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Quadratic Equation

For the equation axz +bx+ c =0 ,

Binomial expansion

Identities

Mathematical Formulae

1. ALGEBRA

-b+ b '-4ac
2a

nl=-=

x

(a+b)' =,' .(i) an-'\b+(i)"-u+.. + (:)"-* + ... +b' ,

where n is apositive integer * 
[:) rl(n- r)l

2. TRIGONOMETRY

stn'A+cos' A:l

sec'A=l+tan2 A

cosec'l =l+cotz A

sin(,4 + 31 = sin I cos B + cos lsin.B

cos(l + .B) = cos ,{ cos .B ry sin ,4 sin I

n(n -l) ... (n - r +l)
yl.

sin2A=2sinAcosA

cos?-A=cos2 A-sinz A=Zcosz A-l=l-2sinz A

tan( A+ B\ - tan Altan B

1+tan AtanB

tanzA= Ztan!
l-tan'A

Formulaefor LABC
a b c

sinA sinB sinC

a'--b'+c2 -2bccosA

L,=!absinC
2
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1 Findtherargeofvaluesoftheconstant fr forwhichthecurve !:x2 +3x+4liesentirely
above the line ! = lac +3 . l4l
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4

2 Sketch the graph of y = lr'-tl, showing the coordinates of the points where the graph meets

the x-axis and the turning point of the gaph. l3l
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5

3

(i) Show that a = -Z and b =3 .

2020 Preliminary Exarn/CCHMS/Secondary 4/Additional Marherntics/ 4047 / I
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A polynomial f ("r) :2x3 -5xz + ox+b, where a atd.b are constants, leaves a remainder of

-4 whendividedby x-l.Thegraph of y*f(x) hasastationarypointat x=2.

i5l
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(ii) Show that x+1 is a factor of f (x) and solve the equation f (r) :0 .
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7

4 (i) Bycompletingthe square, express xz -x+l inthe form (*- p)'+q whetepandqate

constants. 121

(ii) Showthatthecurve /=x'-2px+p-l willalwayscutthe x-axisattwodistinctpoints

for all real values of p . t3l
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5 The equation of a curve is ! =ln

decreasing firnction.

8

for x > 3. Determine whethery is an increasing or

lsl

(#)
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6 In the diagram, the line 2y + x = 6 cuts the y-axis at point A and passes through point B.

The line CD cuts the y-axis at (0, -Z) and intersects line AB at point E. The two lines AB and

CD are perpendicular to each other.

D

+Jr 6

c(0,-2)

v

A

B

o

(i) Find the coordinates of E
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10

(ii) The ratio of AE : AB is 3 : 5. Find the coordinates of B.

It is given that BD is parallel to the y -axis.

(iii) Find the coordinates of D.

t4l

l2l
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(iv) Find the area of quadrilateral ACBD
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t2

Variables x allrd y are related by the equation ! : ab' where a and. b are constants.

The table below shows corresponding values ofx andy.

x I 2 J 4 5 6

v 4.8 9.6 t9.2 38.4 76.8 153.6

(i) Draw the graph of lg y plotted against x, using a scale of 2 cm for I unit on the x -axis

and 1 cm for 0.1 unit on the lgy -axis. t3l

(ii) Use the gaph to estimate the value of a and of b. t3l
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t4

(iii) By adding a suitable straight line to your graph in part (i), estimate the solution to the
.r

equation ab'=10 3
121

(iv) The point (t+,*) fies on the graph of lg y against x , using the values af a atd, b that

were found in part (ii), find the value of lr. tll
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8 The surface area of an object, A cmz, is given by A = IOO* -( l:! lr' . Ciu"n that x cm can
[8 )

vary, find the stationary valve of A and determine whether it is a maximum or minimum. i5]
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g (a) Solvetheequation JAax+J2-v =3x. t4l

O) A cuboid ofvolume (s+-f lrE) cm' has abase ur"u (l +2Ji)cm2 and height ft cm.

\trithout using a calculator, obtain an expression for h inthefonn a +bJ1, where a
and D are integers. t4l
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10 It is given that 6sin2 A-4cosz A=Ssin2A where O< A<90"

(i) Show that tarlA=2. t3l

(ii) Hence, find the value of cos(OO' +,,4), leaving your answer in the form +92'15
t3l

(iii) Without finding the value of A, explain whether 60" + A is acute or obtuse. tl]
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ll Differentiate xcos(2x+1) with respect to x. Hence, find J+xsin(Zx+f ) dx.
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12 A curve has the equation y = ,(, I
--x

4

t9

+p.
)'

(D fi"a fl. Hence, find the equation of the line that is parallel to the tangent of the curve at

x = I and passes through the origin. t3l

The normal to the curve at x =1 passes throughthe point 
[-r, 

r;)

(ii) Find the value of the constant p ,
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Continuation of working space for Question 12
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Quadratic Equation

For the equation axz +bx+ c =A ,

2

Mathematical Formulae

1. ALGEBRA

-b+ -4acx:

Binomial expansion

Identities

Formulaefor A,ABC

2a

2. TRIGONOMETRY

sinz A+cos'A:l

sec'A=l+tan'A

cosec'A=l+cotz A

sin(l + B) = sin Acas B* cos I sin I

cos(l t B) = cos I cos .B + sin I sin ,B

(a+b)n =dn +(:)*',.(l)o-r-+... + (:)"''o +..+b',

where r is a positive ' ' ( "\ nl -n(n-l) "' (n-r +l)
mteger -o 

[r.J 
= rttrn-r)l= ----- '

tan A+tanB
tan{A+ Bl=-

1+tan Atiln B

sin2A:ZsinAcos A

coslA=cos2 A-stnz A=2cosz A*l=l-Zsinz A

tan2A= 2^!
l-tafr'A

abc
sinA sinB sinC

a'=b'+cz -ZbccosA

A,:LabsinC
2
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3

It is given that y = + andy is increasing at a constant rate of 5 units per second.
x-L

(l) Find the rate of change of x when x = 4.

(ii) Find the value of the constant k for which (, - 1)' (* ,*)= *

t3l

l4l
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2 (a) Solve the equation logr(x-2\- 1og, (tZ- x\-Z

(b) Given that (21og, "r,)(log,5):8, expressy in terms ofx.

