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1  The diagram below shows the graph of y=f(x) with asymptotes x=0, x=4 and

y=3. The curve has a minimum point at (%1, 0) and a maximum point at (2,~3),

v

coordinates of any turning points, and the coordinates of 'i)oint's where the curve crosses
the axes. : [3]
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2 Users of 2 health application are given exercise targets to meet each week. Those who
meet their weekly targets get to spin a wheel for a chance to win virtual coins that can be
accumulated to exchange for vouchers. A successful spin wins the user either 40, 60, or
100 coins. | ~
In a particular month, 2395 spins were made in total. Of these, 80% were successful spins
and a total of 117 640 coins were won. 25% of the spins that won 40 coins, 35% of the
spins that won 60 coins; and 40% of the spins that won 100 coins were made in the last
week of the month, for a total of 40 255 coins.

Find the number of spins that won 100 coins that month. [4]
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A curve C has equation ( P kx)2 +8y~12 = 0, where kis a real constant.

() Find g' in terms of x, y and . [2]

(i) The tangent to C at the point where x =2 is parallel to the yvazus Find the value
of k. (3]
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4  Sketch the g,ra?hs-ef yl:-*f»xg and y= C , where ¢>0, on the same diagram, stating
: : Pt

clearly the coordinates of any points where the curves cross the axes. 2]

Solve the equation.

Mx’ .

i
leaving your answer in termis ofe. i - 12]

Hence solve the _aequality }x% b g"“f”"’ o R
e &
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5 Sketch the graph of C given by the equation ¥y =(x+a) =1, where a>0, stating
clearly the equations of any asymptotes and the coordinates of any turning points.  [2]

Hence sketch the graph of ¥ =1£'(x) where f(x)=—{l+(x+a)" , stating clearly the
equations of any asymptotes, and the coordinates of point white the curve crosses the
x-axis. (2]
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The curve G, is transformed onto the curve C, with equation (by+1)*=(x=1)" =1,
b1,

Describe a sequence of transformations which transforms the curve €, onto the curve
iy

(3]
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6  The diagram below shows a trapezium OACB, where OA=a, OB=b and OC =¢.
B — €

o ey

Explain, using the diagram or otherwise, why ¢=J1a+b, for some AeR'. [11

By considering area of triangles or otherwise, prove that the area of the trapezium is

1wA
?iaxbk 21
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Show that [ab|" +|axb| = @af[b})z (2]

Given further that 3¢~3b=a, [a|=2, |b|=3, |ab| =S5, find the area of trapezium OACB
exactly. ' [2]
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7 The functions fand g are defined as follows:
frxr 7(x-a)?-1,, xeR, x<3
gixtyl+b—e™, x20,

where a and b are real constants. | .
(i) State the smallest value of a such that ™' exists. (1]

For the rest of this question, a=4. |
(iy Explainif ' exists, and ifit does, find £ (z) and state its domain. [31
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(iii) Find the largest value of 5 such that the compesite function fg exists. For this value
of b, find fig(x), state its domain, and find its range. [4]
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8  Thelines/ and m are defined by the equations
[ir=i-k+AQ2i-6j+3k),
el gy 293
m: = = .

4 a 4
(i) Given that the lines intersect, show that a=6. [2]

(i) Find the position vector of &, the foot of perpendicular from the point 4(5, 0,1) to
the line L. 3]
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(i) Hence or otherwise, find the position vector of the two points on [ that are 5 units
from 4. i [3]

9  The plane 7 passes through the point with position vector i—3k and contains the line
with equation r=i+j+A(2i-j+k). :
(i) Show that the cartesian equation of the plane 7 is 2x+3y~2z=35. 2]
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9  [Continued]
(i) Find the shortest distance from P(-5,6,—5) to the plane 7. 2]

The line L that passes through £ and is parallel to 3i—2j+2k intersects the plane 7 at

the point Q.
(iii) Find the coordinates of Q. [2]
(iv) Hence or otherwise, find the length of projection of PO on the plane 7. 2]
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10 By considering partial fractions, show that

i ik SR SR
Srir+)r+2)  2nl) 2m+2)
where 4 is a constant to be determined. [4]
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10 [Continued]

o F+3 . .
i) Explain why Zﬁ-ﬁs converges; and state the convergence limit.  [2]

r=l

. v " TR S -
(i)  Find the least value of n such that Z_.“_%f.iim,_ s, 21
Tr(rtD(r+2y 5

r=l’
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(i)  Evaluate | .
g . H . A 2N +1

; oy el shprseth N

3xdx5 Ax5x6  Sx6x7 N(N?-1)

leaving your answer in terms of V. (31
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.- and y=sin"2¢, for -'~l~'<£,<:_~1- ’
iar YT BT

11 A curve C has parametric equations x =

@ Show that %= 2(1-4+") and explain why the gradient is always positive for all

points on the curve. [4]
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(i) Describe the behaviour of C as x —> 0. Sketch C, stating clearly the equations of
any asymptotes and the coordinates of any points of intersection with the axes. 31

(iif) Given that A is the point on € with parameter E%"ﬁnd the ‘equation of /, the

tangent to C at the point 4, leaving your answer in exact form. [3]
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11 [Continued]

Show that / meets the curve C again at another point B and find the coordinates. of
B. [2]

12 [For this question, leave all numerical answers to the nearest cent. ]
Ann is buying an apartment that is projected to be valued at $500 00000 1J anuary 2021.
Sheintends to pay $200 000 upfront, and take a loan of $300 000 froma bank that charges

interest at 2.5% per year, compounded on the outstanding loan amount at the end of each
year.

