r =-5.
= 75t =235
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30-10(8)) (-4
r=|-10+9(4%) |=| &
15(%) 47

16

The unauthorised drone hits the plane p at coordinates (—%,%1-,47 J after taking off for 3 min

8 seconds (or 3.13 min).

Question 11(iv)

Let A(where unauthorised drone hits plane p) and
B(point on line /) be points whose coordinates are

[—%,%.47) and (10,15,5) respectively.

Let direction vector of line be d =

5 -4 10
Thus, BA=| & |-|15|=
47 5

_.)

Shortest distance = BAx|:—|

34
3

16
5

42

Il
3|-
3

15
14
-10
-34
3
16
5
42
: 15
X 14
521 _10
-620

3
=620

© ASRIC 202]

\ 3

15
d=| 14
£ 5. [-10}

L]

Line / B(10,15,5)

B3 1 =36.49877 =36.5 m (3 sig. fig.)



Question 11(v)
Let F be the foot of the perpendicular from A to line /.
10+154 -4 (15,1.,.3_34
AF =[15+144 |- & =] 144-L
5-104 47 -104-42

2726

154A+2 15
_)
AF-d=0=| 142-15 || 14
—-104A-42) { =10
=521A=-5452= A =———=-1.04645
2605
~ze\ (570
_)
Thus OF =| 2 [=/0.350
L 15.5

521

Alternatively

MI‘D w|«h
n-[a. ,--_-5\
""Io‘ ulw

2605

(—)
Ba-S
d
34
3
%]—h
%
oF =-2126| , ]

© ASRIC 2021
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Question 12(i)
dr _
dt
jlcU:de:
I
InI=Rt+c,,since I>0

I=Ae™, where 4 =¢"

Whent=0,/=35,
S5=Ae’ =4,=5

o =5e™

Question 12(ii)

It means that the number of people being infected will double after every day.

Question 12(iii)

When 7= 1, model (I) gives I = 5e”
model (1) gives 1, =5(2')
Equating 5e" = 5(21) ,

ef=2
R=In2

Question 12(iv)

Model (1) is a better model because it can be used to predict the number of infected people at
any one time whereas model (II) can only predict so at the start of every new day.

Alternative explanation
The number of infected people must be of integer values. Hence Model (II) is a better model
than model (I).

to be awarded for any plausible explanation.
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Question 12(v)

art
dr

0 5000 10000 7

d . ; .
From the graph of Ti% against 1, there are 5000 people infected at the instance when the rate
of infection is the greatest.

ds . dI
Sub 7= 5000 and d_ =2500 into —&? =al(10000-1),

I
2500=5000(10000~-5000)a = a = 0.0001

Question 12(vi)

9 _ 0.00017(10000- 1)

dI = jo.ooom dr
IR oooo I5)

dI = j-o 00001 dr

dt
lsim-5
J‘12 lOOOOI
J

- 5000) ot R

| ]n|(1—5000)—5000|

2(5000)  |(Z -5000) +5000|

‘1—10000‘

7Y L nd
I

=-0.00001¢ +c,

=—1+10000c,

1-10000
I
1-10000= A Je”
I(1- 4,¢™)=10000
_ 10000
1-4e”

= Ae”, where 4,=+¢'"

Whent=0,/=5,
10000

— A’
Sub 4, =-1999 in I = 10000 e I=&90—_,
- Ae” 1+199%¢

5_

—=> 4, =~1999
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Question 12(vii)

10000} ~--======--=====ssmmnmmsnnooozioo o I=10000

10000
1+1999¢”

v
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