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(i) Solve the inequality bt > 2, leaving your answer in exact form. [3]
_ 9% +2
(i) Hence, solve the inequality e S—2. [2]

N
Use method of differences to find »° ln( "+;J. Determine, stating your reason, if the
- n+

series is convergent. [4]
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The diagram shows part of the graph of ¥ =1In (TJ , with rectangles, each of width 1 3
x n

approximating the area under the curve between x =0 and x=1.
1] Show that the total area 4, of these n rectangles, is given by

n-1
A=%Zln[r+2nj- 2]

~ \r+n

The usual selling price of a bottle of Vitamin C, Grape Seed Extract and Super Antioxidant
is $365 in total. During the year-end sale, two companies, Union and Vatson, offered the

following discounts to their customers:

Discounts given for each item Total price
Company Grape Seed Super after the
Vitamin C di
Extract Antioxidant scount
Union 10% 15% 15% $314.75
Vatson 8% 25% 15% $301.55
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(i) Find the usual selling price of each bottle of Vitamin C, Grape Seed Extract and Super
Antioxidant. [3]
(ii) The employees from Union are offered a further 5% discount on the usual selling
price of each bottle of Vitamin C and Grape Seed Extract. Determine if this additional
discount will make it more attractive for the employees to purchase all the 3 items

from their own company rather than from Vatson. [2]

The equation of a curve is x> —kxy+ y° =3k +2, where k is a constant.
eq i 4

(i) Show that the x-coordinates of the points on the curve where the tangents to the curve
are parallel to the y-axis satisfy the equation (4 ~k )xz =12k +8. [5]

(ii)  Determine, algebraically, the set of values of & for the two tangents in part (i) to exist.

[4]

A fixed volume of k£ cm® material is used to make a hollow glass pipe.

The cost of polishing the glass pipe is $3 per cm? for the inner and outer curved surfaces and
$2 per cm? for the top and the base. The outer radius of the pipe is » cm and the thickness of

the pipe is x cm.
(i) Show that the cost of polishing the entire pipe, $C, is oK + 8y — 4 . [4]
x

(i)  Suppose that the volume of the material used is 40 cm® and = 8 cm. The glass-maker
wants to minimise C by varying x. Using differentiation, find the minimum value of

C and prove that it is a minimum. [4]
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(i)

(i)
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Given that (x)=sin[3x+%] , find (0), f'(0) and f£"(0). Hence find the first

three terms in the Maclaurin series of (x) . Give the coefficients in exact form. [5]

Given that the first two terms in the Maclaurin series of f(x) are equal to the first

two non-zero terms in the series expansion of , where a and b are constants,

a+bx
find a and b, leaving your answers in exact form. [4]
Find the set of values of x for which the expansion in (ii) is valid. [1]

A curve C has parametric equations

x=1£-4t,

y=t",
for t<0.
i) Sketch C, stating clearly its axial intercepts. [2]
(ii)  Show that the area, R, enclosed by the curve C and the y-axis is given by

(iid)

b 4 2
) (¢ -4) de,
where k, f, and ¢, are constants to be stated. Hence, find the exact area of R.

[4]
By finding the Cartesian equation of C, find the volume generated when R is rotated
completely about the y-axis. [4]

2

m
It is given that f(x)= X+-—1, where 0.5<m<]1.

®

(ii)

(ii)

Sketch the graph of y = f(x), showing clearly the coordinates of the turning points,
axial intercept(s) and the equation(s) of any asymptote(s). [5]
By inserting a suitable graph to your sketch in (i), find the set of values of £, in terms
of m, for which the equation x* —(1+k)x+m’ +k =0 has two distinct positive roots.

[3]
The curve y=f (x) undergoes the transformations 4, B and C in succession:

A: A translation of 1 unit in the negative x-direction,
B: A stretch with scale factor % parallel to the x-axis and
C: A translation of 1 unit in the negative y-direction.

