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Mathematical Formulae

1. ALGEBRA

Quadratic Equation

For the equation ax® +bx+c =0,

_—b+b* —4ac

2a

X

Binomial expansion

(a+b)" = a"+(ﬂa"“b+(;)a"“2b2 +...+(H]a"‘rbr B Bl

r

n ! =1)...(n—-r+
where 7 is a positive integer and . = ) o e
r| rli(n-r)! r!

2. TRIGONOMETRY
Identities

sin® A+cos* A=1
sec’ A=1+tan’ 4
cosec’4 =1+cot” 4
sin(A+ B) =sin Acos B+ cos Asin B
cos(A+ B)=cos Acos BFsin Asin B
tan A+ tan B
lxtan Atan B
sin24=2sin Acos 4
cos2A4=cos’ A—sin®* A=2cos* A-1=1-2sin’* 4

tan(4+ B) =

Oy L
1—tan® 4
Formulae for AABC
a b e

sind sinB sinC
a’*=b*+c*—2bccos A

AzlbcsinA
2
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The variables x and y are related by the equation y = ﬁ . The diagram
x [
below shows the graph of 1 against x.
¥

1

Ay

(10.1)

\ 4

(0.-4)

/

Calculate the value of A and of . [4]
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The Richter scale measures the intensity of an earthquake using the formula

M = lg(ll-} where M is the magnitude of the earthquake, / is the intensity of

0
the earthquake, and /; is the intensity of the smallest earthquake that can be
measured.

(a) Calculate the magnitude of an earthquake if its intensity i1s 1000 times the
intensity of the smallest earthquake that can be measured.

(b) In February 2011, an earthquake with magnitude 6.2 was recorded in
Christchurch, New Zealand. Few weeks later, an earthquake with
magnitude 9.0 was detected in Fukushima, Japan. How many times stronger
in intensity was the Japan’s earthquake as compared to the New Zealand’s

earthquake? Give your answer to 2 decimal places.

PartnerinLearning
4

[3]

BP-~6



3

The diagram shows a hemispherical bowl of radius 12 cm. Water is poured into
the bowl and at any time ¢ seconds, the height of the water level from the lowest

point of the hemisphere is 4 cm. The rate of change of the height of the water
level is 0.4 cm/s.

T a—,

Fal

hcm

(a) Show that the area of the water surface, 4, is given by A=rh(24—h). [2]

(b) Find the rate of change of 4 when 2 =5 cm.
Leave your answer in terms of 7. (3]
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4 (a) Explain why there is only one solution to the equation
log, (13-4x) =log z(2~-x). [5]
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(b) Solve the simultaneous equations
&% a2,

9" +3 =10 [7]
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5 (a) Prove the identity cot2x = —_ tan x . [2]
tanx 2
(b) Hence solve the equation tanx(3—4cot2x)=3 for 0°<x<360° . [5]

(¢) Without further solving, explain why there are 6 roots to the equation
tan§(3—4cotx)=3 for —360° < x < 720°. 2]
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6 Thecurve y=e+/1-3x intersects the y-axis at the point P. The tangent and the

normal to the curve at P meet the x-axis at 4 and B respectively. Find the exact
area of triangle PAB. (7]
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In the diagram, CE is a tangent that touches the circle of centre O at D.
AD is the diameter of the circle, E4 cuts the circle at points G and 4, and EB cuts
the circle at points F and B.

(r
A
E
1
C
(a) Given that ABC is a straight line, show that triangle ABD and triangle
DBC are similar. [3]
PartnerinLearning
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(b) If BE = AE, show that EF = EG. (4]
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8 (a) Wrte down the first three terms in the expansion, in ascending powers of

X, of (2 —g] , where n is a positive integer greater than 2. [3]

(b) The first two terms in the expansion, in ascending powers of x, of
(1+ x)2 [2 -%) are a+bx’, where g and b are constants.

Find the value of ». [3]
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(¢) Hence find the value of @ and of b. [3]
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The diagram shows a parallelogram 4BCD in which the coordinates of the points
A and B are (8, 2) and (2, 6) respectively. The line AD makes an angle 8 with the
horizontal and tan#=0.5. The point E lies on BC such that AE is the shortest
distance from 4 to BC.

v

‘.'