2020 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4047lPapu 2

PartnerlnLeaming
289

L4)

t3l



BP- 290

5

(c) Express eo* +'7 =3e" as a quadratic equation in e2' and explain why there are no real
solutions. t3l
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3 The roots of the quadratic equation 2xz +3x+5 = 0 are a and B

(i) Find the value of a' + f' .

a'+f'
aB

(ii) Show that the value of
63

20
1S

13l

121

t3l(iii) Find a quadratic equation whose roots are * *rU L
Bd
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4 (D Show,ou, 
cosec€+sin{ 

=2sec2 0-1.
cosecd - sin d i4l

(ii)

tenns of n.

lQlQ plsfiminary Exarn/CCHMS/Secondary 4/Additional Mathematicsl4A4TDaper2

PartnerlnLeaming
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Hencen solve the equation 
cosec?x+sin2x:3 

for 0< xs {,leaving your answers incosec2x-sin2x 2

t4l
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5

8

(t) Write down, and simpliff, the first 4 terms in the expansion (t+x)' in ascending

powers ofx. tzl

(ii) Write down the general term in the binomial expansion of

(iil) Write down the power of x in this general term.

2020 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4041 lPqer 2
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(iv) Hence, or otherwise, determine the coefficient of x' in the expansion of

(t+x)'* (r'-i)'

.'-3)' lll
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9

6 It is given that f(x) = 3cos

the point (zr,-1).
(r) State the amplitude and period of f(x).

(ii) Find the value of fr. 121

(iii) Sketch the graph of y: f(x) for 0 < x < 3n. t3l

(r9 By drawing a suitable straight line to the sketch in (iii), find the number of solutions to the

equation f(x)+ q=! for 0< x<3n.
'zr| tll

2020 Preliminary Exarn/CCHMS/Secondary 4lAdditional Mathematics/4A47Eaper 2
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[+']- fr , where fr is a constant. The gaph of y :f(x) passes through
\2)
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10

18m

42m B

0

The diagram shows a plot of land being fenced up alongAB, BC and AD, where AB : 18 m,

AD:42m, angle DAB = angle BCD:90o and the acute angle ADC= 0 canvary.

(i) Show that L m, the length of the fence, can be expressed as

L:60+42sind-1Scosd.

(ii) Express L in the fonn p+R sin(O -a), wherep and R > O are constants

and 0o <a <90o.
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(iii) Given that the exact length of the fence used is 92 m, find the value of d
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t2

I Given *nu, 
4xz - x-3 bx+c
2x'-x =a+r7-'

(r) find the value of each of the integers a, b and c. 121

bx+ c..----
2x'-x(ii) Using the values of b and c obtained in part (i), express in partial fractions. t4l
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Hence, using parts (i) and (ii), frnd

(iii) ,8x2 -2x-6 -l....".........._dx.J 2x'-x 141
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l4

A bee leaves its hive and flies towards a flower in a straight path. The velocity, v m/s, that it
flies in / s after it leaves the hive is given by

-Lv=4e s -2.

(i) Find the bee's acceleration 3 seconds after it leaves the hive.

The bee comes to an instantaneous rest when it reaches the flower.
(ii) Show that the time when the bee reaches the flower is t =1n32.
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(iii) Calculate the distance of the flower from the hive.
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10 v

r(-s,o) A

(i) Prove thatk:4.
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B(k, Jzk+t)

C

y= ,lr.+r

x

Thediagramshowspartofthecurve y =Jrx+l passingthroughthepoint Alk,JZt +t1,

where ft is a constant . 7r, -!. The curve meets the x-axis at the point A.Thetangent to the,2
curve at B meets the x-a:ris at the point f (-5,0). Another line passing through B meets the

x-axisat C.

l5l
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(ii) Given that the area of trian gte BTCis I units2, show that the x-coordinat e of Cis 6. [2]
2

The curve meets the x-axis at the point ,(-;,,
(iir) Find the area of the shaded regSon BCA.

!,SlQ prcliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4047tPaper 2
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11 A tangent to a circle at the point A(-6,t2)intersects they-axis dt y -*. *" normal to the-2
circle at point B has equation 3y + 4x = -12 .

(r) Showing all your working, find the equation of the circie. U1
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(ii) The tangent at A meets the x-axis at C. Find the coordinates of C. l2l

(iii) The point B is to the right and below the centre of the circle, and the normal to the circle
at B intersects the y-axis at the point D.
Find the distance,BD. t3l
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Answer Key

l. 1<ft<5

3. (ii) x=-1,]o.f
2

4.

5.

6.

7.

(i)
/ r)' 3lx--l +-
\2)4
E(2,2)(i)

8. Maximum A=25200
9. (a) x:l

(b) r2-sJ1

(ii) ,(r*, ,i)

(iii) "(ti,ri)
(iv)

dy_
dr
(ii)

(iii)

(iv)

units2l3!
9

9

G:rC;4 , Y is an increasing tunction'

a=2.40 (allow between 2.29 to 2.51) , b:2.01 (allow 1.95 to 2.1)

Draw ls v=2-!
3

k = 4.63 [gy -intercept + (14)(gradient of line)]

10.

11.

12.

1

24
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Answer Key

L(i) -22.5 units/s (ii) k:4
2(a) x:3 (b) Y=xu
(") (e")' +3e2' i7 =0.

Since discriminant ( 0, there are no real solutions for the equation. (Or equivalent methods)

3(t) -|l (iii) x2-63r*5=o202

agi) x=t * *
5(i) 1+ 7x+Zlxz +35x3+... (i0 t.,:[:) xz(s-r) 

[- i)' 
(or equivalent)

(iii) 18-sr

6(i) amplitude : 3; peiod: 4n

(iii)

(ii) r: -1

(iv) number of solutions:2

(iv) -637

j'

,-iool4-r' \31

"t
-rI'*- 4

1(it) L:6O+6Js8sin(6 -23.2") (iii) p =67.6"

x-335
8(i) a =2, b =l and c=-3 (ii) T7; x Zx-l

9(i) acceleration: -0.439 m/s' 13 s.f.) (iii) distance : 3.07 m (3 s.f.)