Given that the resulting curve is y =3x+ gla , find the value of m. [3]
X



10  Functions g and h are defined by

11

g:x—>Inx, xeR, x>0,
h:x— |, xeR, x#0.
(i) Show that gh exists. Find gh in a similar form and state its range.
Determine whether the composite function hg exists. [4]
The function f is defined by
f:x—gh(x), xeR, x<0.
(i) Find f~' and state the domain of £'. [3]
The composite function fq is defined by
fq:x—>Inx’, xeR, x#0,
(iii) Find q in a similar form and state the range of q. [3]
!
H
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Farmer Joe built a barn with a horizontal rectangular base O4ABC, where O4 =4 m, AB=5m,
and vertical walls. There are two rectangular walls OCGD and ABFE where
OD = AE = BF =CG =3 m. The point O is the origin and vectors i, j, k each of length 1 m,
are taken along OA, OC and OD respectively. The roof consists of the planes DGIH and
EFIH where HI is a horizontal beam. DGIH is part of the plane p1 and EFIH is part of the

plane p, , where the planes p1 and p> have equations

pi. —x+2z=6,
P2 x+2z=10.
(i) Find the acute angle between p1 and p>. [2]

(i) Find the equation of the line passing through H and I and deduce the height of the

horizontal beam HT from the ground. [3]
[Turn over
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(ili) Farmer Joe installed a wire from D to /. Find the equation of the line passing through D
and /. [2]
(iv) Farmer Joe wanted to place a light bulb at O(2, s k), where 0 <k <4 and 0<s<35.
Show that Q is equidistant from DGIH and EFIH . [5]

On 1* June 2015, Tom obtained a study loan of $50 000 from a bank for his university
education starting in mid-August the same year. No interest on the loan was charged until after
he graduated from the university. Tom graduated on 30" June 2018 and from 1% August 2018,
the bank started charging him an interest of 0.4% per month on the amount owed to the bank
on the first day of each month.

In the same month that he obtained the loan, Tom decided to set aside some money each month
for the repayment of his loan after graduation. Hence, on 15™ June 2015, he set aside $120 and
on the 15™ of each subsequent month, he set aside $10 more than in the previous month.

(i) How much money did Tom set aside by the day he graduated? [2]
Tom decided to repay the bank $10 000 upon graduation such that the outstanding amount
owed was reduced to $40 000. He made a monthly repayment of $800 to the bank on the second
day of each month from 2° August 2018 onwards.

(i) Show that the amount of money owed after the interest was charged at the beginning of

the n™ month is given by
40 000(1.004)" —200 800(1.004™" —1). (4]
(ili) On which date would Tom be able to repay his loan completely? [3]

(iv) If Tom decides to completely repay his loan in exactly 4 years, how much more should

he repay the bank each month? Leave your answer to the nearest whole number. [3]
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Section A: Pure Mathematics [40 marks]

It is given that f(x) = (x—l)s.

() By sketching the graphs of y =f(x) and y =|f(x)| on the same diagram, state the
set of values of x for which f(x) =|f(x)|. [2]
(i) Find j:|f(x)| dx in terms of n, where n>1. [3]

Use the substitution x = 2sec@ to find I

dr . [5]

vx* -4
%

Show, by means of the substitution w = xy, that the differential equation

dy
x—+y-xy=1
dx y—xy
dw
can be reduced to the form e 1+w. (2]
Hence find y in terms of x, given that y =1 when x=0. [4]

Find the general solution of the differential equation

2
giving your answer in the form y =f(x). [4]

Two of the roots of the equation az* -z’ +26z%+bz—34=0, where a and b are real,

are 1+4i and —2. Find the values of a and b and the remaining roots of the equation.
[4]
10
It is given that w= (\/g+i) :

@) Without using a graphing calculator, find the modulus and argument of w. [2]

n

(ii)  Hence find the smallest positive integer n for which is real. (4]

W*
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With respect to the origin O, the position vectors of the points 4 and B are a and b respectively.
The point M is on AB such that AM : MB =k:1—k and the point N is on OB such that
ON :NB=k:1-k,where kis a constant, 0 <k <1.

(i) Find in terms of a and b the position vectors of the points M and N. Hence, show that

the position vector of point G, the point of intersection of OM and AN, is

1
m[(1—k)a+k|:,]. [6]

(ii)  Given that k= % , show that the area of triangle OAB is six times the area of triangle

AGM.
[4]
Section B: Probability and Statistics [60 marks]

For events 4, B and C it is given that P(4)=0.5, P(B)=045, P(C)=03 and
P(ANBANC)=0.05. It is also given that the events 4 and B are independent and that events

A and C are independent.