I, > X
(a) Show that the equation of line BC'1s 2y =x+10. [2]
(b) Find the equation of line AE and the coordinates of E. [3]

PartnerinLearning
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(¢) Given that g—ﬁ = % find the coordinates of C and D. [4]
(d) Find the area of the figure OBEA, where O is the ongin. [2]
PartnerinLearning
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10 (a) Solve the equation 2cos3x+1=0for 0<x<rx. [3]
(b) Sketch the graph of y =2cos3x+1for 0<x<nx. [3]
Ya
g
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(¢) The equation of acurveis y= ﬂ, where 0<x<r7.
2+cos3x
Using (a) and (b), find the range of values of x for which y is a decreasing

function. [5]
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3x* +4x-20
Q2x+1)(x" +4)

11 (a) Express in partial fractions. 5]
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(b) Differentiate In (x2 + 4) with respect to x. 2]
. 2 +4x-20
(¢) The gradient function of a curve is ﬁ+—x_ .
Qx+1)(x* +4)
Given that the y-intercept of the curve is (0,In4), using part (a) and (b),
find the equation of the curve. [4]
END OF PAPER
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Mathematical Formulae

1. ALGEBRA

Quadratic Equation

For the equation ax” + bx +¢ =0,

_ —bt+b’ —4ac

x=
2a
Binomial expansion
n
(a+b)" =a"+ " a'b+ aihr+. .+ B a b + .+ h"
1 2 ¥

n ' = s [t

where 7 is a positive integer and R L - n(n—=1)...(n-r+1)
r) rin—r)! hr

2. TRIGONOMETRY
Identities

sin® A+cos’ A=1
sec’ A=1+tan’ 4
cosec’A =1+cot” 4
sin(A+ B) =sin Acos Bt cos Asin B
cos(A+ B)=cos Acos B¥sin Asin B
tan A+tan B
lFtan Atan B
sin2A4=2sin Acos A
cos2A4 =cos> A—sin’ A=2cos* A-1=1-2sin’ 4

tan(4 + B) =

tan 24 = ﬂ
1—-tan” 4

Formulae for AABC
a b =

sind sinB sinC
a’=b*+c*—2bccos A

A=lbcsinA
2
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1 (a) Find the range of values of x for which the expression 3—2x? is negative.  [2]

(b) Find the set of values of the constant k for which the curve y=x’ lies entirely
above the line y =k(x+1). [3]
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2 (a) Find the range of values of k such that the line x+ y=3 intersects the curve
x'-2x+2y*=k. [4]

(b) State a possible value of & if there is no intersection between the line and the curve.  [1]
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3  Apolynomial, P, is x”" —(k+1)x’ + k where n and k are positive integers.
(a) Explain why x—1 is a factor of P for all values of k. [2]

(b) Given that k£ = 4, find the value of n for which x—2 is a factor of P.
Hence factorise P completely. [4]
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A projectile was launched from a catapult to hit a defence structure on a fort. The height,
h metres, of the projectile above ground is given by the equation 4 =-2x*+3x+1.5,
where x metres is the horizontal distance from the catapult.

(i) By expressing the function in the form A= a.r(x-m)2 +n, where a, m and n are

constants, explain whether the projectile can reach a height of 3 metres. [2]

(ii) Given that the defence structure is 1.4 metres horizontally from the catapult and
0.8 metres above the ground, justify if the projectile will hit the structure. [2]
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(iii) Sketch the curve of h=-2¢*+3r+1.5. [2]

ha
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(a)

(b)

Differentiate In (sin x ) with respect to x. [2]

The diagram shows part of the curve y =—cotx, cutting the x-axis at (%0]
The line y = —/3 intersects the curve at P. .

(i) State the value of x ,, the x-coordinate of P. [1]

(ii)  Explain why the expression F —cotx dx does not give the area of the shaded

region. [1]

PartnerinLearning
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(iii)  Find the exact area of the shaded region. [3]
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5 (a) Without using a calculator, show that cos(%) = %(ﬁ —6 ) . [3]
Z
(b) Evaluate I 12 3cos? x —sin’x dx exactly. [4]
0
PartnerinLearning
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6 (a) (i) Factorise x® —64 completely. [2]

(ii) Hence solve x*—64= (x2 +4)2 —(2;1:)2 . [3]

a++/b

(b) Find the values of the integers a and b for which 1s the solution of the

equation 2x+/3 +x+/125 = x/45 +12. [4]

PartnerinLearning
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17cm

0 3lem D

The diagram shows three fixed points O, 4 and D such that O4 = 17 cm, OD =31 cm
and angle AOD =90° .

The lines AB and DC are perpendicular to the line OC which makes an angle € with
the line OD.

The angle @ can vary in such a way that the point B lies between the points O and C.

() Show that AB+ BC+CD =(48cos@+14sind)cm. [3]

PartnerinLearning
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(ii) Find the values of & for which 4B+ BC+CD=49cm. [6]
(iii) Find the maximum value of 4B+ BC +CD and the corresponding value of 4. [2]
PartnerinLearning
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The diagram shows a roll of material in the shape of a cylinder of radius » cm and
length / cm.

The roll is held together by three pieces of adhesive tape whose width and thickness
may be ignored.

One piece of tape is in the shape of a rectangle, the other two pieces are in the shape of
circles.

The total length of tape is 600 cm.

