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1 If x is a sufficiently small angle, find the first three non-zero terms in the Maclaurin series for 
7 1

4sin ( π).x +   [3] 

 
 
 
2 (i) Using appropriate expansions from the List of Formulae (MF26), show that the series 

expansion of ( )2ln 1 e x+  in ascending powers of x, up to and including the term in 2 ,x  is 
2

ln 2 .
2

xx+ +   [3] 

 
 (ii) Find the set of values of x such that the value for the above expansion for ( )2ln 1 e x+ is 

within 0.3±  of the value of ( )2ln 1 e .x+         [2] 

 

 (iii) Deduce an expansion for  2

2

1 e x−+
 up to and including the term in .x        [2] 

 
 
 
 
3 If 2 23cos 6sin ,x θ θ= +  show that 26 3cos ,x θ− =  and find a similar expression for 3.x −   

By using the substitution 2 23cos 6sin ,x θ θ= +  evaluate exactly 
6

3

1
d .

( 3)(6 )
x

x x− −           [5] 

 
 
 
 
4 Show that the following inequality 
 

tan cot 4x x+ >  for 1
20 π x< <   

 

 can be simplified to  
  1

20 sin 2 .x< <   [4] 
 

 Hence solve exactly the inequality leaving your answer in terms of π.   [2] 
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5 Functions f and g are defined by  
 

2
1 , ,  1,

1

ln , ,  .g : 0 1

f : x

x

x x
x

x x x

+ ∈ <
−

∈ < <

a ¡

a ¡  
  
 (i) Explain why the composite function gf does not exist.  [1] 
 
 (ii)  Find an expression for fg( ).x  Hence or otherwise, find 1(fg) (0).−  [4] 
 
 (iii) Find an expression for h(x) for each of the following cases: 
 
  (a) gh( ) ,x x=    [1] 
 
  (b) 2hg( ) 1.x x= +    [2] 
 
 
 
 
6 (a) By using the substitution 2 ,y zx=  find the general solution of the differential equation 
 

  

2 2d
2 ,    where 0.

d

yx xy y x
x

= − ≠
 [4] 

 
  (i) Sketch the solution curve that passes through ( )2 , 4 ,−  indicating any stationary points 

and asymptotes clearly.    [4] 
 
  (ii) State the particular solution for which y has no turning point.    [1] 
 

 (b) A differential equation is of the form 
d

,
d

y y px q
x

+ = +  where p and q are constants.  

Its general solution is 4 1 e ,xy x D −= − +  where D is an arbitrary constant.  
Find the values of p and q.  [2] 
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7 (a) Given that 
( )

3

4
* (2i)

,
3 i

z =
+√

 find the exact value of z  and arg(z). 

  Hence state the smallest positive integer n such that nz  is purely imaginary. [5] 
 
 (b) When the polynomial 4 3 2 24 44,ax bx cx x+ + + −  where a, b and c ,∈ ¡  is divided by 

( ) ( ) ( )1 ,  1  and 2 ,x x x− + −  the remainders are −18, −54 and 0 respectively. 

 
  (i) Find the values of a, b and c.  [3] 
 
  (ii) The equation 4 3 2 24 44 0,ax bx cx x+ + + − =  with the values of a, b and c found in part 

(i), has a root 3 ( 2)i.√−  Find the other roots of the equation, showing your working 
clearly.  [3] 

 
 
8  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 The diagram shows the graph of f ( ).y x=  The curve has turning points ( 3,  4)−  and (1,  5) and 

crosses the x-axis at ( 1,  0).− The curve has asymptotes 0, 2 and 2.x y y x= = = +   
 

 Sketch, on separate diagrams, the graphs of  
  
  (i) ( )f | | ,y x=       [2] 
 

 (ii) 1
,

f ( )
y

x
=    [3] 

 
 including the coordinates of the points where the graphs cross the axes, the turning points and the 

equations of any asymptotes. 
 

 Describe a sequence of three transformations which transforms the graph of f ( )y x=   

to the graph of f ( ),y ax b= +  where a and b are constants such that 1a < −  and 0 1.b< <  
State the coordinates of the point where the graph of f ( )y ax b= + cuts the x-axis. [4] 

(1, 5) 
 

 
x 

y 
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9 The line l1 passes through the point A with the position vector 
1
3
2

 
 
 
 

 and is parallel to 2 1 ,
3

t
t
 
 +
 
 

 

while the cartesian equation of the plane p is given by 2 3,tx y z− + = − where t is a real constant. 
It is known that l1 and p have no point in common. 