(i)  Given also that events B and C are independent, find P(4' "B’ nC"). [3]
(ii)  Given instead that the events B and C are not independent, find the greatest and least

values of P(4' "B’ nC"). [3]

The eleven letters in the word CORONAVIRUS are rearranged to form ‘words’ which may
not make sense. Find the probability that

(i) the two ‘R’s are together; [3]
(i) the vowels (O, A, I, U) are separated, [3]
(iii) either the first letter is a ‘C’ or the last letter is an ‘S’ or both. [3]
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On average, 8% of surgical masks sold online are defective. The masks are sold in boxes of

20.

(i) Find the expected number of defective masks in a randomly chosen box. [2]

(ii) Find the probability that there are at least 2 and less than 10 defective masks in a
randomly chosen box. [2]

(iii) 4 boxes are randomly picked for a customer. Find the probability that one box contains
no more than 3 defective masks and the remaining boxes contain at least 2 defective

masks each. [4]

Paul and Mary play a game. For each round of the game, they each throw an unbiased die.
The one who obtains the higher score is given, by the other player, the difference in dollars
between that score and the score of the other player. If the scores are equal, then neither player

receives anything. The random variable X is Paul’s winnings at each round.
(i) Show that P(X =-1)= % and find the probability distribution of X. (3]

(ii)  Find the expectation and variance of X. [4]

(iii)  Find the probability that Paul neither wins nor loses after two rounds of the game. [3]

Hey Day Farm claims that chicken eggs from their farm have a mean mass of at least 55 grams.
A random sample of 30 eggs is selected. The masses, x, in grams, are summarised by
Y x=1615, > x* =87173.

(i) Find unbiased estimates of the population mean and variance. [3]
(ii) Determine if the claim is valid by carrying out a test at the 5% significance level. [4]
(iii)  State the meaning of p-value in the context of this question. [1]
After the introduction of a new type of feed to their hens, Hey Day Farm takes a new random
sample of 60 eggs. The masses of the sample have mean m grams and variance 9 grams®. A
test is carried out using a 5% significance level with the null hypothesis # = 55 and the
alternative hypothesis u # 55, where x grams is the population mean mass. The test indicates
that there is sufficient evidence to deduce that the mean mass of the population differs from
55 grams.

(iv)  Find the set of values within which the mean mass m of this sample must lie, giving

your answer to 2 decimal places. [4]
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[In this question, you should state clearly the values of the parameters of any distribution you
use.]

Mr Lim is a tuition teacher who charges his students according to the duration of different
topics taught during the lesson. The duration, in minutes, of Pure Math and Statistics sessions
in a single lesson are modelled as having independent normal distributions with means and

standard deviations as shown in the table below.

Mean Standard deviation

Pure Math 554 3.6

Statistics 36.2 2.3

(i) Find the probability that the total duration of two randomly chosen Pure Math sessions
differs from three times the duration of a randomly chosen Statistics session by at least
3 minutes. [4]
(ii)  The probability of the average duration of 5 Statistics sessions exceeding » minutes is
at least 0.3. Find the range of values of r, giving your answer correct to 2 decimal
places. [3]
Students pay $2.50 and $1.50 for each minute of Pure Math and Statistics sessions during a
lesson respectively. In addition, students pay a fixed charge of $24 per lesson. Assume that
one lesson of Mr Lim consists of a Pure Math and a Statistics session.
(iii) (a) Calculate the mean and variance of the total cost paid in a randomly chosen
lesson. [2]
(b)  Find the probability that out of 15 randomly chosen lessons, a student pays less
than $220 in at most 5 lessons. (3]
Another tuition teacher, Miss Lee, charges her students according to the duration of the lesson.
The duration, in minutes, in a single lesson is normally distributed with mean 88.5 and
standard deviation 3.8.
(iv) 20 lessons from Mr Lim and 16 lessons from Miss Lee are randomly selected. Find the

probability that the mean duration of these lessons is between 90 and 91 minutes. [3]
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