The loan is disbursed on 1 January 2021 and she starts her yearly instalment payment of

Sxon that date. L tiscl

(i) Showthat the outstanding loan amount at the end of n years after interest is charged
is ‘ | |

$[1.025" (300000)-41x(1.025" -1) . "

ANGLO-CHINESE JUNIOR COLLEGE 2020 H2 MATHEMATICS 9753/01
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(ii) Ann mtendb lo pay Sx dl the beglmung oi every ycdr S0 thdt her ldbl pay ment ison

x . {7]

For the rest of ﬁm question, Ann's yearly mstalment is $x; as caleulated in (i)
(iif) Calculate the total amount she paid the bank in interest. [2]

The apartment that Annis buying typically appreciates in value by 3% per year.
(iv) Find the value of Ann’s apartment after 10 years. 1]

(v) If Aon sells the apartment on | January 2031 before paying her usual instalment,
by first calculating the outstanding loan amount that she needs to repay the bank,
find the amount she earns from the sale. (2]
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13 [A conc of radius » and height / bas volume ¥ = E{;m‘zh ]

(a) An ornament consists of a sphere of fixed radius r cm inscribed in a right circular
cone. The sphere is in contact with the base of the cone at the point P, and with the
inner surfaces of the cone at the points D and E respectively, as shown in the
diagram. Each of the lengths 4B and AC makes an angle of & radians with the
downward vertical.

(i) Show that the volume of the cone, ¥ ¢m’, is given by

V= %mﬁ (1+cosecO) tan’ 4. 2]
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(ii) Using differentiation, show that the volume of the cone is minimum when

rsmé’ 3 , (5]
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13 [Continued] _

(b) Another ornament in the shape of an hour-glass is made up of two identical right
circular cones of fixed height H em and slant height J6H cm as shown in the
diagram below. The hour-glass is filled with some tuminous liquid such that when
inverted, the liquid in the upper cone flows into the lower cone 4t a rate of 4cm’s™
through a hole of negligible size at K. At time rs, the depth of the liquid in the lower
cone is & cm. Show that ¥ em®, the volume of liquid in the lower cone at t s, is
given by ’

w %‘,{HB ~(H~hy]. (2]
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Find the rate of increase of the depth of the liquid in the lower cone when the depth
of the liquid in the lower cone is ~2~lg H cm. Leave your answer in exact form in

terms of & and A, (3]
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2020 ACJC H2 Math Promo Solutions & Marker’s Report

Qn Solution

Comments
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This question was
generally well-done.

A small number of students
excluded the points at the
two x-intercepts, eg (0, 0)
and (4, 0) which is not
supposed to.

Some students did not label
the x-intercepts as
coordinates.

60 or 100 coins respectively.
x+y+2z=2395x0.8

40x+60y +100z =117 640
(0.25x40x)+(0.35x60y)+(0.40x100z) = 40 255

From G.C,
x=836, y=595 z=485.

Hence 485 spins won 100 coins that month.

A

2 Let x, y and z be the number of successful spins that won 40,

x, y and z should be clearly
defined. @ Some students
were not clear with the
definitions and ended up
forming equations which
were inconsistent with each
other or the definitions. No
or little credit was given for
such cases.

Quite a number of students
missed one equation and
only formed two equations.
They then incorrectly tried
to use some limitations to
solve the question.

Students should also be
aware that something is
wrong if negative values or
values greater than 2395
(the total number of spins
made) were obtained.

It is good practice to write a
short statement to answer
the question.
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Qn Solution

Comments

3 | (y—hx)' +8y—12=0---(1)

Differentiating with respect to x,
dy dy
Ay—-kx)| ——k |+8—==0
6% )( ™ ) 1

X
[2(y—loc)+s]%—2k(y—kx)=o
dy = 2k(y—kx)

dx  2(y-kx)+8
dy _ k(y—kx)
dx y-kx+4

ALTERNATIVELY,
(y—kx)’ +8y-12=0
V' =2k +k°x* +8y—-12=0

Differentiating with respect to x,

2yg)i—2k(xg)i+y)+2k2x+8d—y=0
dx dx dx

(2y—2loc+8)%=2lgz—2k2x

d_y= k(y —kx)
dx y-kx+4

| wrong sign when expanding

This question was generally
well-done.

Common mistakes include the

2yd—y—2k(x-d'—y+y)+2k2x+8—cz=0
dx dx dx
into

29 Y oY oy 2kt P =0
dx dx dx

Students should also note that
in A level exam, they are
expected to simplify the final
answer, instead of leaving it as
dy  2k(y—kx)

dx 2y-2kx+8

Tangent is parallel to y-axisat x=2 = y—-2k+4=0
=>y=2k-4

Substitute into (1) at x=2:
(—4)’ +8(kx——4):12
8(2k-4)=—4

g 5
: (y=2k) +8y-12=0
Y +@8—4k)y+4k>-12=0
Since x =2 is tangent to C, discriminant =0
(8—4k) ~4(4K> —12) =0
6464k +16k* —16k> +48=0
7

k=—
4

A minority group wrongly
interpreted ‘the tangent to C at
x =2 is parallel to y-axis’ as

dy
=0 ory=0.
dx ¥

Some students obtained
y =2k —4but did not know

how to carry on.