10(iii) 12 units2

I l(i) (x+9)z +(y*8\2 =25 (ii) Cis (10, 0) (iii) l0 units
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Quadrattc Equatton

For the equation ax2 +bx+ c =0,

Binomial expansion

Mathematical Forruulae

1. ALGEBRA

-b+ b2 -4acx=
2a

nl
=-=

n(n-l) ... (n-r +l)
rl(n - r)l

2. TRIGONOMETRY

stn2 A+cos'A=l

sec' A=|+tan'A

cosec'A=l+cotz A

sin(l t B) = sin,4 cos B + cos I sin.B

cos(l t ,B) = cos lcos B + sin lsin.B

(a + b)o = * .("r)an-tb +(i)"-*. . 
[l 

an-r br + ... + bn ,

where z is a positive integer * 
[;) rl

Identities

Formulaefor A,ABC

tan(A+ B\- tanAltaflB
I tan AtanB

sin2A=2sinAcosA

cos2A=cos2 A-sinz A=Zcosz A-L=l-2sinz A

tatzA= '^!L-tan" A

a bc
sinA sinB sinC

a'=b'+c2 -ZbccosA

L,:!absinC
2
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1 Find the range of values of the constant t for which the curve ! = x2 +3x+ 4

ffitheline !:l*+3. i4l

xz +3x+4> tac+3

x2 +3x-loc+l> 0

x' +(l-tc)x+1> 0

(The resultant quadratic equation

is always positive, thus there ffiffi

! = x2 +3x+4 --------- (l)
! =lac+3 :-----. (2)

Sub. (1) into (2)

lac+3=x2 +3x+4
xz +3x-loc+l= 0

x'+(3-&)x+l=0
(The resultant quadratic equation has no real

roots since the line and curve do not intersect)

OR

* 0Use discriminant to formula
Discriminant ffiffi '- ffi an inequality in fronly)
(t**)'-+(r)(r) < o

(t-t \' -zz <o

(r-r)(s-r)< o

l<k <5

(This solution is obtained using the

quadratic sketched below)
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(Factorisation by 'difference of 2 squares'. Alternatively, expand

and perform'cross-factorisation)

k1
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2 Sketchthe graphof

and the turning point of the graph.

When !=0,

l,'-tl= o

x'-l=a
x'=l
x=-1 or 1

showing the where the graph meets the x-axis

t3l
v

(-1,0) o (1,0) x

2020 Preliminary Exarn/CCHMS/Secondary 4/Additional Mathemati asl 4047
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3 A polynomial f (x) :2x3 -5xz + ax+b,where a and b are constants, leaves a remainder

of -4 whendividedby x-1. Thegraphof y=f (x) has astationarypoint at x=2.

(i) Show that a = -4 and b =3 .

f (x) = 2x3 -5x7 + ctrc+b

f'(x)= 6x' -l1x+ a

f '(2) = 0 (At stationary point x : 2, the gradient of curve = 0)

e (z)'-ro(2)+a=o
24-20+a=0
a=4

f (r)= 2x3 -5x2 -4x+b
f (1)= -a (When dividedby x-1, the remainder is -4)

z(r)3 -s(t)' - +(t) +t = -+
2-5-4+b =4
b=3
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6

(ii) Show that x+1 is a factor of f (x) and solve the equation f (x)= O.

f (x)= 2x3 -5x2 -4x+3

f (-1) = 2(-1)' -s(-1)' -+(-r)+r
_n
-u

Since the remainder is 0, by factortheorem x+1 is afactnt.

-7x+3
x+1 2x3 -Sxz -4x+3 (x+t)(zx' -7x$)=o

2x'+2x')
(x+I\(zx-t)(x-3) = 0

-7xz -4x
*(-t x-t x)

3x+3

-(3r+3)
0
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7

4 (i) Bycompletingthesquare, express x2 -x+l intheform (x- p)'+q wherep andqare

constants. l2l

(ii) Show that the curue / = x' -zpx +p - t will always cut the .r -axis at two distinct points
for all real values of p . t3l

Discriminant = (J p)' - +(r) (p - r)

- 4p'-4p+4

=+(P'- P+l)

x2 _x+t= *' _**(_;l _(_l)'_,

=(.-;)' .1

[Apply the result from (i)] ;, ,

=+[[r-z
)'.;]

=o('-l)'+3

I
Since p is never negative for all real values of p , thus the discriminant

2)'
2

4 +3 will always be positive. Hence the curve will always cut the x -axis at two

distinct points.

In-,
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8

I Inthediagram,theline 2y+x=6 cutsthey-axis atpointA andpassesthroughpointB.

The line CD cuts the y-axis at (0,-2) and intersects line AB at point E. The two lines AB and

CD arc perpendicular to each other.

v

c(0, -2)

(i) Find the coordinates ofE.

D

A

B

2y+ x= 6

o

141

2y+x=6
2Y =-x+6
y = -!*+3 --- (l)"2
Gradient of line ,q,B is -L .

2
Gradient of CD is 2. (Apply rrymr=-l )

Equation of CD is

| =2x-2 *--- (2)

Sub. (1) into (2),

2(2x-2)+ x = 6

4x-4+ x=6
5x=10
x = 2 sub. into (1)

!=2
r(z,z\

2020 Preliminary Exarn/CCHMSiSecondary 4/Additional Mathemati cs/ 4047

PartnerlnLeaming
315



BP- 31 6

9

(ii) The ratio of AE : AB is 3 : 5. Find the coordinates of,B. l4l

2y+x=6
When x=0, 2y:6

!=3
A(0,3)

Using similar triangles,

a2
t3

2
A=-

3

b2
23
-4b--

3

* Alternative Method

(Application of simiiar triangles)

B1 A(0,3)

1
3 units

a

E(2,2)
2

2 units

Bb

* (Application of similar triangles)

' n(z*I,,-?=r(,i, 1)
1)

I

Atpoint B, x=Z*!=Zl sub.into eq.of AB

2v+3L=6"3
,=11'3

'['i''i)

zs(++r)=e[r'*(y-3)']

ff=r' +Q-3)' ------(t)
2y+x=6
x=6-2y -----Q)
Sub. (2) into (l)

s(t-t)'=rff

(r-r)'=T
\\v-3--r or -'33

,=ri - +J t'":.1

ff =tu-rr)' +(t, -t)'

?=oO-r)'+(y-3)'z-o)'+(z-t)' = x-o)'+(y-3)'

Alternative Method
5AE =3AB

sub. y=r] io.tz1,

*=3!
3

'('i,'1)

PartnerlnLeaming
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Given that BD is parallel is the y -axis.

