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The diagram below shows the line / that passes through the origin and makes an

. . . n
angle a with the positive real axis, where O0<a<— .

Point P represents the complex number z, where 0 <arg z, <o and length of OP is

r units. Point P is reflected in line / to produce point O, which represents the
complex number z, .

v4
0 l
P
a
>

0 X
Prove that arg z, +arg z, = 2o. [2]
Deduce that z,z, =7 (cos2a.+isin2a). [1]

Let R be the point that represents the complex number z,z,. Given that a =z,

write down the cartesian equation of the locus of R as z, varies. [2]
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(a) u=2—isin’ @, v=2cos’ @+isin’ @

u—v = 2—isin’@—2cos’ @—isin’ &
= 2—2cos’ @—2isin’ @
= 2(1—(:052 6‘)—2i sin” @
= 2sin’@—2isin’ @ or I‘l(sin2 6")(1—i)

‘u—v| = 2‘:~;in2 6 —isin’ 6‘| or 2|si1‘12 9“1—i|
= 2(sin’ 0)/1+1
= 24sin* O+sin* 0
= 22sin’ 0

— 24/2sin* @

= 2J2sin’ @

Note that « —v lies in the 4th quadrant.

2sin’ @
arg(u—v) = —tan lZSinzé‘
= —tan'1= -Z

Or:

arg(u—v) = arg(Zsin2 @ —2isin’ 6’) = arg[2(s.in2 9)(1—i)]

= arg(Zsin2 E})+arg(1—i)
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(b) Method 1 Solve a. first then factorise quadratic expression or use sum of roots
¥ +(1-3)x+2(1-i) = 0
Sub. x=aelR,
@’ +(i-3)a+2(1-i) = 0
(cx2 —3a+2)+i(a—2) =0
Comparing imaginary parts,

a-2 =0
o =2

X +(1-3)x+2(1-1) = (x-2)(x—p)
Comparing constants,
2(1-i) = 28
L p =11
Or: Sum of roots, a+4 = —(i-3)
244 = 3-i1
L =1-1

Method 2 Factorise the quadratic expression first
X’ +(i-3)x+2(1-1) = (x—a)(x—-p)
Comparing coefficients of x,
i-3 = —(a+p)
a+pf = 3-i (1)
Comparing constants,
aff = 2-2i (2)
From (1), p = 3-i—«a (3)
Sub. (3) into (2), a(3-i—a) = 2-2i
3a—-a’—ai = 2-2i
Comparing imaginary parts, a =2
Sub. into (3), p = 3-1-2
L po=1-1

Or:

Let f=a+bi, where acR,beR and b#0

x’+(1-3)x+2(1-1)

(x—a)[x—(a+bi)]

Comparing coefficients of x,

1-3 = —a-bhi—-«a
b = -1 (Comparing imaginary parts)
a+ta =3 (1) (Comparing real parts)
Comparing constants,
2-2i = a(a+bi)
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= a(a-i) = aa—ai

a =2 (Comparing imaginary parts)
Sub. into (1), a = 3—-a=3-2=1
s f =11

Method 3 Solve x first using quadratic formula
X +(i-3)x+2(1-i) = 0

~(i-3)(i-3) —4()[2(1-i)]

2
_ 3-iENiP-6i+9-8+8i _ 3-ix2i
2 2
3—-14(1+1
= % (use GC to find \/E)
= 2orl-i

Lo =2and f=1-i1

For comparison purpose:
If GC is not used to find \/Z , then the algebraic works will look as follows:

Let JZ = a+bi,where aeR,beR
2i = a*—b*+2abi
Compring real parts, a*—b> = 0

a’ = b’

a = *th (1)
Compring imaginary parts,ab = 1 (2)
When a = b,
Sub. into (2), a’ =1

a = =*1

Whena=1,b=1.When a = —-1,b=-1
+2i = £(1+i)
When a = —b
Sub. into (2), - =1 (NA -beR)
3—it(1+1)

. x = ———= =2or -1
2

o =2and f=1-i
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