Many students also wasted
time in rewriting equation of C
as y* —4ky++4k* +8y—12=0
and then substituting

y =2k —4 to find £, instead of
using the original equation
(y—2k)* +8y—12=0 to find .

LAY
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Qn Solution Comments

4 Almost all students were able to sketch
both graphs correctly. Some students

b

e A number of students omitted

/

y= M misread the “ ¢ >0 ” condition as the
; domain to sketch the graphs for.
| c
y =
Y-c¢ . Students should remember to label the
y=0 p graphs that they sketch.
g y=hl:

labelling the origin or (0,0) as an

=
o

axial intercept.
o A few students reflected the y=x

graph in the x-axis instead of the y-
axis.

c

p=——
c—X

e The y-intercept was often wrongly
calculated to be (0,c) or (0,—c),

perhaps due to students making
assumptions from the equation of the
graph.

e Students are reminded to label axial
intercepts with full coordinates, to
show clearly what the x- and y-
coordinates of the point are, instead of
just the non-zero value (in this case
—1). There were students who
mistakenly labelled the point (-1,0).

¢ Some students sketched the graph
without considering the vertical
asymptote (perhaps due to relying on
the GC for graph sketching).

e Students should also be reminded to
label the axes with their equations if
they happen to be asymptotes (in this
case, y=0).




[FOR INTERNAL USE ONLY]

=L I ¥ &)

Qn Solution

Comments

4 Curves intersect on x>0,

(cont'd) | herefore |x| =X

C
> x=—
X=e

>xP—cx—c=0

_ ctct +4c

2

- c++c’ +4c

2

=X

(rx>c)

Responses to this part were varied. A good proportion of
students were able to solve the quadratic equation using
the formula or completing the square, with some
carelessness in signs in the formula or the constants in

completing the square (e.g. (x—%) —-%-—c =0).

However, many students did not consider the graph
drawn earlier in the question, and solved two quadratic
equations and/or listed down more than one solution at
the end, without rejecting invalid answers. Some
solutions were also not very clear with how they deal with
the modulus on the left hand side, even though they
eventually got the same answer.

Of the remaining population of the students, some
students did not seem to know how to selve quadratic
equations. Some seemed to be making the age-old
mistake carried over from O Levels, concluding from
x(x—c)=c that x=c or x—c=c (or equivalent). A
good number of students also solved for the constant ¢
instead of the variable x, ignoring the question’s
instructions to leave answers “in terms of ¢”.

4 c

replace x by M

c

(cont’d) | V= >y = |

X=€

Hence for M S

K¢
=
—c—~c +4c
X<
2
or —c<x<c
c+ct+4c

or

XI—C

Only a grand total of 4 students had gotten this fully
correct.

Students who were half correct largely fell into two
overlapping categories:

e The vast majority of students overlooked a common
blind spot for solving inequalities with graphs like
these. Students are quick to spot the correct interval
where the graphs intersect, but forget to check that the
interval x <c, where the graphs do not intersect, also
satisfies the inequality. Students should be reminded
that when solving inequalities using graphs, they
should inspect each interval of x-values separated by
intersection points or vertical asymptotes.

e A good number of students also wrote down the
correct solution for |x| > ——c—c , but missed out on the
solutions in the negative x region. It might be that
some students overlooked the Ix[ in the denominator
of the right hand side, which required students to
reflect the graphs for x >0 in the y-axis.
Alternatively, to complete their solution, they simply
needed to replace x with |x| in their solution, then

express the full solution without the modulus.

Several students also mistakenly wrote down

c—~c +4c —c? +4c
2 2

; =g
instead of

the negative x solution. They might have assumed that the

other root of the equation x* —cx—c =0 was the correct

bound after applying the |x| substitution.

as the bound for
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Qn Solution Comments
5 General tips to score for curve

.\Cl:yl—(x+a)2=1/y /

sketching

1) The curve should approach
the asymptotes as x — o0

2) Equations of asymptotes and
coordinates of
intercepts/turning points
must be labelled on the
diagram.

Generally well done except for
some students who got the wrong
turning points and asymptotes
because of carelessness in the
negative signs. Students should
be aware that the two oblique
asymptotes will cut through

(—a,O) . Some very confused

students labelled the asymptotes
with equations of the curve

= i-wf(x+a)2 +1.

instead i.e. y

Most students are able to label the
correct coordinate of x-intercept
and equations of asymptotes, but
have difficulty with the shape of
the curve.

Sequence of transformations
(1) Translation of a+1
(2) Translation o }L* !

% ﬁ%&% faofhi

{z‘%&‘%@ \\ﬁl
QM?RNATIVELY

(1) Scalmg, by factor % parallel to y-axis.

in the negative y-direction.

(2) Translation of 5 units in the negative y-direction.

(3) Translation of a+1 units in the positive x-direction.

nits in the positive x-direction.

Poor description of
transformation seen e.g. “flip”,
“stretch”, “shift left”, students
ought to be clear and precise with
the words used for description.
Note that for scaling, there should
not be “units” written in the
description.

Only some students are aware
that the order of transformation
matters. Need to relearn on this
concept.

R A 4
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Qn

Solution

Comments

6

OC = OB + BC =b + Jafor some AeR".

Since BC is in the direction of O4.