(iii) Find the coordinates of D.

Sub. .r::] ato !=2x-2

Lzl

t21

, =r(,

=q?
3

I

)
2

4J

o( ,!. o?\I r' 3)

(rv) Find the area of quadrilateral ACBD.

Area of quadrilateral ICBD =l
2

0

3

:139 units2
9
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6 The equation of a curve is y = 6

decreasing function.

11

for x > 3. Determine whethery is an increasing or

lsl

11:-
x*3 x+6
x+6*(x-3)
(x-:)(x+ 0)

9

/.x-3)t_t
Ix+ oJ

[Note:f tr"l

(x+6)'

! =ln(#)
ln(x-3)-ln

(Simplifinng using the laws of logarithms
will reduce the complexity of the

technique of differentiation. )(r+6)

dy

dx
:ul

u

(x-:)(x+ 6) Alternative Method

x-
x+6
x-3
x+6

x+6-x+3 x+6x-

x

dy

dr
This is NOT

recommended!

x-3

9=G=X;;4

For x>3,9 isapositiveconstant, x-3 arlid x+6 arebothpositive.
dv

Smce 3
dx

> 0. Hencey is an increasing frrnction.

2020 Preliminary Exam/CCHMS/Secondary 4/Additional Mathemati csl 4047

PartnerlnLearning
318



BP-319

7

t2

Variables x and y are related by the equation ! = ab' where a and b are constants.

The table below shows values of x and.y.

x I 2 3 4 5 6

v 4.8 9.6 19.2 38.4 76.8 t53.6

(i) Draw the graph of lgy against x, using a scale of 2 cm for 1 unit on the x -axis and

1 cm for 0.1 unit on the lgy -axis. t3l

x 1 2 I 4 5 6

lev 0.681 0982 r.28 1.58 1.89 2.19

(ii) Usethegraphtoestimatethevalue of aandaf b. I3l

/=ab'
lgY =lgab'
lgy =lga+lgb'
lgy:lga+ xlgb

From the graph,

lgb : gradient

2.20-0.38
6-0

=91
300
91

b - 10300

=2.01(3 s.0

lga :0.38

a = l0o'3E

=2.40 (3 s.0
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2
2.55

J 4
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l4

(iii) By adding a suitable straight line to your graph in part (i), estimate the solution to the

equation ab* =10
,r
, 3.

.x
ab' =10 3

^r
lgab' : lgl0 3

.x
lgy = lglo 3

l2l

x
2 lgl0

3

Draw ls.v =2-L (Draw Y =2-+ which is a straight line)_-_..-o/ - 3 3

From the graph, x-2.55

(iv) Thepoint (t+,*) liesonthegraphof lgy against x ,usingthevaluesofaand bthat

were found in part (ii), find the value of [. tl]

lgv=0.38+ 
9l *

300

r=o.gg+ 9l (t4)
300t t

-- 4.63 (3 s.0
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8 The surface area of an object, A cmz, is given by A:300x- x' . Given that x cm can

vary, find the stationary value of I and determine whether it is a maximum or
minimum. lsl

t#)

,=.*.-(r:!).'

4 = 300-
d,

z(tt + a) _

-*

8

=3oo-fr+4 *
4

At stationarv A. 4 =0'dx

3oa-tr+4 r=o
4

1200

/r+ 4

=168.A297...

dzA -tt-4_=_ <0dx' 4

Thus when x=168.0297

Maximum I = 300(16 8.0297..;-"t11ros.o 2s7..),

=25204.461...
= 252A0 (3 s.0
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9 (n) Solve the equation J84x aJ2,-x =3x.

,lgax+,{2-x =3x

2,[2-* a.{2-16 =3v

3J2-x =3x

,[2-x=x
2-x=x2

x' + x-2=o
(x+ 2)(x-t) = o

Alternative Method

L4l

(,ts-4. +"0-)' =gr'

8 - 4x + zJB 4x.tfi a 2 - v = ) 162

to - sx + z,!+(z- 4J2 - " = 9xz

l0-5x+4(2-x)=9x'
l0-5x+8-4x=9x2
9r2-9x+18=0
x2 -x+2=0

h-

(x+2)(x-t) = o

x = 1 or -2 (rej.)

(b) A cuboid of volume (s+-r 1.6) cm' has a base ur"u (t +zJr) cm2 and height ll cm.

Without using a calculator, obtain an expression for ft in the form a +bJT, where a

atdb are integers. t4l

54-ll",E 
@eight= ruo,*" )

7 +2113 base area

54-11,Jt -,7 -zJt (Multiplicationby conjugate

-X-

I +ZJ3 7 -2$ surds of the denominator)

378 - 108.6 - 77 Ji + Q2)(3)
(7)'-QJ')'

444-rssJi
49-12

_444-tSsJ?
37

=t2-5J'
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10 Giventhat 6sin2 A-4cos2 A:Ssin2A where 0< A<90"

(i) Show that tanA=2.

6srnz A-4cos'A=Ssin2A
6srn2 A- 4 cos' A =5 (2 sin Acos A)

3stn2 A-5sinlcos A-Zcosz A=0
(3sin,l + cos l)(sin,4- 2cos A) = O

3sin A= -cos A or sinl : 2cos A

sin,4 1 sinl

-:-- 

Of 

-=L

cosl 3 cosA
I

t'arr A= --aJ

Alternative Method

6srn2 A-4cos'A=5sin2A

6sin2 A-4cos'I = s(2sin AcosA)

6srn2 A 4cos' A lOsinlcosl

(rej '.' I is acute) or tan A = 2 (shown)

i3l

t3l

cos'A cos'A cos'A
6ta# A*4=l}tanA
61r11112 A-l}ta A-4=0

3tat'A-stan A-2=0
(:tan,l +t)(tanA-2)=o

taa,A=2(shown) or tar.A=-1 *,

(ii) Hence, find value of cos(OO' + l), leaving your answer in the form

cos(60o + l) = cos60ocos I -sin 60osin I

=(i)[+) +(+,)
1*zJi:-
2Ji

(Draw a diagram to
find the other trigo.