 
 (i) Show that 1.t = −   [3] 
 

 (ii) Find the distance between l1 and p.  [2] 
 

 (iii) The line l2  has the cartesian equation 2 , 3.y z x= =  Show that l2  lies on p. [2] 
  

 (iv) Given that point B and point C lie on l1 and l2 respectively, find BC
uuur

 such that it is 
perpendicular to both l1 and l2.  [3] 

 

 (v) Find the vector equation of the line of reflection of l1 in p. [3] 
 
 
10 Duncan, an aspiring marathon runner, embarks on the following training regime: 
  

1. On Day 1, he runs 5 km. 

2. On Day 2, he runs ( )1+ α  times the distance ran in the previous day. 

3. On Day 3, he runs α  times the distance ran in the previous day. 

You may take α  to be a positive constant. 
 

For each subsequent day, Duncan repeats parts 2 and 3 of the training regime, in that order. Thus 
on Day 4, he runs ( )1+ α  times the distance ran on Day 3; and on Day 5, he runs α  times the 

distance ran on Day 4, and so on.  
 

(i) The distances that Duncan runs on odd-numbered days follows a geometric progression. 
State its common ratio in terms of α .  [1]  

 

(ii) By considering just the distances that Duncan runs on even-numbered days, find the range 
of values of α  such that the total distance ran on all even-numbered days is finite.  [2] 

 

(iii) By considering the total distances ran on both odd and even numbered days, determine the 
theoretical maximum total distance, expressing your answer in terms of α .  [2]
   

Duncan decides to fix 0.65α = .    
 

 (iv) (a)  Show that the distance he ran on Day 10 is 10.915 km, correct to the nearest 0.001 km.
 [1] 

 
  (b)  The distance he ran on Day n first exceeds 42.195 km. Find the value of n.      [3] 
   
  (c)   Duncan aims to complete his training regime on Day n, and instead of following the  

regime for that day, he plans to only run exactly 42.195 km on that day. Find the total 
distance that Duncan would have covered at the end of his training regime. [4] 
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11 In the study of Microeconomics, the price $p (in thousands) that consumers and producers of a 
particular product A is willing to pay to consume or produce x quantities (in thousands) of the 
product is modelled by the following equations: 

 
• Producers (supply curve): 2e 1,  ,tx t p t= + − =  where 0.t >  
 

• Consumers (demand curve): 1sin 1,
10 10

xp p−  + = 
 

 where 0x >  and 0 10.p< <     

 

 (i) The price p that consumers are willing to pay to consume x quantities of the product 
decreases as x increases. Use differentiation to verify this. [2] 

 

 (ii) On the same diagram, sketch the demand and supply curves where x is the horizontal axis 
and p is the vertical axis.  [3] 

 

 (iii) Market equilibrium is achieved when the quantity demanded and the quantity supplied are 
the same at a particular price.  Find this price. [2] 

  
 Economic surplus, also known as total welfare or Marshallian surplus, refers to two related 

quantities: 
  

• Consumer surplus is the monetary gain obtained by consumers because they are able to 
purchase a product for a price that is less than the highest price that they would be willing 
to pay. Thus the consumer surplus is the area of the region bounded by the demand curve, 
the p-axis and the horizontal line that passes through the equilibrium point.   

 
• Producer surplus is the amount that producers benefit by selling at a market price that is 

higher than the least that they would be willing to sell for. Thus the producer surplus is the 
area of the region bounded by the supply curve, the p-axis and the horizontal line that 
passes through the equilibrium point.  

 
 The diagram below illustrates an example of the surpluses of another product. 
  

       
 
 (iv) The total economic surplus is the sum of the consumer and producer surpluses at the market 

equilibrium. Find the total economic surplus for product A. [4] 
 

 (v) Due to a technological advancement in the manufacturing of product A, the supply curve is 
now translated a units in the positive x-direction and the new market equilibrium is achieved 
when x = 5. Find the value of a.  [3] 

p 

x 
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Section A: Pure Mathematics [40 marks] 
  
 
1 With reference to the origin O, the position vectors of point A and B are a  and ,b where a  and b

are non-zero and non-parallel vectors. 
 