Some students who explained by
merely rewriting as

OC = A0A+O0B to give
c=Ja+b, earned no marks.
There were several neat

explanations like BC =104 to
give ¢c—b = Aa. A few students
used vector equation of a straight
line. A few others mentioned that
¢ can be expressed as a linear
combination of a and b with

H=1.

Area of trapezium = Area of O4B + Area of ABC

= 1[0/ 08|+ [ix B

1 1
= —2-|axb|+5|(a—b)x(ﬂa)|

= l[axb|+l|—ﬂub><a|
2 2

=%(l+/1)|axb|

Solutions to find the area of
trapezium were varied.

Some students considered AAOC
+ ACOB giving

l|axc|+llc><b|
2 2

1 1
=E|ax(b+la)|+—2—|(}ta+b)xbl.

=l|axb|+lﬂ|axb|
2 2

A few students mixed up cross
product with dot product. They
had extra terms because

|axa|=|a]" which was WRONG.
Some students considered

parallelogram + triangle, a few of
them ended up with

ﬂlaxb|+—12—(1——/1)laxb|, unable

to factor out and proceed.

Some students quoted the area of
trapezium, missing out the
modulus signs and giving wrong
height. Area of trapezium is

%(|Aa| +fal)(jbxa])-

la.bf +|axb| = (ja|[b|cos8)” +(ja][b|sin )’

= (|a”b|)2 (sin2 6 +cos® 9)

= (aflp])"

A lot of students wrote

lab|” =|a| +2ab+[b[* and

lax b|2 = |a|2 +2axb+ |bl2 which
were WRONG, when it should be
(a+b).(a+b)= Ia}z +2ab+ Ibi2
and (a+b)x(a+b) =0

Note:
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Iau.bl2 #(a+b).(a+b)
lax b|2 #(a+b)x(a+b)
|a.b|2 ;r&|a|2 .|b|2 unless cosé =1

Iax b|2 # |a|2 X |b|2 unless sinf@ =1

Se—3b g ce= %a RN % A few students found 1 by writing

A= c_——_b_ which was WRONG.

2 2 2 a
|a . bl B (Ia”bl) [a.b| =36-25=11 Some students were unable to
|a X b| =411 connect and apply the 2 proven
141 2 results fully when they went the
Therefore area of trapezium = > 211 = '3“‘/ﬁ extra step to find 6 in |axb| from
lab|.

Many common mistakes in not

getting laxb| =11 using

faxbf* = ()" ~fan’:

laxb|=+36-25 =9 =3

laxb|=36-25=11

Jaxb|=36-+25=1
V36 _6

o Iaxblz———-—
25 5
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Qn

Solution

Comments

7(3i)

(i)

(0,111) \ k
e

The line y =k where k€ R cuts the graph of y =f(x) at

most once. Hence f is one-one and f™' exists.

To find £, let y=f(x),

ie. y :7(x—4)2 -1

= (x-a) =22
7

y+1

7

= x=4=

Since x<3,
y+1

7

x=4-

x+1

Hence f"l(x)=4— -77— , x>6.

Many many many many
students did not draw graph of
y =f(x) and the horizontal

line to show f is one-one.
Those who did, drew the
whole quadratic graph
completely disregarding the
domain of f. It is obvious from
this simple part which student
revised the topic of functions.

Many students also only
quoted one specific horizontal
line, e.g. y =7 for the
horizontal line test. This is not
enough because we need ALL
horizontal lines to cut the

graphof y=f (x) at most
once.
A good number of students did

not choose the negative square
root.

Because the graph was not
properly sketched, many

students thought R¢= (3,00)

(i)

For fg to exist, R, < D;.
Now D, =(—00,3) and R, = [b,1+b).
Hence for Rg cD;, 1+5<3.

Hence ng =(6, 27].

Many students struggle with
the notations for this chapter.
Domains and Ranges were all

over the place: [27, 6) ,

D, =x20 etc. wrong

notations were all penalized.
Students need to know that
Functions is a highly technical
topic, and care needs to be
taken to understand all the
notations and definitions
required of them.

Note that 1+5 <3, not
1+b—e* <3. If condition
for existence is R, c Dy,
find both R, and Dy, and

then determine how to make
sure the condition is
satisfied.
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Qn Solution Comments
8(i) 1 % 1 4 Students generally make
For=l 0 144l =6 o +ul —a mistakes here when
= TATOL mir=laTa converting the equation of
-1 3 =3 4 m into vector form,
For intersection, especially the j and k
1 2 1 4 component.
0 |+4|=6|=| a |+p -a There are a handful of
=] < -3 4 students who use the same
_ ~ A letter for the parameter for
1422 =1+4pu 2A-4u=0 both lines, i.e. A.Hence
= —6A=a-ap =>-6l=a-au resulting in inconsistent
—14+34=-3+4u 3A-4u=-2 answers.

Solving the first and third equation gives A =-2, i =-1
Because the lines intersect, therefore 1 =-2, u=—1 satisfies

the second equation
—6(-2)=a—a(-1)=>2a=12=a =6 (shown)

There are others who also
try to solve equations 1 and
2 and 3 together, resulting
in long and tedious
working.