Ratios in terms ofl)

a+bJi_,8

2

I

(iii) Without finding the value of A, explain whether 60 + A is acute or obtuse. Il]

Since 1- 2.6 is negative, from (ii), cos(60o +,,a) is a negative ratio. So 60" + A lies either

in the Zod or 4ft quadrant. Since both 60" and, A are both acute, the addition of 2 acate

angles cannot exceed 180'. Thus 60" + A lies in the 2od quadrant and is obtuse.
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11 Differentiate xcos(2x+1) with respect to x. Hence, determine !axsin(Zx+1) dx t6l

$ [,,o* {zx + r)] 

= Hl;:::;:::.',,,',
J [cos (2x + t) - Zx sin (Zx + t)] dx = x cos (2x + 1) + c where c is a constant

Jcos(zx+t; ar-Jzrrin(2x+1) dr = rcos(2 x+t)+c

! zx sn(zx+ r) dx = J 
cos (zx + t) dx - x cos (2x + 1) + c, where c, is a constant

t +x sir(zx+ 1) dx 

= fifi':-.':;]]:: :ere c, is a cons,an
2

sin (2x + 1) - 2x cas(2x +t) + c,

2020 Preliminary Exarn/CCHMS/Secondary 4/Additional Mathemati cs/ 4447

PartnerlnLeaming
325



BP- 326

19

12 A curve has the equation y = 1 *-x +p.
4

.( I

(D Find *. Hence, find the equation of the line that is parallel to the tangent of the curve at

x = l and passos through the origin. t3]

,=-r(r-l*)'*o
dy

dx
-4(,-ir(-i)

1

-x4-1-

When x =I,gradient of tangent= L

Equation of line is y = 
1,
4

(Since the line passes though the

origin, the y-intercept is 0)

The norrnal to the curve at r = I passes through the point (-r, ,i)

(ii) Find the value of the constant p,

Gradient of normal = -1
3

14l

At x:1, !=-2 +p

9
=--* D8'

9 -r--+ D-l-8' 2

I1-1
4

4
a
J1- (-r)

2t8
--+ p:--

8- 3

1
D=--'24

(It is not essential to find equation of normal, you can

formulate the gradient of normal using &-J! ur6
xz- \

equate to the gradient that is found through

differentiation)
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Quadratic Equation

For the equation axz + bx + c =0,

2

Mathematical Fonnulae

1. ALGEBRA

X=

Binomial expansion

Identities

Formulaefor LABC

2a

2. TRIGONOMETRY

stnz A+cos'A=l

sec'A=l+tanz A

cosec'l =l+cotz A

sin(r4 t B) = sin ,4 cos B + cos I sin B

cos(,4 t B) = cos I cos .B I sin I sin ,B

(a+b), =an +(i)"'r.(i)"-u2 + . +(:)"-* +. +b,,

where z is apositive integer *, ['] = .'nl -n(n-l) "' (n-r+1) 
.

[r/ rl(n-r)t. 7t

hn(ArB\- tanAxtanB
1 tanAtanB

sinZA=2sinAcas A

cos2A=cosz A-sinz A=2cosz A-l=l-Zsin2 A

tanLA=
l-lffiir.z A

2 Atan

ab c

sinl sinB sinC

a'=b'+cz -ZbccasA

L=!absrnC
2
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3

It is given that y = + andy is increasing at a constant rate of 5 units per second.
x-l

(D Findtherate ofchange ofxwhen x=4.

2
' x-l
dy 0-z
dx (*-t)'

13l

(i)

OR

2

(r*1)'

When x:4,

dy dy dxx- (Write down tle connected

rates ot' change equation)drdxdt

Rate of change ofx is -22.5 units/s.

(ii) dzy 
=

o-(-z)x z(x-t)

(ii) Find the value of the constant t for which (r-l)' dy

dr
b t41

Comments

o Quite a number of students

simplified this question by lettiqg
x:4 andarriving at the same [,
answer.

r It should be noted, however, there
is no indication that x : 4 is a
solution of this equation.

o Hence, it cannot be assumed that
x:4 will satisff the equation.

o We will have to simpliff the
expression on the LHS to see that
it reduces to the same form (frx) as

that shown on the RHS.

- ( 2) dx)-l_- lx-
\ 3") dt

dx -( 2\
-\ 

', t

dt [el

(#-'

dxz (r-t)'

_ +(x-t)
(,-r)'

4

(r-1)'

(r-1)'

=q+4(x-t)
:4x

'.k=4
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(#-' t*l)'1x
dy

dx
(

Comments

a A common error when using quotient

rule to nna $ is forgetting to
d-r

differentiate the constant 2.

"Rate of change ofx" refers to $, not
dt'

9which means rate of change ofx
dy

with respectto y.

In this context, we are given $ and-dt
we are interested to find out howx

would change accordingly, #,

a

a

ffurn over

= -22.5 units/s
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4

(a) Solve the equation log, (x - 2) = logr $Z- x)-Z
(a)

log, (x-2)= los, (tz- x)-z
logr(x-2) = logr(12- x)-logr3z

rog, (x - 2) = tos,t?) 
ffiHffiJ,- "'

x-2='2;! (By equaiify of logarilhms)
9-

9(x-2) =12- x
lOx = 30
X:3

Alternative
log, (x- 2)=losr(tZ- x)-z
los, (x - 2)- IoB: (tz - x) = -z

U*r(*)= -, (Quotient Larv of logarithms)

- -,,i^ ' =3-' (Converting into exponential form)
12- x
9(x-2) =12- x
lOx:30
X:3

(b) Given that (21og5 .y)(log, 5) = 8, express y in terrrs of x.