(i) Show that the volume, " cm?, of the cylinder is given by
V=nr (300-2r~2m'). [3]

PartnerinLearning
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(i) Given that r can vary, show that ¥ has a stationary value when r = 1—@_ where k
+7

is a constant to be found, and find the corresponding value of /. [5]

(iii) Determine if the volume is a minimum or maximum. [3]

PartnerinLeaming
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A particle travelling in a straight line passes through a fixed point O with a speed of

8 m/s.

The acceleration, a m/s? | of the particle ¢ s after passing through O, is given by
-0.1¢

a=—e .

The particle comes to instantaneous rest at the point P.

(i) Show that the particle reaches P when ¢t =101InS5.

(ii) Calculate the distance OP. (3]

PartnerinLearning
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(iii) Explain why the particle is again at O at some instant during the fiftieth second
after first passing through O. [3]
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P(8,-6)

The diagram shows two circles C, and C,.

Circle C, has its centre at the origin O.

Circle C, passes through O and has its centre at Q.

The point P(8,-6) lies on both circles and OP is a diameter of C, .

(a) Find the equation of C,. [2]

(b) Explain why the equation of C, is x* + y* —8x+6y =0. [3]

PartnerinLearning
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(¢) The line through Q perpendicular to OP meets the circle C,at the point 4 and B.

Show that the x-coordinates of 4 and B are a+b+3 and a—b/3 respectively,
where a and b are integers to be found. [7]

END OF PAPER
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Muathematical Formulae

1. ALGEBRA

Chuadratic Lquedtion

For the equation ax” +hx -+ ¢ — ().

h+b- dac

2¢i

X=

Binomial expansion

n )L )
(@+bh) —a"+| |a"'b+| _|a" b +...+| la"'H +...+b"
I 2 i)

. L i nl a{n—1}y...(n—r+l)
where # 15 a positive integer and = £

r) rin=rjl r!

2. TRIGONOMETRY

Fdentities

sin~ A rcos” A=1
sec A=11tan’ A
cosec 4 =1+cot” A
sinf A+ B)=sin 4cos B+cos Asin B
cos(A+ B)=cos Acos BFsin Asin B
tan A +tan 8

| Ftan Atan B
sin2A4—2sin Acos A

lan(A 4L By~

cos2A=cos’ A sin A=2cos’A 1=1 2sin’A
tan2A4 = ﬂ
I tan~ 4
Formulae for ABC
7 h e

sinA  sinAB  sin(’
a’=h"+¢ =2bccos A

A= lf’)('Sin A
2

AISS PRELIM/4E/4049/P1/2023
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1 The variables x and y are related by the equation y = 7/—’[{ . The diagram

] :
below shows the graph of — against x
.

1
1

1.‘1

(10,1)

v

Calculate the value of # and of £ (4]
h

v

T 2x—k

1 2k 2k

v h 1 h

Gradient of line = | (D —l~ - E

-0 2 A
h=4
y-intercept at —4 — —é
k=16
[Turn over
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The Richter scale measures the intensity of an carthquake using the formula

4

M = Igti], where M is the magnitude of the carthquake, / is the intensity of

0

the carthquake. and /, is the intensity of the smallest carthquake that can be

measured.

(a) Calculate the magnitude of an earthquake if its intensity is 1000 times the
intensity of the smallest earthquake that can be measured.

(b) In February 2011, an earthquake with magnitude 6.2 was recorded in
Christchurch, New Zealand Few weeks later, an earthquake with
magnitude 9.0 was detected in Fukushima. Japan. How many times stronger
in intensity was the Japan's carthquake as compared to the New Zealand's

carthquake? Give your answer to 2 decimal places.

» :lg[lﬂﬂﬂfe
!
6 2:1g[hl
I,
9(}:1g(]"

The Japan’s carthquake is 630 96 times stronger than the New Zealand's

earthquake.

AISS PRELIM/4E/4049/01/2023
PartnerinLearning
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The diagram shows a hemispherical bowl of radius 12 em. Water is poured into

the bow! and at any time 7 seconds, the height of the water level from the lowest

point of the hemisphere is # ¢cm. The rate of change of the height of the water

level is 0.4 cm/s.

Ir cm

/
5\\

\\ |
e \_'_,/

(a) Show that the area of the water surface, 4, is given by A4 ——-m'r(24 h).

1.et radius of water surface be rr cm
P +(12-h) =12°

12° (12 Ay

(12 (12 Ap(2+(12 )

=24 h)

3
I

Area, A= ar’ =rxh(24 h)

(b) Find the rate of change of 4 when# 5 cm.
l.eave your answer in terms of 7.