(i)

1 2 5
Iir=| 0 [+A4] -6 04=|0
=1 3 1
1+24 X324
Since Nisonl, ON =| —64 |= AN=| -6
—-1+34 —2+34

——

AN is perpendicular to /, therefore

—4+4+24 2

Those who studied well will
get this right if they use the
first method. There is an
equal number of people
using the first and second
method with the latter
making more conceptual
mistakes.

Those who used the first
method usually will get full
marks except for careless
mistakes such as

49/1=14:>ﬂ=%.

Jo
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Let O denote the point (1,0, —1)

2 2
0A.| -6 -6
éﬁ 3 3
22 462 +32 22 467 + 32
4 2 2
01| -6 -6
2 3 3 2 s
= -6
7 7 7
3
ON =0Q+0ON
1 2 7 4 11
2 1
=0 +7 —6(=—=|| 0 |+|-=12||=—=]-12
-1 3 -7 6 -1

Qn Solution Comments
8(ii) | ALTERNATIVE (Projection method) Many students who used the
(cont’d)

projection vector method do
not know what they are
doing. Common mistakes
includes

; @“N:I“Q}i.blb
- Zﬁ:(@?&.b)b
- J'V‘Q“:(@“"Z.b)b

Others find the length of
projection then multiplied
by the unit vector. But this
method might not get the
answer due to the fact that
the direction of the
projection vector could be
opposite to b.

However there are quite a
lot of students who tried
to use cross product to
find the vector
perpendicular to the line.
This must be made clear to
them that the perpendicular
distance from point to line
can be found using the
length of a cross product.
But removing the length
does not give the vector.

'Zﬁl = ‘WAMQ‘X bI but

m:ﬁ@xb.

A
S
AU .
3 3 N 3¢

Hence AN= §V36+9+4 =4.
Let the two points be B and C. Then 4B = AC = 5.
Therefore BN =NC =3

2
Check that the direction vector of /, | —6 | has magnitude 7

3

units.

A lot of students just leave
this part blank.

Of those who attempted it,
there are equal number of
people using each of the
two methods.

The common mistake with
the first method is assuming

P\?él is 5 or the students

just memorized the question
in the tutorial.
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2 2 Others made careless
. .3 . . .
Hence NC = 3 6| and NE=—-2| -6 mlstake_s in calcu!atmg the
7 7 lengths involved in
3 3 Pythagoras theorem.
Therefore,
| 11 2 | 17
OC=0ON+NC=1|-12 |+2| -6 |=<| =30
7 7 7
-1 3 8
11 2 | 5
OB=0N+NC=+|-12|-2| -6 |=1| 6
7 7 7
-1 3 -10
Qn Solution Comments
8(iii) | ALTERNATIVELY, Quite a number of students
(cond) | T et B be a point on / such that AB=35. who use the second method
1424 are careless with the
Theii OB =| =61 |forsoie 4 forming of the vector AB .
1434 Hence they were unable to
it obtain the correct quadratic
1+24 5 4424 equation.
= AB=| -64 |-|0|=| -64
-1+34 1 —2+34
—4+24
LAB=| -64 ||=5
~2+34.

= J2A-4) +(-64)* + (34 —2)* =5
:>(4+36+9)/12

¥12)A+16+4=25

= 4912
|t %%)é_'_ 1) ) ‘

! i *;%}é:’}@_f_“_“‘l"y%
g»:f‘ ﬂ?ﬂe«@ Z”ﬁ\ 7
frard® 1 2 1 2
“OB=| 0 |+2|-6| or OB=| 0 |-1| -6
7 7
-1 3 -1 3
s 17 5
=—| =30 =—1— 6
7 7
8 -10
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Qn

Solution

Comments

9(i)

Another vector parallel to the plane is
1 1 0 0

1|=|-1/]1

-3 0 -3 3
0 2 4 2
Therefore normal =| 1 [x|-1|=| 6 |//| 3
3 1 -2 -1

2 | 2

Hence r.| 3 |=| 0 || 3

=243=5=>2x+3y-z=5.

In this question, we see a lot
of copy errors, missing
negative signs from the
vectors or negative signs
changing positions or
numbers becoming another
number due to bad
handwriting.. like A LOT of
them.

Those who studied are
usually able to do (i)
effortlessly. Common errors
are copy errors such as
missing negative signs etc.

(i)

-5 3
L:r=| 6 [+4]-2
~1 -5 2

Let a point on the plane be A(1,1,0).

w:r.] 3 [=5

Distance from P to the plane 7 = AP.nl

—-6\( 2
5113
=5)\-1 8

«E?+32+12 14

Apart from the the
projection method, there are
2 other commonly seen
methods.

1. finding foot of
perpendicular and then
finding length.

2. finding parallel plane that
contains A and use the
formula for distance
between 2 parallel planes.

Some common mistakes are
not using the unit vector,
missing negative signs,
careless simple calculation
eITors.

There are a number of
students who use cross
product which is a
conceptual error that needs
to be clarified.

(i)

For intersection of L and 7,

-5 3 2
6 |[+A|-21||| 3 |=5
-5 2 -1
(-10+18+5)+ A(6-6-2)=5
=>A=4
-5 3 7

—=00=| 6 |+4]|2|=|2
-5 2) 3

Most students can do this
part correctly. Common
errors are simple calculation
mistakes.
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(iv) | Method 1 Most students who got this
7 -5 12 correct used the cross
= | g product method. Those who
ro= 6 8 A got it wrong is usually
3 =3 8 E because (iii) was wrong.
8 1
12 Vvl
ey : A good number of students
’P QI =| -8 |l=417 / E ’_‘,&Q / tried to project the vector
8 ud it ﬁa onto a vector parallel
By Pythagoras theorem, "

Length of projection of PQ on plane

\/(N’ ( ] \/ﬁ F_164(3 £).

to the plane, namely | -1
1

which was given in the
question. However this
vector is not the direction of

the projection of Wﬁé onto
the plane.