 (i) State the shortest distance from B to the line passing through O and A. [1] 
 

 (ii) Given that + ,=c a b state the geometrical meaning of ×b c and show that .× = ×b c a b  

  [2] 
 

 (iii) Given that 2 3 ,× = ×a b d a find a linear relationship between , and .a b d  [2] 
 
 
2 The equation of curve C1 is given by 3 2.xy = −  The graph of C1 is shown in the diagram below. 

Rectangles, each of width 
1

,
n

 where n is an integer, are drawn under C1 for 1 2.x≤ ≤  

                   
 (i) Show that the total area of all n rectangles, ,nS  is given by  
 

   
1

1

3
2 3 .

rn
n

n
r

S
n

−

=

= − +   

  

Hence evaluate ,nS  leaving your answer in terms of n. [4] 

 
 

 (ii) Find the exact value of lim .nn
S

→∞
  [2] 

 

 The equation of curve C2 is given by 
3

24

xy
x

=
+

.  

 
 (iii) The region R is bounded by C1, C2, 1and 2.x x= =  Find the volume of the solid of revolution 

formed when R is rotated through 4 right angles about the x-axis, giving your answer correct 
to 2 decimal places.     [3] 

 
 
 
 
 
 
 

x 

y 

1 2

. . .
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3 A sequence nu is given by 

 
3

,
1nu

M n
=

− +
 where n and M  are positive integers such that 1.n M< +  

 
 (i) Describe the behaviour of the sequence. [1] 
  

 Let nS  denote the sum of the first n terms of .nu  

 (ii) Write down 1 2 3,   and .S S S   Hence find 
1

M

n
n

S
=
  in terms of M. [3] 

 

 (iii) Show that 
3

.n
nS

M
>     [2] 

 
 
 
4 The diagram below shows the curve f '( ).y x=  It has turning points at (0, 6), (5, 0) and (7, 7) and 

intersects the x-axis at (−3, 0) and (8, 0).   

             
 
 (i) State the x-coordinates of the stationary points for the curve f ( ).y x=   Hence determine the 

nature of these stationary points.  [3] 
 
 (ii) State the range of values of x such that the curve f ( )y x= is concave downwards. [2] 
 
 (iii) A student makes a claim on each of the following statements: 
 

  (A)  If the curve y = f(x) passes through the point (−3, 7), then f ( ) 7x >  for 3 5.x− < <  
  

(B)  By using integration by parts, 
8

3

9
f ( )d 32f (8) f ( 3).

2
x x x

−
> − −     

For each of the above statements, explain briefly whether the student is right to make such a 
claim.  [3] 

 
 
 

(7, 7) 

y 

x 

  

(5, 0) 

(0, 6) 

(−3, 0) (8, 0) 
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5 (a) A curve has the equation ( )2
4e .xyx y+ =   

 (i) Find 
d

d

y
x

 in terms of x and y.  [2] 

 
 (ii) Given that the curve cuts the positive y-axis at point A, find the equation of the tangent 

to the curve at A.   [2] 
 
 (iii) The tangent to the curve at A meets the curve at another point B. Find the coordinates  

of B.  [3] 
 
 (b) A closed cylinder is designed to contain a fixed volume of p cm3 of liquid such that its 

external surface area is a minimum. Find the radius of the cylinder in terms of p in cm. [5] 
 
 

 
Section B: Probability and Statistics [60 marks] 

 
 
6 A test consists of 15 multiple choice questions, where each question has n possible options, of 

which only one is correct. A student took the test by randomly choosing an answer to each 
question.  It is known that the probability of answering exactly 3 questions correctly is the same 
as the probability of answering exactly 4 questions correctly. 

 
 (i)  By forming an equation in terms of n, find the value of n.  [3] 
 
 Each correct answer is awarded 3 marks and each incorrect answer carries a penalty of 1 mark. 

The score is the total marks awarded based on the number of correct and incorrect answers. 
 
 (ii)  Find the expected score, s, obtained by the student.  [3] 
 
 (iii)  Find the probability that the score obtained by the student is within 4 marks of s.  [2] 
 
 
7 During a symposium, 4 boys and 8 girls are divided into 4 groups of three each for discussion. 

How many ways are there to divide the 12 participants such that each group consists of  
exactly 1 boy?   [2] 

  
After the discussion, all members of the 4 groups sit at random at a round table. 
  
Find the probability that 
 

 (i) the 3 members in each group are next to each other,  [2] 
 
 (ii) every boy is separated from each other by exactly 2 girls.  [3] 

  
 For the 12 participants, events A and B are defined by  
 
   A: every boy is separated from each other by exactly 2 girls; and  
   B: none of the boys are seated next to each other.  
 