Y r(24-2n)
di
u_aa a

d dA  dr

=m(24 2h)x0.4
m(24-10)x04 whenkh 5cm
=56rx

Rate of change of surface area 5.6 cm'/s

AISS PRELIM/M4EIA049/01/2023
PartnerinLearning
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(a) Explain why there is

log, (13-4x)=logz(2-x).

log. (13-4x)=log (2~ )
log.(2—x)
log, g
log,(2—x)
{

2
=2log.(2-x)
log.(13-4x}=log;, Z2—x)
(13—4,\'}:(2-.\'):
(13-4x)=x"-4xr+4
¥ =9
x = 3 or -3

only

one solution to the equation

[5]

When x =3, log z(2-3) =log ;(~1)is undefined. so

rcjost x = 3.

The only solution is x = -3 (ans)

AISS PRELIM/4E/4049/01/2023
PartnerinLearning
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(b) Solve the simultancous equations

4% =32(2""),

P13 =10.
43 =32(2"")
27“ 5;25(2\- y-'}_zr\.l 4
2x16=51x1y¥
v—x+l (N
9 +3" —10
343 =10
3" 1388210

(37) +3(37)-10=0

ol

Letu 3%
w43 10=0
(w+5)(u-2) 0
H=2 or u=-5
3"=2 or 3= S5(rejectsince 3" >0)
xlgd=1g2
lg2
x=22_0631 33D
Ig3
lg2

v=—"—c0{1=1.62 {3s.f
o 1g3

AISS PRELIM/AE/4049/01/2023
PartnerinLearning
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8
5§ (a) Provetheidentity cot2x = —tan.x (2]
2tany 2
|
col 2x — ——tan x
2lanxy 2
171§ =cot 2x
B |
tan 2x
N ]
2tan x
1 tan’ x
1 fan’x
2tan x
1 tan” x
2tanx  Z2lany
| ]
21lanxy 2
(b) Tlence solve the equation tanx(3 4cot2x)=3 for 0°<.x<360° . (5]
tanx(3 4cot2x)=3
] ] \
tan x 4( ——tan .y \'*?
L 2tany 2 J)

g
2 \
3,

{
tan _\'( { 21an .rJ =3
tan x

3tany 2 2tan x=3

2tan” x+3tanx-5-0

(tanx 1)(2tanx+5)=0
tanx=1 or tanx= 2.5
basic angle =45° or 68.199°
x =45% 225°, 111.38° 291 4°

AISS PRELIM/4E/4049/01/2023
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(c) Without further solving, explain why there are 6 roots to the equation

an;i(s 4cotx)=3 for 360°< .y <720° 2]

There are 4 roots 1o the equation 1anx(3 4cot2x)=3 for 0° < x <360°
from (b).

Since the period of tan :r( 3—4cotx)is doubled of tan x(3 —4cot 2x)
there will be 4/2 2 rool—s to the equation for 0° <y <360°

For 360°<x<720°, the graph of tan %(1 4cotx} would have

repeated 3 cycles. thereby giving 3 x 2 6 roots to the equation,

OR

tan % (3- 4cotx)=3. —360°<x<720°

X

Let y= > ,then tan y{3-4cot2y)—3 | —180°< y <360°

J has 4 solutions in the domain (0° < » <360°, 1 from each quadrant,
from (b).

Therefore, for the domain —180° < v <3607 the graph would have
entered another half a cycle, giving rise to 2 additional roots.

Therefore, there will be 6 solutions for y in the given domain, and thus, 6
roots to the equation.

AISS PRELIM/AE/4049/01/2023 [Turn over
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6 Thecurve y—e™yJ1-3x intersccts the y-axis at the point 7. The tangent and the
normal to the curve at £ meet the x-axis at A and B respectively. Find the exact

area of triangle PAR.

)—‘*(‘“\“—3.\’

AP x=0:y—L

LN e el |
dx l\
‘2(%:‘\)l-3_\'—( 3

b | —

241 3x

10

](1—3\-') "(3)

]
Equation of tangent: v—1— -;(.1‘—0}

AtA, y=0: x==-2

FEquation of normal: y -1=

AtB, y—0: .xﬂl
2

: | 1 S B
Area of triangle PAB —(1)| 21 —] =— units”
2 2) 4

AISS PRELIM/4E/AD49/01/2023
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I

In the diagram, (/7 is a tangent that touches the circle of centre () at /).
Al is the diameter of the circle, /24 cuts the circle at points (7 and A, and /28 cuts
the circle at points /" and 5.

%
(a) Given that 4B is a straight line, show that triangle A#5/) and triangle
DBC(C are similar. [3]

LABD =90° (nght angle in semicircle)
£DBC =90° (ad)jacent angles on a straight line)
Therefore LABD = XDBC

KXCDB = £ADAB (angles in alt. segment)

Since there are 2 pairs of corresponding angles that are equal, triangle A//) and
triangle /)B(" are similar.

AISS PRELIM/4E/4048/01/2023 [Turn over
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(b) If Bl-= Al show that I/ = [.(,.