Qn Solution Comments
9(iv) | Method 2 Quite a number of students
(cont’d) . o were able to use the cross
Length of t fP lane=|P
e gHiL/aK prejecnan ol £ ot plene | 0x n! product method correctly.
12 2
_3lx| 3 There were a few who
3 ) -4 factorized ‘4’ from the
§) \-|__4 4 12
= - = -—2 X = ——
V22 +3% 41 V14 5 Jia vector | —8 | and then
8
4 234 4117
=——+234=——=—=164(3s.f). '
i 7 ’
reduce itto | =2 | by
2

L

‘throwing’ 4 away. This is
wrong because that changes
the length of PQ and hence
the length of projection.

e 14
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Qn Solution Comments
10 By partial fractions 243 132 1
P > r(r+1)(r+2) "ol el 42} Too_many s.tudents forgot how to do
H partial fractions. Too many made the
CHCE, same silly careless mistake when
< 2r+3 1&(3 0 2 1
Zlm = '2— 1(; - m = % 2) finding the coefficient for % .
r= r=
[ 3 2 /%/
L2 Many students had trouble seeing
@ 3 2/1 which terms in the expansion
2 4 cancelled out, while some innovative
3,97 1 ones simply substituted a value of n
4_/{_//_ / into
4 /5 n
1 2r+3 — 3 1
oy RETE Er(r+l)(r+2) 2(n+1) 2(n+2)
N 3 3 2 3 1 to solve for 4. Since this is a “show™
n-2 n-=1 /fa question, credit is given for the value
3 2 1 of 4, but not for the method of
+__1 _7/_ . difference required to find A.
n-1/n w+
3/ 2 1
.*7/_ 7Z — 7L
L /n +1 #Z+2]
1(7 3 1
202 n+l n+ 2)
7 3 1
4 2n+l) 2n+2)
7
Hence A=-—
4
i 3 1 Even if students could not do the
@ A 0 d :
S 1 —> 00, 2n+]) an 2n+2) MOBD part abo(\i/e, 1flthey wrote down
_ 0 an 0, to get
Hence —— 3 ‘ { ) _>Z 2(n+1)—) 2(n+:z)_>
2(ngl) 22, 4 convergence limit as A, they would
N have been given full credit.
v ML 1S, —
ok 259 4
(i) B »&’3? @‘g’ dee? ‘““‘W Method mark for Zol(;/ing the
e inequality is awarded only if there is
g?:ﬁy‘@l) 2(’; +2) 35 evidence student attempted to solve
oW .
= L using G.C.
2(n+1) 2(n +2) 20
From G.C Though many students did use the GC
T 3 1 pretty accurately here, many did not
When n=12, + =0.1511 present the GC table to show how
212+ 2(12+2) they got the answer. Students need to
3 1 know that this working step is worth
When n=13, 213+1) + 213+2) =0.1405 mark should their answer from the

Hence least value of n is 13.

first part is wrong.




LI e

[FOR INTERNAL USE Q_NLY]
Qn Solution Comments
(iii) 9 11 13 2N +1 Students who expressed the
+ + e R, T s
3x4x5 4x5x6 5x6x7 N(N2_1) sumas §°_2r+1_ were
- mar(r?-1
= 2r 48 given credit, though many
Sr(r+1)(r+2) could not continue to find its
7 3 1 5 7 relationship with

3 1

NZ_‘,I 2r+3
r=3 r(r+1)(r +2)
if they used the result given in
the question without finding 4,
3 1 , they
2(n+1) 2(n+2)
would still have gotten the
correct answer (since 4
cancels out), and full credit
would have been earned.

. In fact even
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Qn Solution Comments
11(i) t 5 o 1 1 Most students were able to
x= , y=sinT2t, ——<t<— . .
N 2 2 correctly differentiate the
dv (-4} ~t(%)(1—4t2)_% (=86) exprcssio.ns z‘md perf.'or‘m the
o = -4 parametrlc'dlfferentlatlon. Some
1 careless mistakes were made
_ (1-4)~ [(l —41) +4° ] such as multiplying by 8¢ instead
(1-4¢%) of —8¢. Some students also had
=(1-4%)7F problems with the algebraic
dy 2 manipulations to arrive at the
dt -4 required expression. No credit
dy 2 e was awarded if too many
o Tar +(1-417) “intermediate” mistakes were

]llade.
2 2 2
= X(l“4t )“

V1-47 Common error:

=2(1-4¢*) (sh ; )
(1-4¢7)  (shown) (1—4:2)3:(\/1—4#)
. 1 1, 1,
Since —5<t<5, e ~Ar <1 #3/1—4¢* (cube root!!)
dy

So —= =2(1-4¢*)>0 , thus gradient i itive for all points on . .
° dx ( ) s i B Few did not use the quotient or

the curve. product rule or used it wrongly.
No credit was given for such
cases.

This is a “Show” question.