(b) 
[tf),log'5):8 

(usingchange orbase

log,y = 4

t4l

t3l

y=x (Converting into exponential form)

Alternative

.4

(z1og, rr[ffi)= r (using change orbase rormura)

2logry = 8logs x

logry = 4logs x

log, y: logs xo 1po*", Law of logarithms)

! = xa @y equality of logarithms)
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Comments

o A common error is to treat "log"
as though it is like a factor:

/s,t, *z) -4e,(12* x);/og,3'z
x-2-72-x-e'. rL

a "log" is a function which gives an
output only when written with an
input value, e.g. log (x).

There are two ways which we can
remove a "log" from an equation:

1. Equality of log
log,x:log, y*x=y

2. Converting into exponential
form
logox=k*x=ak

a

Comments

o Some students got the result of
y = J4loesx or some equivalent form
where the power still has a log terrn.
This result can be further simplified.
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Since J-19 is undefined / does not have any

real solution, the equation has no real solutions.

(c) Express e4' +7 =3e2* as a quadratic equation it e2' and explain why there are no real

solutions. t3l

(c) e4'+7 =3e2'

1e2'12 +3e2" *7 =0 (To express as a quadratic equation in e2')

I*t u --e2' .

u2 +3u+7 =0

Discriminant:
bz -4ac = (-3), -4(t)(7)

=*19<0

OR By using the quadratic formula,

-3* (*3)'z -40X7)u=
2

*31J-1eSince discriminant < 0,

there are no real solutions for the equation.
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Comments

. An important law of indices used in this question is (a')r = axt ,

i.e. e4, =(.r,)'.
r Students are expected to provide a clear explanation that links to the conclusion.

. "A negative number cannot be square-rooted" should be phrased as "being

undefined" or "having no real solution" to be clearer.
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6

The roots of the quadratic equation 2x2 +3x+5 = 0 are a and B .

(D Find the value of a' + fr' . t3l

(i) 2xz +3x+5 = 0 has roots a and B

Sumofroots: d*B=-L

Product of roots : oB =5,2
a' + g' =(a+ B)2 -Zaf

=[j)'-,(
:-21 or

4

5\_t
2)

1t

4
or 1.75

a'+F'
ap

(ii) Show that the value of
63

20

(ii) a, + F, =@+ p)l(a, * pr)_opl

=[ ;)[H) ;]
63

at+0'
aB

IS l2l

t3l

8

63 5 63
=-^-*:=- (shown)8 2 20'

(iii) Find a quadratic equation whose roots are * *rU El
Ba

(iii) 2

Sum of new rcsts - g- a P' -d!E
B d ap

63

20

Product ofnew roots

o' B'
3 

-;4 

I-

Ba
=af
_5

2

Quadratic equation is *' -! r* I = O or 20x2 - 63x + 50 = 0202
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Comments

a There were some errors made when gring
the quadratic equation such as

"63 sx'- _x* - without"-0"orsomeslips202
when multiplying to make all the
coefEcients integer.
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4 (r) Show,nu, 
cosec{+sin€ 

=2sec2 0-l
cosecd - sin I

1

-+smasin0

t4l

(r)

terms of ru.

cosec2x+sin2x 
^

--=J

cosec2x - sin 2x

2secz 2x-t=3

secz 2x = 2

sec2x=+Jl

cos2x = +A
Jz

Basic angle= cos-r,& 4

New domain: 0< x .! + 0 < 2x < n
2

2x=! orT44
*=L o, ?88
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Comments

r When given reciprocal fimctions like cosec0,
sec? orcotfl, it is advised to express it in terms

of sind, cosd or tan0 .

o Students should then make attempts to simpliff
the fraction further before determining which
identity would be usefirl to apply towards

getting 2sec' 0 -l .

o It is also useful to work with the end in
mind, thinking about what function would
lead to sec2 d .

I sinz 0: 

-+-
cos'?' cos'0

= 1^ +tanzo
cos'0

: sec2 0 +secz 0 -l
=Zsecz 0 -l

14l

Comments

a

a

a

Most students \ryere successful in soeing the
relationship between (i) and (ii).

A common mistake is to only grve the positive
square root and miss out the negative square
root. It must be noted that when taking
square rootg to finding an unknown, the
squarc roots could be positive or negative.

Students should make it a point to consider the
new domain (for 2x) so as not to miss out any
possible anglethat lies in the required
quadrant.

cosecd+sind

-=

cosecd - sin d 1__smgr
sind
l+sinz 0

- sind
l*sirz 0

sin0

l+sinz 0
= t-rto7

l+sinz 0
cos'e
1+1-cosz d

cos'o
2 cos

=-
cos'0 cos'0

=2secz 0 -l

,0
OR

OR

(ii) Hence, solve the equation 
cosec?x+sin?x 

= 3 for 0 < x s {, leaving your answers in
cosec2x-sin2x 2

(ii)

ln
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I
(i) Write down, and simplifu, the first 4 temrs in the expansion (t+x)' in ascending

powers ofx. l2l

(i)
(r + x), =, . 

[1),. (:)r. [1),
=l+7x+2lxz +35x3 +...

9

(ii) Write down the general term in the binomial expansion of 2x t1l

Comments

(l)o'" (-a)'*-".(l)r'" (-r') 
'c

A common error found here is simplifuing

(-z)'as (-r").

(-Z') should be understood as -lx}' which

gives a negative value regardless of the value of
r. This is not the same as (1)' .

tll

12)

2-=
x-

(ii) General rerm, t., :[:)r','-', (-i)

coerEcient orx3 =rr.[])t, )' =-637

(iil) Write down the power of x in this general term.

(iii) Power:l8-5r

(Iv) For term in x3,

18-5r =3
f:3

(rv) Hence, or otherwise, determine the coefficient of x' in the expansion of( _z\'(t+x)' * | *'\ ,'J '

:(l)'*"

= (l),'*"

(*z)'*

)'-2

.'3r

(
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6 It is given that f (x) = , *, lil + ft , where k is a constant. The graph of y :f(x) passes through
\L,/

thepoint (n,-1).
(D State the amplitude and period of f(x). l2l

(r) Amplitude:3

feriod: f

(ir)

(iii)

-/ = 3cos

t3l

Comments

o Note that the graph must be

sketched only for 0 ( x < 3rc.

r The critical points of the graph
(maxlmin point and points on the
axis of the curve) must be

indicated.