XEFG—180° - £BFG  (adj angles on a str. ling)
=180° (180° £BAG ) {(angics in opp. scgment)
=L BAG
= £FAR

LLGF =1807 £FGA4  (ad] angles on a str. fine})
—180° —(180°— £LFBA) (angles in opp. segment)
£FBA
- LLBA

Given Bl Al triangle I-Al3 is isosceles.
KXEBA=£FAB (base angle of 1so0s. tnangle)

Therefore LEGF =£LFG
Hence triangle EGF 15 isosceles, and 1o/ = 1.0+

AISS PRELIM/4E/4049/01/2023
PartnerinLearning
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(a)

(b)

(©)

13

Write down the first three terms in the expansion, in ascending powers of

x, of (2~ E] . where # 18 a positive integer greater than 2. 13]
( xY iy, x) (n) { x)
|2—*) -2+ ]‘_2) | -= ( [(2)" | -=]| +
\ 4, I v 4/ (2 L4
1 (=), .
=2" —nx(2") ( '(2 Jor
s 32

The first two terms in the expansion, in ascending powers of x, of
_‘ _\‘ I R
(] +x) [2 —2) arc «+ by where  and b arc constants.

Find the value of 1. (3]

(h.x)’(z i] (hr2er )2 (2 (e (277)0 0

2" +.x(2" ‘ -H.(Q” ‘))+_x" {n(n—l)(?’ 5)—;:(2"' 2)‘*‘(2")]

=a+hx

Comparing coefficient of x: 2" '—~n(2‘” ")—0
2" :(_*' 1:):0

. 3 4.
Since 2" > 0 for all real valuesof n, 1 =2" =16

Hence find the value of a4 and of 4. 3]
Comparing constant: ¢ = 2" = 65536

Comparing coefficient of x° :
h=16(15)(2") 16(2 ")+ (2")=294912
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9  The diagram shows a parallelogram ABC/) in which the coordinates of the points
A and B arc (8, 2) and (2, 6) respectively. The line A1) makes an angle 0 with the
horizontal and tan@ — 0.5 The point /2 lics on BC such that A/2 is the shortest
distance from A4 to B(".

ey
(2.
o » Y
(a) Show that the cquation of line B("is 2y —x+10 [2]
Gradient of B(" - Gradient of A (BC//AD)
tand = L
2
. . | .
Equationof (" v—6= ;(xw-Z)
v:i.r--- 116
= 3
| -
'=—x42
-2
2v=x1+10
(b) Find the equation of linc A/ and the coordinates of /o [3]
Gradient of A/ 2

Equation of Al y—2—-2(x- R)

v= 2x118

. . ] _
Atlintersection: —x t 3= 2x 18

x 52, p=78H
Coordinates of [2: (5.2,7.6)
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. BE 1 . e
(¢) Given that e find the coordinates of (“and /).
;. B
l.el coordinates of ("be (x_ y).
Using similar triangles,
'(‘.

{3.2. 7.6}
E

.+.
v=41.6)+7.6=14
Coorof C: (18, 14)

Midpoint of AC: (13, 8)  Midpoint of B (p. q)

2
(J.MJz(m,g]
2 2

p—24 g-10

Coordinates of D (24, 10)

{d) Find the arca of the figure (2814, where (7 is the ongin.

Io £ 52 2 @
Areca=

0 2 76 6 0

]
2
|
2

(60.81312 104 152)=33.2 units’
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10 (a) Solvethe equation 2cos3x+1=0for 0<x<x.

2cos3x+1=0

I
cosdy=——
5

Basic angle = cos ' L.z
2 3

Since O<x <, 0<3x <37

. 7t
\ {1\
i L3
i1
i / o
: J o
s i s {__W_ﬂ-{ _______
i1\
R LR L '
R
Y3y I3
\ 1 \ |
\ 1 / \ |
\‘l'/ \
| 1
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; : sin3x
(c) The equation of a curveis v=———— where 0<y<z
21 cosdx
Using (a) and (b), find the range of values of x for which y is a decreasing
function. [51
sin3x
P — ———
2+cos3x
dy (21 cosdx)3cos3x sindx( 3sinly)
dx (2+cos3x j‘
_ 6cos3x+3cos 3y r3sin” 3x
(2+cos 3.1‘)'?
_ 6cos3xt 3
(2+cos 3x)

. e P dy

For decreasing function, — <0
dx

6cosdx+ 3
Bk BT

(2+cos3x)
Since (2+ cos .1‘): >0 for all values of x, 6¢os3x +3<0

2cos3x+1<0
27 drx 81
—<x<— o —<x<rx
9 9
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18
i 3v +4x-20 . .
()  Express ; in partial fractions. 5]
(2 1Dy 1 4) :
v +4x-20 A Bx+C