 (iii) Determine if the events A and B are independent.  [2] 
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8 An interactive simulation ride allows a group of 5 riders to take the ride at a time. The ride time,  
X minutes, follows a normal distribution with mean μ  minutes and standard deviation 2 minutes. 
The ride starts promptly at 10 am daily with no wait time between any groups of 5 riders. There 
are only 4 scheduled rides every morning. At 10 am on a particular morning, there are already 20 
people queuing for the ride. It is assumed that all the people in the queue will take the ride based 
on the sequence of the queue and the ride times are independent. 

 
 (i) Show that 14,μ =  correct to the nearest integer, if ( )P 16 0.35.Xμ < < =  [2] 
  

 For the rest of the question, use 14μ =  for your calculations. A ride is considered long if it has a 
ride time of at least 15 minutes. 

 

 (ii) Find the probability that the 12th person in the queue took the ride before 10.30 am on  
that morning.  [3] 

 
 (iii) Show that the probability of having at least 2 long rides on that morning is 0.363. [2] 
 
 (iv) Given that there are at least 2 long rides on that morning, find the probability that none of 

these long rides are consecutive.  [2] 
 
 
9 To study the recent relationship between the property price index, p (in %) and the stock index, s 

(in thousands), of a particular city, Hilton recorded the readings from each of the past 8 quarters 
in the table below.  

 

Stock Index, s (thousands) 2.12 2.53 2.63 2.70 2.75 2.83 2.87 2.98 

Property Price Index, p (%) 115 130 145 140 146 150 155 170 

 
 Hilton realised that he recorded one of the values of p incorrectly. 
 
 (i) Sketch a scatter diagram for the data and circle the erroneous point X on your diagram.  [2] 
 
 [For the remaining parts of this question, you should exclude the point X.]   
 
 Hilton proposes that s and p can be modelled by one of the formulae: 

5p a b s= +      or      ln ,p c d s= +  

 where a, b, c and d are positive constants.  
 
 (ii) Determine the better model for the given data, giving a reason for your choice. [3] 
 
 (iii) Assuming that the value of s at X is correct, estimate the corresponding value of p. Give two 

reasons why you would expect this estimate to be reliable. [4] 
   
 Hilton concludes that higher stock index will lead to higher property price index. Comment on his 

conclusion in the context of the question.   [1]       
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10 The discrete random variable X has probability mass function given by 
 

 ( )  for 1,2, , ,
( 1)

0             otherwise,
P X x

ax x n
n n


= = …

+
=



 

 where a is a constant.  
 
 (i) Show that 2.a =    [2] 

 (ii) Find E( )X  in terms of n. You may use the result that 
1

2 ( 1)(2 1).
6

n

r

nr n n
=

= + +  [3]

  
 Two players 1P  and 2P  play a game with 1n +  tokens labelled 1 to 1.n +  Each player randomly 

picks one token without replacement and the player who picks the token with the smaller number 
loses. The amount of money lost by the losing player, in dollars, will be the number on the winning 
token. For example, if 1P  and 2P  pick the tokens labelled 5 and 3 respectively, 2P  loses $5 to 1.P   

  

 (iii) Explain why the probability of 2P  losing a game is 0.5. [1] 

 
 (iv) Given that 2P  loses, find the probability 2P  loses $(m+1) in terms of m and n, where m is 

such that 1 .m n≤ ≤    [3]  
 
 (v) Using the result in part (i), when 2P  loses a game, find the amount that he is expected to lose 

in terms of n.   [3] 
 
 
11 The speeds of cars along a busy stretch of road follow a normal distribution. Studies show that a 

mean speed of 50 km/h is needed to ensure a smooth flow of traffic. When the mean speed falls 
below 50 km/h, it may lead to road congestion. If this happens, Wireless Road Pricing (WRP) will 
be used to charge motorists to discourage them from using the road, hence improving the traffic 
condition. A random sample of the speeds, x km/h, of 120 cars along the stretch of road is recorded 
and the data are summarised by  

 
25415, 351500.x x= =   

 
 (i) Calculate unbiased estimates of the population mean and variance of the speeds of the cars. 

  [2] 
                  
 (ii) What do you understand by the term ‘unbiased estimate’? [1] 
 
 (iii) Test at the 3% significance level whether WRP is needed.  [4] 
 
 The Road Transport Authority decides to implement WRP on the same stretch of road. After the 

implementation, the speeds of a second sample of 80 cars are recorded with a mean speed of 60 
km/h and a variance of 1100 (km/h)2. 

 

 (iv) A test at the 8% significance level of the second sample suggests that the mean speed has 
increased beyond 0.μ  Use an algebraic method to find the maximum value of 0.μ   [4] 

 
 (v) State one assumption used in obtaining the sample statistics for the second sample. [1] 
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