2

=4n

(ii) Find the value of k

-1:3cos1+&
2

-1 = 0+k
k=-l

(iii) Sketch the graph of y = f(x) for 0 < x 33n

v

Comments

Students should show clear working when trying to find the
value of t
Evidence of substituting (zr,-1) into the equation should

be seen in an attempt to find t

l2l

1)At (n,

L
22

1

T 2'rc 3n x

I

v = !--4
2n

($ By drawing a suitable straight line to the sketch in (iii), find the number of solutions to

the equation f (x) + 4= !t 1o, 0 < x 33n . I1l
2n

x
Drawline /::-4.

I.TE

Number of solutions:2
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10

18m

42m B

0
C

The diagram shows a plot of land being fenced up along lB, BC and AD, where AB : 18 m,
AD : 42m, angle DAB : arrgle BCD : 90o and the acute angle ADC : 0 canvary.

(r) Show that L m, the length of the fence, can be expressed as

L = 60+42sin O-l8cosd.

(i)

A

D

l2l

C

IDAX =90"-0
ZXAB =0
AX =42sin0
BC =42sind-18cosd
L=AD+AB+BC

= 42+18+ 42sin0 - l8cos d

= 60+42sind-l8cosd
(ii) ExpressZ in the form p+Rsin(0-a), wherep and R > O are constants

and 0o <a <90o .

Comments

o Some attempts to "cut the angle fl'
were observed. Since the final
expression to be proved involves
angle 0, it wouldn't be helpful to
cut the angle up in any way.

o Instead attempts should be made to
cut the diagrams up to get right
angle triangles where the sides are
related to the length from,,4 to DC.

. Working must be shown clearly to
show the components of the length
of fence that result in
L = 60+42sin d-l8cos9.

t4l

Comments

o The working on comparing the
coefficients is required as evidence
of understanding how,R and d are
related to the coefficients.

o Always provide greater accuracy
to the intermediate values obtained
forR and a, where applicable.

These values are required in the
subsequent parts to obtain more
accurate results/answers.

A

{--
Y1

I
I

xr

B

#
D

(ir) 42sn0 -[8cosd = Rsin(0 - a)

= R(sin 0 cos a-cosdsin a)
Comparing coefficients :

.itsina = l8 and Rcosa =42

18
tand - _

42

a =23.T985o

n- 82 +422 = ,..D088 = 6".68

L : 60 +6J5s sin(A - 23.2")
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(iii) Given that the exact length of the fence used is 92 m, find the value of d.

(iii) 6o+6.68 sin(o -23.1985"):92
6GB sin(o - 23.1985") : 32

sin(0 -23.r985o) = "+' 6Jss
32

t3l

Basic angle: sin-r affi = M.4511"

e -8.1985" = 44.4511"

0 -- 44.4511 " + 23. 1 985'

0 =67.6o (to 1 d.p.)
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Comments

Check that the angle 0 should be acute

based on the context.

Hence, students should always make it a
point to check that the answer is
reasonable / makes sense in relation to the
context.
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I

(r) find the value of each of the integers a, b and c.

(r) 4x2 - x-3 2(2x2 -x)+x-3
2x2 -x

- 4x2 -x-3 bx+cGrventhat ^ 2 =a+;-a-,zx -x zx -x

2x2 -x
-.r , x-3
- L'T--

2x" -x

121

Comments

o Students should recognise that the algebraic fraction
on the LHS is improper.

o Hence, the expression on the RHS is obtained by
either long division or comparing coefficients of an
identity.

o It is recommended, as a general approach that, if
students are stuck, they should assign random non-
zero values to the unknowns to be found. This will
allow students to continue with the other parts and
get some credit.

.'.a=2, b=l and c=-3

bx+ c
*;

(ii) Using the values of b and c obtained in part (i), express in partial fractions. 141

(ii) x-3 x-3
2x2 -x x(zx-t)

AB
x 2x-l
A(zx-t)+ Bx

x(zx-r)
x-3= A(zx-l)+ ax

Letx:0,

o-3 = A(-r)
A=3

Let x : 0.5,

-2.5 =0.58
B =-5

x-335_--=___
2x'-x x 2x-l
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Hence, using parts (i) and (ii), frnd

(iii) ,lxz -2x-6l.-..----=-d,r.J 2x'-x

(iii) ,1xz -2x*6t-J 2t'-*
4x2 - x-3
---=- 

d.X2x'-x
z*1- 5 

a*x 2x-l

2x+3tnx--|*frr-tl)

t4l

e=2[

=21

=2( +c

= 4x +6 In x - 5 ln(Zx -l) + c,
wherecisaconstant

Comments

o Some students still have diffrculty recognising that integrating functions such as

3s: and - gives 'oln" functions. To overcome this, sfudents can first recognise that
x 2x-L "
2 3'-t+t

i=r*t. krtegrating 3x-r as apower function yields _*, which is undefined.

o Since this involves indefinite integral, there will be an arbitary constant at the end of the

integration. Students should make it a point to check for the constant after obtaining their
final answer.
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I A bee leaves its hive and flies towards a flower in a straight path. The velocity, v m/s, that it
flies in f s after it leaves the hive is given by 

t

v=4e i -2.

(l) Find the bee's acceleration 3 seconds after it leaves the hive.

(i) a-L
a--)e s

5

When /: 3,

t-1
o=-1" s =4.439 m/s'z13 s.f.;

5

t3l

Comments

. Some difficulties were observed in differentiating
exponential functions which should be based on the
rule:

${."") = f '(1)sr(')

o Students should consider a two-step process when
differentiating er(') :

Step l: Differentiate (r) with respect to /.
Step 2: Multiply this result to the original exponential

term to elet f '(l)sr{').

t3l

Comments

r The key understanding to be shown here is that
"instantaneous rest" means "v:0" at a certain time.

r Students must show the use of power law

i . hf l)- or ln2s before the tul1 credit can be given.
\2)

The bee comes to an instantaneous rest when it reaches the flower.
(ii) Show that the time when the bee reaches the flower is I = 1n32.