Steps should not be skipped — it
should be clear how the next
expression is obtained. Little or
no credit was given if steps were
not clearly shown, even if the
answer was reached because the
“answer” is given for this
question.

In showing that the gradient is
positive for all points on the
curve, it is essential to state that

— <t< 1 , which then results
2 2

oo 1 :

in "< 2 (or equivalent).

g s 5 2 1
Starting with just ¢° < 2 (or

equivalent), giving the incorrect
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o

reason for why 2(1—4¢*) >0 (or

equivalent), such as > >0, or
using just test points (e.g.

substituting z:=il or z‘:il
2 3

earned no credit. Some students
had some issues with the
inequality signs also.

Some students tried using the
second derivative test or
discriminant which is
conceptually not right.

11

1
(i) | As x — too, t——)ia, .'.y—%ig-

T
the curve approaches y = ia .

The graph was quite badly
drawn. The behavior of the
curve was also often not stated
or analysed. The analysis of the
behavior of the curve was
intended to aid in the sketching
of the graph since the GC had its
limitations in showing the
extreme behavior of the curve.
Often the behavior stated and the
actual graph drawn were also not
consistent. The origin and the
correct equations of the
asymptotes of the curve should
be clearly shown as required by
the question. As shown in part
(i), no parts of the curve should
have negative or 0 gradient (no
stationary points).

YT,

This question is a rather basic
one of finding the tangent
equation of a parametrically
defined curve. For those who
attempted this part, it was
generally well done. Some
careless mistakes were made in
computing the gradient and-
coordinates at 4. Credit was not
given if any value was incorrect
and no working was shown.

A few students used the

I .
parameter value of —= given

22

- =V
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as the x-value when clearly it
was the 7-value (the parameter is

7).

Qn Solution Comments
11 t . i No credit was awarded if
(iii) Curve C: x= ﬁ , y=sin" 21 many mistakes were made
| ' . in trying to obtain the
Linel: y=x——+— Cartesian equation of C.
2 4 : Some students correctly
At the point of intersection B, substituted in the parametric
Substitute x = S , y=sin"'2¢ into y=x e +Z 3 Siguafions.ol C fnio thie
1—4¢ 2 4 tangent equation, but could
. y not continue from there.
S.osin” 2t = ==+ The key was to use the GC
1-4¢ 3 to solve for the #-value and
From GC, t=0.353550r t =-0.47564 Subsequently substitute the
Now, ¢ =0.35355 corresponds to point 4 t-value back into the
—0.47564 arametric equations of C to
Thus ¢t =-0.47564, and x = == —1.54278, gbtain the coordinates.
\/17— 4(-0.47564) Very few students obtained
y= < 2(~0.47564) = —1.25737 the correct coordinates of B.
Coordinates of B are (—1.54,—-1.26).
Qn Solution Comments
12(i) || Year Beginning End Question stateg that all nu:nerict:al
nswers must be in nea
1 300 000—-x 1.025 (300 000— x) 3nfortunately many stu:izsnt(s:eélié not

2 | 1.025(300000-x)—x | 1.025% (300 000 —x)~1.025x

By the end of the n' year, the outstanding loan amount is
1.025" (300 000 — x —E82X 'x—...—1.025x

51,025 x—...~1.025x
i ~§.3’ﬁ“
1{%555(;1.025"-‘ +1.025" 2 +...+ 9

v
GP: a=1, r=1.025, nterms

1.025" -1
=1.025" (300 000) -1 .025x(————)
1.025-1

—1.025" (300 000) ~41x(1.025" ~1).  (shown)

notice this. To nearest cent = round
off to 2 decimal places.

Important tip to assure accuracy of
answers, use 2 more decimal places
for workings. Eg if question wants
answers in nearest cent, students
should be using 4 decimal places
for workings, alternatively, students
can make use of the STO function
in the GC, to store the values.

Part (i) is a proving question, hence
students must give more details and
workings instead of stating the
answer. Note that the question is to
calculate the outstanding loan at the
end of the year.

(i)

On 1 January 2040, n=20.
At the end of 31 December 2039, outstanding loan amount is

1.025" (300 000) — 41x(1.025" —1).

For the last instalment of $x to be on 1 January 2040,
1.025" (300 000) —41x(1.025" —1) = x

= 479 595.0557-24.5447x=x
=> x =18774.77 (nearest cent)

Question stated that the last
payment is on 1 January 2040, it
means that it will be her 20™
payment = $x.

Students should relate to part (i)
answer and solve for x.
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or

ALTERNATIVELY,
Outstanding amount at the end of 20 years is 0:

1.025™ (300 000) - 41x(1.025™ ~1) =0

Solving,
x =18774.77 (nearest cent).

(iii) | (18774.7694x20)—300 000
= 75495.39 (nearest cent).

Note that she borrowed $300000,
her last payment is the 20™
payment, hence the total amount
paid including interest =
20x—300000 . Some students
forgot to relate part (iii) with part
(i1) and went to calculate the
interest paid only using another GP
formula.

(iv) | 500 000x1.03" = 671958.19 (nearest cent).

This part was well done, except for
some students who used the

U, =ar"" formula for GP and took

it for 9 years instead of 10 years and
got the wrong answer.

Some students calculate
depreciation instead of appreciation
in the value of the apartment, and
took » =0.97 instead of = 1.03.