Qv i(x"14) 201w i 4
3 +4y=20=A(x £4)+(Bx +C)2x +1)

gt g ek 3[JJ +4[1]—20—.4(f—1} +4)40
> > 2 Y

A==5

Léte=0 20— AH+C()
=0
Letx=1 —13-54+3(B+C)
B=4
3v +4y-20 dx 5

(2x 1 I}(,\" %4) x4 2vil

(b) Differentiate In{x’ +4) with respect to x. 12]
d . 2y
—-!n(.\:' + 4) = —
dy r+4
AISS PRELIM/4E/4049/01/2023
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3x"+4x-20
(2x 1 l)(,\" i 4)_

Given that the y-intercept of the curve is (0.In 4). using part (a) and (b),

The gradient function of a curve 1s

find the equation of the curve. [
dv 3¢ 1d4x 20 4y 5
de  2x+D(x +4) 24 2v 0l
4. 5
_vzj. s : dx
¥ +4 2x+1
3 5
:_[ ,4" dx J- dy
¥y +4 2x+1
= I £ dx-5 I : dy
FRE 2
3 S .
=2In{x"+4)-=In(2x+1)+C
(v +4)-2m(2r+1)
. .S
Si In4 h e Ind=2ln(4) -=In(l b
ince (0,In4)is on the curve: In n(4) 3 n(l}C
C=-In4
v=2In{x" 1 4) Eln(Zwl) In4
- _. 2
END OF PAPER
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Mathematical Formulae

1. ALGEBRA
Onadratic lgration

For the equation ax™ + by +¢ — 0,

— b L\b™ —dac

2a

X =
Binomial expansion

| TR )
{(a+b)" =a"+ " a” b+ ! a" b+ d" b+ +h
I 2 r)

. s s (.”\_ m! n(n=1)...(n—r+1)
where 1215 a positive integer and | = =
\r) ri(n—r)t P

2. TRIGONOMETRY
Tdentities

sin® A+cos” A1

sec A _l+twan” A

cosec A —l+cot A
sin{A+ B) —=sin 4cos B+cos Asin B
cos{ A+ B)—cos Acos BFsin Asin i3
tan 4 +tan B
|Ftan Atan B

sin24 =2sin Acos A
cos2A—cos’ A sin® A—2cos’ A 1—1 2sin’ A
2tan A

tan( 4+ B)=

tan 24 :_‘—T—
1 tan® A

FFormmiiae for AMABC

a b ¢

sind sin#B  sin(’

a —b i * 2bccos A
| .
A=—bhesin A
2
AISS PRELIIM/4E/4049/P 212023
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1 (a)

Find the range of values of x for which the expression

3 24 isnegative.  |2]
3 2z
2x =35>0
\F 3
¥< J= or x> =
3 2
N3 Jo
pE — or XxB—
2 2

(b) Find the set of values of the constant & for which the curve v — x* lics entirely
above the line ¥y — & (x+1).

[3]
> k(v+l)

V—kx=k>0

For the quadratic expression to be alwavs positive.
b —dac <0
kT vdk <0
K (Ic +4)<0
4<k<0

AISS PRELIIM/4E/4049/P2/2023
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2

P =2x+2v =k,

x+v=3
v=3-x—-—(1)
¥ =2x+2(3-x) =k
X =2x+209-6x+x7)=k
X =2 +18-12x+2x* —k =0
3x' =14x+18-k =0
Since the line and curve intersects,
b =4ac20
(~14) —4(3)(18-k)>0
196 -216+12k >0
—20+12k 20
5

k>—
3

Any valug that1s < % .

AISS PRELIIM/4E/4049/P2/2023
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(a) Find the range of valucs of & such that the line x + y =3 interscets the curve

62

14]

{b) Statc a possible valuc of & if if there is no intersection between the line and the curve [ 1]
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A polynomial, 2, is x™* (& 1 1)x” + k where n and k are positive integers.

{a) Explain why x —1 is a factor of /2 for all values of £ (2]

let f(x)=x" (k+1)x" 1k
f)=1 & 1k
=()

~.since remainder 0, (x 1) is a factor.

(b) Given that &£ = 4, find the value of # for which x -2 is a factor of /.
Hence factorise 2 completely. [4]

fx) «"-5x+4

f(2) 2”-16

Sinece x — 2 is a factor,

2°% -16=0

no 2

f(.r) -5y +4
(x 1)(x -2)(:rc I 3x 4 2)
(x T)x 2)(x: N(x12)
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4 A projectile was launched from a catapult to hit a defence structure on a fort. The height, 4
metres, of the projectile above ground is given by the equation 4 — —2x" +3x+1.5, where x
metres 1s the horizontal distance from the catapult.