(ii)
v:4e s -2
4e s -2=04r
a ) 

--
2

t - l
-- = ln-
52

r = -5In1
2

f-
'(;)-

=1n32
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(iii)

15

(iii) Calculate the distance of the flower from the hive.

=-20e s -Zt+c

When /: 0, ,s : 0.

0 = -20e0 +c

c =24

s=-20e 5 -2t+20

At t =1n32,
ln32

, = [+"-i -z dt

l4l

s = -20e-T -z(lnlz)+ZO =3.07 m (3 s.f.)

2020 Preliminary Exam/CCHMS/Seoondary 4/Additional Mathematicsl 4047 tPapa 2

PartnerlnLearning
341

Comments

o To obtain distance, students must recognise the need to integrate the velocity firnction.

. Some students missed out the arbitrary constant after integration here.

r There were also some slips in the calculation of the constant.

o To check if the answer is reasonable, students can check that at the point when the bee

reaches the flower, it took ln 32 seconds (about 3.5 seconds). Some of the answers have

distances that go over a few hundred metres! This must be the fastest bee in the world!
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10
v

Gradient of BT: ffi
Jzt +t-o 1

fr-(-5) @a1
2k +l= k +5

fr=4 (proved)
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y:',lr*+l
B&,J2k+t)

C x

tsl

l. It is the point of contact between the curve and the
tangent given (solving simultaneous equations)

2. T};re gradient at this point on the curve is equals to
the gradient of the tangent.

o The gradient should always be considered first since
this is the characteristic of a tangent.

. Many students found the working to be tedious when
tryrng to solve simultaneous equations. In some cases,
students were working with both x and fr in the same
equation and somehow, the ftbecame an x in the
process. For this approach, it is important to recognise
that the solution to the equation is x : k since that is
the point of contact.

The diagrarrr shows part of the curve / = Jrx +l passing through the point A qr,JZk +t1 ,

where fr is a constant , t, , -1. The curve meets the x-aris at the point A. Thetangent to the'2
curve at B meets the x-axis at the point 7(-5,0). Another line passing through B meets the

x-aris at C.

(i) y:.,1r*+r

r(-5,0) A o

I

JZx+t

(i) Prove that k: 4.

dv1
-i- = -Xdr2
At B,

(2x+l)-i xZ=

dv_ I
dx- J2ki

1

Comments

o Students must learn to consider the significance of B
in this question:
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Given that the area of kian gle BTCi, I ooitr2, show that the x-coordinate of C is 6.[2]
2

BP - 343

Comments

o Some students also used the shoelace method to solve
this problem.

. When using the shoelace method with unknown
coordinates, it is very important that we take extra care

to write down the coordinates of the points taken in an

anti-clockrpise direction. Otherwise, we might not be

able to obtain the desired result.

o The simpler approach is for students to recognise that
the triangle has a side which is parallel to the x-axis. In
this case, we can simply use the basic formula to find
area of a triangle as shown in the solution.

(ii)

(ir) 33
area of triangle BTC units2

2
33

2

x+5:11

x = 6 (shown)

L*Jir@+s)

The curve meets the x-a:ris at the point I 0
2

I

(iii) Find the area of the shaded rcgSon BCA.

(iii) Let Xbe a point vertically below B on the x-axis.

Area of shaded region BAX:

3

(2x+t)z

lrz
2

= 9 units2

lsl

Jz*+t a*I
2

2

1
Area of triangle BCX :-x (6- )x3 = 3 units2

2

Area of shaded region BCA:9 * 3 : 12 units2

Comments

o Students should reco8nise that the shaded area consists of two regions:

(1) an area under the curve, and

(2) an area under a line.

For (1), we have to integrate the curve with the limits to- -| to +.
2

For (2), since it is in the shape of a triangle, we need not perform integration to find the

area (which some students did).
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11 A tangent to a circle at the point A(-6,12)intersects the y-aris at y =9 . *" normal to the'2
circle at point B has equation 3y + 4x = -12 .

(r) Showing all your working, find the equation of the circle. l7l

(r) Tangentpassesthrough (-6,12) and (0,f)

Gradient of tansent - 12-7 '5
- -6-0

3=--
4

Gradient of normal : - 1+

,\:
3y + 4x= -12J*4 4

J
(-6,72l'

Equation of normal at(-6,12)

y-12= 
f {,-t-ol)

A
! =-x+20 -- (1)

5
3y + 4x = -12 --- (2)

Sub (l) in (2):

z( 1**20)+ax = -tZ[3 )
8x=-72
x=-9

3y+4(-9\=-12

!=8
Centre of circle is (-9,8)

Radius: (-6 -(-9)' + (12 -8)'? : JZS : 5 units

Equation of circle
(x+9)2 +(y-9)z =52

(x+9)2 +(y-8\2 =25

Comments

o Students should recall that to find the equation of a circle, we will require 2 information:
(l) Centre of the circle,
(2) Radius of the circle.

o The key understanding is that any normal to the circle always passes through the centre
of the circle.

o Hence, if we can find tqro normal, we will be able to solve simultaneous equations to find the
centre of the circle.
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(ii) The tangent at A meets the x-axis at C. Find the coordinates of C. 121

(ii) Equation of tangent:
3r515

y : -1 x + 7 sincey-intercept is y = -."42"2
Wheny:0,
315
42
x=10
C is (10, 0).

(iii) The point B is to the right and below the centre of the circle, and the normal to the circle
at B intersects they-axis at the point D.
Find the distance.BD. t3l

(iii) Whenx:0,
3Y =-12
!=4
Distance from centre to D

-9-0)' + (8-(-a))'z = JT2s(
:15 units
Since B lies on the circle, distance from,B to centre is radius, 5 units
BD =15-5 = 10 units

Comments

o Students should try to provide a sketch for this question in order to see how to best obtain the

distance BD.
o In many cases, students try to first find the coordinates of B and then use distance formula to

work outBD.
o In this case, it should be recognised that one can taken the difference of the length OD and

the radius of the circle to get BD.
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