(v) | Outstanding loan amount on 31 December 2030
=1.025" (300 000) —41(18 774.7694) (1 025" — 1)

=168 425.93 (nearest cent)
Amount Ann earns

instalments
=671 958.1897-200000—-168 425.9313 —(10x 18 774.7694)

= 115 784.56 (nearest cent).

= value on 1 Jan 2031 — upfront payment — outstanding loan — all

Very few students interpreted the
question correctly, common errors
in counting the months wrongly and
forgotten to consider the upfront
payment of $200000 and
instalments paid $10x.

Only one student obtained full
marks for Q12.

Qn Comments
13(a) w Quite a number of
) % 3 ‘ﬁ A students wrote
Y @i? ' L = Sin@ = ——
g% .(;\\wln =10 = AO =r cosecl 10
*:;&.‘;;;;;%‘3‘ .. AP =r+r cosect = A0 =rsinf,

In AAPC, tané =% = PC = APtanf
=r(1+ cosecf)tand

V= % T [r(l +cosect) tan 9]2 r(1+cosecd)

V= é—nr3 (1+cosec)’ tan” @ (shown)

which is very careless.

Some students mistaken

O as the midpoint of AP
and wrote
2r
AP=24A0=——,
sind

which leads to a wrong
expression in the show
part.

=0
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Many students mistaken r
as the radius of the cone,
however, r is given as the
radius of sphere in the
question. eg

V= %nr2 [r(1+cosech)]

= % 7 (1+ cosecd)

Some students have
gotten the correct
expression for the radius
and height, however, they
expanded the expression
when finding the volume
and this made the
expression very
complicated. A better
strategy is to factorize the
common factors and the
correct expression can be
derived easily.

B@ |4 1, - 2
@ | 35°3" [3(1+cosecd)’ (—cosecHcot §) tan” &

+(1+cosecd)’ 2tan @sec’ 4]
= % 7 (1+ cosecd)*[-3cosecOtan & + (1 + cosecd)2 tan G sec’ 0]
LA
deo

15
= gnr (1+cosec

0)’[=

&
1 j(Zsin@]( 1 )

. — =0
sin@ )\ cos@ )\ cos” @

3 Lsin@ﬂ)(Zsin@)
] — |=0
cosd sin @ cos” @
3 2siné 2
b=
cos@® cos’@ cos’ O
(N.A)) or —3cos’ @+2sinf+2=0
or —~3(1-sin” @) +2sinf+2=0
or 3sin?@+2sinf-1=0
or (sin9+1)(3sin¢9—1)=0

—=sinf=-1 or -

or sinfd=-1 or sinfd=

W | —

(N.A)

ecOtan 6 + (1 +cosech)2 tanOsec’ 8] =0

Many students did not
realise that  is a constant
and @ is the variable. As
a result, they
differentiated ¥ with
respected to 7, which is
totally wrong.

Some students did not
understand the question.
They substituted

siné =% into gi and

did not know how to
continue from there.

To find the min value,
you should always let

E’K =0 and show that
dé

. 1 .
sind = § after solving

the equation.
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1 dZV .
When sinf =—, from GC, =75.4r>>0 sincer>0
3’ d6*
. 1
. V'is minimum when siné = § .
Qn Solution Comments
13(a) | Alternatively Some students used first
(i) ) 1Y Y | 1Y derivative test to show the
(cont’d) (Sin_l *) S 5 (Sin—l gj volume is minimum.
2 —0.340 However, specific values of
=0.339 - =0.341 dv
6 and HE used for the test
dv Q : 0 3
"@ 0'263 e 0.057047‘ were not stated in the table
and marks are not awarded
for such case.
13
(b)

ﬁ@i oyl &% o8

@é@%élps\of ¢one and x be radius of water level when depth

%%%ters1§ 7' em.
Korttus of cone, R—\/(\/_ H) —HZ J5H

x
B ilar t | —=——
y similar triangles, B 7
X H h
\/_H
:>x=\/_(H—h)

Many students did not show
clear working when using
similar triangles to find the

-| radius of the smaller cone or

the volume of the smaller
cone.
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Volume of liquid in lower cone at time ¢,

W=%nR2H——§1cx2(H—h)

:%n(\/EH)2 H—%n(\/g(H—h'))z (H—h)

= —i—nH3 —gn(H—h)3 (shown)
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Qn Solution Comments

13 dw 3 dw 4 Many students did not

®™ | an Sn(H —h)". Given & 4 cms realise that A is a constant

(cont’d) dw  dw dh and £ is the variable. As a
Now, — =——x— result, they differentiated W
d dh  dt with respected to H, which
4= 5;;(]—[-;,)2 xih. is totally wrong.
dt

When A =LH,
25
2
4=5% -z—iH xd—h
25 dt

dh 125 3
—_— cms
dt 144nH?

Alternatively,

W=§nH3—§n(H-h)3
3 3

Differentiating with respect to ¢,
W o su(er-ny L
dt dt
Sub. d—W—=4, hle,
dt 25
2
S A4=5n H——l—H) h
23 dt
dh 125 1

—_—= cms
dt 144znH*

Common mistakes:
¢ Differentiated W with

respect to H.
e Sub & =LHinto W and
25

differentiated W with
respect to H.

e Sub H =25hinto W and
differentiated W with
respect to .

A few students made a
careless mistake by keeping
the term with ° when
differentiating W with
respect to A.

A few students have gotten
the correct answer but
forgot to simplify.

JLo