(i) By expressing the function in the form / _u(.x—m): +n, where a, m and » are

constants, explain whether the projectile can reach a height of 3 metres. [2]

b= 2% 13xt1.5
=-2(x"-1.5x-0.75)

~

2(x 0.75) 0.75° 0.75)

2 (x 075) 2.625
maximum point is (0.75. 2.625)
Therelore the projectile cannot reach a height of 3m

since the maximum height is 2.625m,

(i1) Given that the defence structure is 1.4 metres honzontally from the catapult and 0.8
metres above the ground, justify if the projectile will hit the structure. [2]

Subs (1.4,08) intoh=-2x"13x11.5
h=~2(14) +3(1.4) 1 1.5
1.78
/08
Since the point {1.4,0.8) does not lic on the curve A —2x* +35+ 1.5,

therefore the projectile will not hit the structure.
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(iii) Sketch the curve of A#— 2x 1 3x 1.5 (2]

h

A

h

o
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8
(2) Differentiate In(sin x ) with respect 1o x 2]
i{—ln{sm x)
da
——LOS N
sin ¥
coly
(b)
¥
b §
¥y z
7] = X
*ﬁ r-------------l r

['he diagram shows part of the curve 3 — —cot.x, cutting the x-axis at (30]

Theline y= ‘\/5 intersects the curve at />

(i) State the value of x . the x-coordinate of /. | 1]

)
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(ii) Explain why the expression j"‘ —cot x dx does not give the arca of the shaded

L P

region. (1]
The shaded area is below the x-axis If we L) cot.x dx , we will get a negative

o,

value for the arca. Thus j —cot x dx does not give arca of the shaded region.

(iii) Find the exact area of the shaded region. [3]
1
v——
tan x
when v — -3

I: —cotx dx

6

:[In(sin_r)lg

4]

=Inl Inl
3

=

v 3 I .
=In2 unils” or lnz units”
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6 (a) Without using a calculator,

10

Tn 1 . 5
show that cos []—"] —Z(\E ﬁ\/{_)) [3]

L

2 J V2( 3
S 2k2) 2i2
|
46
(b) Evaluate J‘12 3cos” x—sin~y dy exactly. (4]
0
J-P jcos'x simxde=]" %(Zcos‘x SRR K 7')-{[ 2sin’x 1) dx

¥

o

~

N |
S cos 2.r+4_;cos 2x+1dx

= 2cos2y it 1 dx

= [sin 2x | r]f

. T T
=sSm—+ —

O

12
b

12
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7 (a) (i) Factorisex® —64 completely 12]

=61
:(,\"‘ )3 -3
(& 4} 42 16)

—,(,\‘42}(\‘+3§l:,\"‘ + 3y - 16)

OR

x* ) —(2" )'I

¥ 8 (x" |8)

(
(< 2)(12)
(
(

—

[l

x- 2)(.r' + 2.v+4)(.r+ 2)(.& - 2.r+4)

x 2)(x 2)(.?3 +2x 4)(.'(: 2x i 4)

P -+

(i) Hence solve x*—64=(x"+4) —(2x)". 13]

o 64 =(x?+4) —(2x)’

(v +2)x-2)(x" + 40" +16) =" +8x" — 16— 4x
(x+2)(x-2)(x* +4x* +16)=x" +4x° +16
(x+2)(x-2)=1

' -5=0

.\':J_rxfg
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a+vb . . . y
1s the solution of the equation

(b) Find the values of the integers ¢ and & for which

2343 + 3125 = /45 +12] [4]

23+ V125 - x5+ 12
2.1‘\/3 + 5.\:\/5 3.\‘\.@ + Z\fg
2xd3 1 5x5 3xJ5 - 243

x(zv"i + 245 ) 205
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The diagram shows three fixed points (), 4 and /) such that OA
and angle A0 =90°_

17cm

13

3lem

17 cm, OF)

3l em

The lines A# and /(" are perpendicular to the line OJC" which makes an angle &€ with
the line O0).
The angle @ can vary in such a way that the point B lies between the points ) and (.

(i)

Show that AB + BC +CD —(48cos& +14sinf)em.

sin@:CD
31
CD =31siné@
sin(;':O—B
17
OB =17s1n8
cosf):;iig
17
AB—17cos @
oc
cosd — —
3

OC =31cos @

AB+BC+CD

=17cos@+31lcos@—17smm@+31smnd
=(48cos O 14sin6) em

AISS PRELIIM/AES4049/P2/2023

PartnerinLearning
71

[3]

[Turn over

BP=73



14

(ii) Iind the values of @ forwhich AB+BC+CD —49cm

48cos A+ 1dsim 8 = 49
Rcos(é’—a):fi‘)

R=48 +14°
=50
_1(14\
o = tan ——
18,
=626
50cos(6—16.26)=49

cos{0-16.26%) = %

Reference angle = 11.48°,
8=27.7°,4.8°

(iii) VFind the maximum valuc of 48+ BC+CD and the corresponding value of &

max S0cos(0-16.26°)
=50
oceurs when cos (0 -16.26°) =1
£-1626°=0
8=16.3° (1 d.p)
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The diagram shows a roll of material in the shape of a cylinder of radius 7 ¢cm and
length / em.

The roll is held together by three picces of adhesive tape whose width and thickness
may be ignored.

One piece of tape is in the shape of a rectangle, the other two pieces are in the shape of
circles.

The total length of tape 1s 600 cm.

- lcm
» Fd
’ ’
f ’ /
[] ] [
¥ L3
[ S i
] 1 I
1 ] i
1 [} ]
] 1 i
rcm 1 1 L}
1) ) )
\‘ \ \
- -

(i) Show that the volume, }”cm?, of the cylinder is given by
V=rr*(300 2r 2xr). [3]

2(2r)+2(1+2(27r) =600
2r+1+2ar =300

!/ 306 2r 2nr

V=nri

=7r*(300-2r —2xr) (shown)
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. where &

(1) Given that 7 can vary, show that | "has a stationary value when #» = :
b
is a constant 1o be found. and find the corresponding value of /. (5]

- .
ﬂ =600 — 6’ — 6500
dsr

= 6:7(100-» — 7r)
4 =0.
n
67 (100—r—3r)=0

r =0 rejected because r >0 or

For stationary value.

100—r—7r=0
(14x)r-100
. 100
I+x
o 100 .
- ¥ has a stationary value when = — -, whae & = 100. (shown)
+ 7
When # — i .
+7
/100 Y 7100 Y
1=300-2 —i-27 — |
147 ) J+r )
R
=300—2( 108, Fog
i+ T 4
=300-200
=100
(iii) Determine if the volume is a minimum or maximum. (3]
di”

— =620 (100-r —77°)
I -

‘dT:cs:n-(-- I 7)1 (100 r zr)(6r)
=6xr( 1 7)1 (100 r zr)(6x)
=6 (—r—mr+100-r—7r)
= 6x(-2r - 271 +100)

when r ﬂ

Tix

ar 6( el OO”|1GOJ

- r
dr  l+7x |+
6007

Since (;—f 0, 1" is a maximum,
i ]
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10 A particle travelling in a straight line passes through a fixed point () with a speed of

8 m/s.

The acceleration, @ m/s”, of the particle / s after passing through (), is given by « — —¢

The particle comes to instantancous rest at the point /2.

(i)  Show that the particle reaches P when ¢ =101n5.

air
a=—¢

vfja-n e dt

[2,_0 ir
+

"ol
Whens=0, v=8
-1
- ic
—0.1
8-10+c
c=-2
v=10e°" -2
whenv—0
10e®¥ -2=0

8

—0.1t=-In$§
t=101nS5 (shown)

(ii)  Calculate the distance OF.

10In5

B j 10 —2 dr
0

o 10in3
2 10e™ " 2t
01

=100 "™} _201n5+100
=-100e™™ - 20In5+100
=-20-20In5+100

=47.8m
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{iii) Explain why the particle 1s again at ¢J at some instant dunng the fifticth second after first

passing through (). [3]
when 7 =49
s =-100-2(49)+100
= 1.255m
when ¢ — 50
s = —100e™%% —2(50) +100
=—0.674m

Since displacement of the particle is positive when # — 49 and negative when 7 — 50,
this shows that the particle must have passed through O at some point

in the fiftieth second.

Thus the particle is again at O at some instant during the fifitieth

second after passing tlrough O.
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11

=y

P(8,-6)

The diagram shows two circles ¢, and C,.
Circle €| has its centre at the ongin ().
Circle ', passes through (7 and has its cenire at ().

The point (8, 6) lics on both circles and (F is a diameter of C, .

(1) Find the cquation of C,. 2]
0P| = {(8-0) +(6-0)"
=10
Equation of C, :x* — v =100
(i1) Explain why the equation of (', is x" + 1" —8v+61 —0. (3]
€ +y -8x+6y-0
¥ -8x+17 4630
(x 4) 161(y¥:3) 9-0
(-a) +{y-3) -%
Centre = (4,-3) because it is the mid point of O
Radius is 5 uuits because it is %|OP|
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(iii) The line through () perpendicular to (}/” meets the circle C, at the point A and

Show that the x-coordinates of A and B are a+by/3 and a—b3 respectively,
where @ and b are integers to be found. [7]

gradient OP =—

4| oo | o

. -
gradient A8 = 3

4
—(x—=4)=1r+3
(x-4)=)
4x-16=3y =9
4 25
Vem—x——-. (1
st ST
x* =y =100
¥ =100-x°.___(2)
16 . 200 _ 625 ;
XT——x+

16 - 2 2 x+§-§j=100—f

=433
x-coordinate of £ is 4 + 3\5
x-coomdinate of B is 4-33

END OF PAPER
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